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Abstract 

The present paper aims at investigating the steady two-dimensional MHD 

convective boundary layer flow of a Casson fluid over a permeable stretching 

surface in the presence of thermal radiation and chemical reaction. The 

stretching velocity, wall temperature and wall concentration are assumed to 

vary according to specific exponential form. Velocity slip, thermal slip, solutal 

slip, thermal radiation, chemical reaction and suction/blowing are taken into 

account.  The non-linear partial differential equations of the governing flow 

are converted into a system of coupled non-linear ordinary differential 

equations by using the similarity transformations, which are then solved 

numerically by using bvp4c with MATLAB package. The expressions for 

velocity, temperature and concentration profiles are discussed graphically. 

With the aid of these, the expressions for the coefficient of skin friction, the 

rate of heat transfer in the form of Nusselt number and the rate of mass 

transfer in the form of Sherwood number are illustrated in tabular form. 

Keywords: Casson fluid; MHD; porous medium; inclined stretching sheet; 

thermal radiation; chemical reaction. 

 

1. INTRODUCTION 

The flow of a viscous incompressible fluid over a stretching sheet has many 

applications in manufacturing industries and technological process. such applications 

include glass-fiber production, wire drawing, paper production, plastic sheets, glass 

blowing, paper production, artificial fibers, hot rolling, metal and polymer processing 

industries and many others. Nadeem et al. [1] studied the effect of thermal radiation 
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on the boundary layer flow of a Jeffery fluid over an exponentially stretching surface. 

Raju et al. [2] analyzed the dissipative boundary layer flow past a vertical porous 

surface in the presence of thermal radiation and chemical reaction under the influence 

of uniform magnetic field. The boundary layer stagnation-point flow of Carreau fluid 

model toward a Shrinking sheet with MHD was investigated by Akbar et al. [3]. 

Entropy generation with nonlinear thermal radiation in MHD boundary layer flow 

over a permeable shrinking/stretching sheet was analyzed (bhatti and Rashidi [4]) 

numerically. The boundary layer flow over a stretching surface on various non-

Newtonian models was analyzed by some researchers [5-9]. The various non-

Newtonian fluids are power-law fluids, micropolar fluids, viscoelastic fluids, Jeffrey 

fluid, Rivlin- Ericksen fluids, Casson fluids, Walter’s liquid B fluids etc. Although 

various types of non-Newtonian fluid models are proposed to explain the behavior, 

one of the most important types of Casson fluid is a non-Newtonian fluid which 

exhibits yield stress. Human blood can also be treated as a Casson fluid due to the 

blood cells’ chain structure and the substances contained like protein, fibrinogen, 

rouleaux etc. Hence the Casson fluid has its own importance in scientific as well as in 

engineering areas. The exact solutions of the magnetic field effect on peristaltic flow 

of a Casson fluid in an asymmetric channel in presence of crude oil refinement was 

studied by Akbar [10]. Raju et al. [11] analyzed the flow, heat and mass transfer 

behavior of Casson fluid past an exponentially permeable stretching surface. 

Kameswarani et al. [12] depicted the stagnation-point flow of non-Newtonian 

incompressible Casson fluid past a stretching surface in presence of Dufour and Soret 

effects.In this study they showed that shrinking case reduces the velocity boundary 

layer thickness and enhances the concentration boundary layer thickness. Unsteady 

free convection MHD flow of Casson fluid through an oscillating vertical plate 

embedded in a porous medium with constant wall temperature was discussed by 

Khalid et al. [13]. The entropy generation on magnetohydrodynamic flow of 

nanofluids over a porous permeable linear stretching or shrinking surface by 

employing Casson fluid model  was studied  by Qing et al. [14]. They considered the 

problem in which the stretching surface is kept at constant surface temperature. A 

boundary layer analysis of MHD flow of Casson nanofluid over a nonlinear stretching 

sheet was presented by Ibrahim et al. [15] Recently majority of researchers [16-19] 

analyzed the Casson fluid flow over a stretching sheet. 

The radiative effects have important applications in physics and engineering 

processes. The radiations due to heat transfer effects on different flows are very 

important in space technology and high temperature processes, Nuclear power plants, 

combustion of fossil fuels, liquid metal fluids, gas turbines, plasma wind tunnels, 

photo ionization, geophysics, and the various propulsion devices for missiles, aircraft, 

space vehicles, satellites etc. Narayana and Babu [20] studied numerically the MHD 

heat and mass transfer of a Jeffrey fluid over a stretching sheet with chemical reaction 

and thermal radiation. Reddy and D. Vijaya Sekhar [21] studied the effects of heat 
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generation/absorption and a transverse magnetic field on MHD mixed convection 

flow and heat transfer of a micropolar fluid over a vertical stretching surface with 

radiation. Manjula Jonnadula et al. [22] focussed on the influence of Thermal 

Radiation and Chemical Reaction on MHD Flow.The effects of thermal radiation over 

a stretching sheet under different flow conditions have been reported by several 

researchers [23-30].  

The intent of the current model is to analyze the magnetohydrodynamic convective 

boundary layer flow of a Casson fluid over an exponentially inclined permeable 

stretching surface in the presence of thermal radiation and chemical reaction. Thermal 

radiation, viscous dissipation, velocity slip, thermal slip and solutal slip conditions are 

taken into account. The governing partial differential equations have been 

transformed into a system of ordinary differential equations by similarity 

transformations which are then solved numerically by using bvp4c with MATLAB 

package. The effects of various pertinent parameters on the momentum, heat and mass 

transfer characteristics have been studied and numerical results are presented 

graphically and in the tabular form. 

 

Nomenclature: 

U stretching velocity 

0U
 
reference velocity 

0T reference temperature 

0C  reference concentration  

L  reference length 

0B constant 

yP yield stress of the fluid 

u velocity component in the x direction 

( 1ms ) 
v velocity component in the y direction 

( 1ms )  

x, y coordinates along and normal to 

the stretching surface (m)  
p fluid pressure 

g acceleration due to gravity 

pc  specific heat at constant pressure 

( 1 1J kg k  ) 

k' dimensional permeability  

T temperature of the fluid (K) 

wT surface temperature 

wC surface concentration 

T  temperature far away from the 

stretching sheet 

C concentration of the fluid ( 3kmol m ) 

C  concentration of the ambient fluid 

rq  radiative heat flux  

D mass diffusion coefficient ( 2 1m s ) 

*k Rosseland mean absorption 

coefficient 

H  magnetic parameter 

K permeability parameter 

Gr
 

local Grashof number 

Gc local solutal Grashof number 
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R radiation parameter 

Pr Prandtl number 

Sc Schmidt number 

S  suction parameter 

N velocity slip factor  

M thermal slip factor  

P solutal slip factor  

V velocity at the wall 

N1 constant  

M1 constant  

P1 constant 

Sv non-dimensional velocity slip  

St non-dimensional thermal slip  

Sc non-dimensional solutal slip  

wq surface heat flux  

wJ mass flux  

fC skin friction coefficient 

xNu local Nusselt number 

xSh local Sherwood number 

Rex local Reynolds number 

Greek symbols 

B  
plastic dynamic viscosity of the 

non-   Newtonian fluid 

  ( , )thi j component of the 

deformation rate 

c critical value of this product based 

on the non-Newtonian model 

 kinematic viscosity 

  dynamic viscosity 

 density of the fluid ( 3kg m ) 

 Casson Parameter 

 electrical conductivity 

T coefficient of thermal expansion 

( 3 /m kmol ) 

* coefficient of solutal expansion 

( 1K  )   

  inclination angle from the vertical 

direction   

* Stefan–Boltzmann constant 

 buoyancy parameter 

  similarity variable 

 solutal buoyancy parameter 

 dimensionless temperature 

 dimensionless concentration 

 chemical reaction rate ( 3kmol m ) 



 

chemical reaction parameter 

w surface shear stress ( 2N m ) 

Subscripts 

w conditions at the wall 

 ambient condition 

Super script 

'  differentiation with respect to   

 

2. MATHEMATICAL ANALYSIS  

Consider two-dimensional flow of an incompressible viscous electrically conducting 

Casson fluid over an exponentially permeable stretching sheet which is inclined with 

an acute angle   to the vertical. The x-axis is taken along the stretching surface in the 
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direction of the motion while the y-axis is perpendicular to the surface.The stretching 

surface has the velocity L
x

eUU 0 , the temperature distribution L
x

w eTTT 0   and 

the concentration distribution L
x

w eCCC 0   where 0U
 
is the reference velocity, 

0T is the reference temperature, 0C  is the reference concentration and L is the 

reference length. A variable magnetic field 2
0

x
LB B e is applied normal to the sheet, 

where 0B is a constant.  

We assume that the rheological equation of state for an isotropic and incompressible 

flow of a Casson fluid is as,                               

                                        

2 ,
2

2 ,
2
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P e

P e

  




  


  
  

 
 

    
 

 

where B is the plastic dynamic viscosity of the non-Newtonian fluid, yP is the yield 

stress of the fluid, ,ij ije e  ije is the ( , )thi j component of the deformation rate and 

c is the critical value of this product based on the non-Newtonian model.  

The continuity, momentum, energy and concentration equations governing such type 

of flow can be written as 
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Subject to the boundary conditions: 

 
y
uNUu



  , )(xVv  , ,w

TT T M
y


 

 y
CPCC w



   at 0y  

,0u ,TT CC  as  .y    (6) 

Here  L
x

eNN


 1  is the velocity slip factor, L
x

eMM


 1  is the thermal slip factor and 

L
x

ePP


 1  is the solutal slip factor. The no-slip conditions can be recovered, by 

considering .0 PMN   It is assumed that the permeability is in the form of 

1

x
Lk k e


  and the reaction rate is in the form of L
x

ek0 .  Where u and v are the 

velocity components in the x and y directions respectively, 





  is the kinematic 

viscosity,   is dynamic viscosity,  is the density of the fluid,   is the Casson 

parameter,  is the electrical conductivity, g acceleration due to gravity, 

T coefficient of thermal expansion, 
* coefficient of solutal expansion, T  is the 

temperature, T  is the temperature of the ambient fluid, C is the concentration, C  is 

the concentration of the ambient fluid,
 pc  is the specific heat at constant pressure, k  

is the thermal conductivity, rq  is the radiative heat flux and D is the mass diffusion 

coefficient. 

Thermal radiation is simulated using the Rosseland diffusion approximation and in 

accordance with this, the radiative heat flux rq  is given by  

* 4

*

4
.

3
r

Tq
yk

 
 


                            (7) 

Where *  is the Stefan–Boltzmann constant and *k  is the Rosseland mean absorption 

coefficient. If the temperature differences within the mass are sufficiently small, then 

Equation (7) can be linearized by expanding  4T  into the Taylor’s series about T  and 

neglecting higher order terms, we get 

4 3 44 3 .T T T T                                                                                                           (8) 

Using Equations (7) and (8), Equation (4) can be written as 

23 2
2 2

0* 2

16
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We introduce the similarity variables as  

,
2

2
2

1

0 ye
L

U L
x












  0 2

0 ( ), ( ) ( ) ,
2

x x
L LUu U e f v e f f

L


       

),(2
0 L

x

eTTT                                               

2
0 ( ).

x
LC C C e                                 (10) 

The pressure outside the boundary layer in quiescent part of flow is constant and the 

flow occurs only due to the stretching of the sheet and hence the pressure gradient can 

be neglected. Considering the usual boundary layer approximations, 

, , , ,
u u v vu v
y x y y
   

 
   

 the momentum equation in y- direction reduces to 0.
p
y





 Now 

substituting (10) into the Equations (2), (5) and (9), we get the following set of 

ordinary differential equations 

21
1 2( ) ( ) cos cos 0,f ff f H K f    



 
           

                 

(11) 

   
2 24 1

1 Pr 1 0,
3

R f f Ec f M Ec f  


   
              

    
      (12)  

( ) 0.Sc f f Sc                                           (13) 

with the boundary conditions 

, 1 (0),vf S f S f    ),0(1   tS  )0(1   cS     at 0  

,0f  ,0 0  as .                                                     (14) 

Where the prime denotes differentiation with respect to  , 
2

0

0

2 B L
M

U



  is the 

magnetic parameter, 
1 0

2 LK
k U


 is the permeability parameter, 

2

2

2 ( )T wg T T LxGr 




 is the local Grashof number, 
2Rex

Gr
  is the buoyancy 

parameter, 
* 2

2

2 (C )wg C LxGc 




 is the local solutal Grashof number, 
2Rex

Gc
  is 

the solutal buoyancy parameter,
 

* 3

*

4 TR
kk
   is the radiation parameter, Pr

pc
k


 is 
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the Prandtl number, 
2

0

0 p

U
Ec

T c
 is the Eckert number

D
vSc  is the Schmidt number, 

0

02

U
Lk

 is the chemical reaction parameter, 0

0

0

2

VS
U

L


   (or < 0) is the suction 

(or blowing).      

The non-dimensional velocity slip ,vS thermal slip tS and solutal slip cS are defined by 

0 0
1 1,

2 2
v t

U US N S M
L L





  and 0

1 .
2

c
US P

L


 

 (15) 

The quantities of physical interest in this problem are the skin-friction coefficient, 

heat transfer rate and mass transfer, which are defined as 

L
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The surface shear stress w , surface heat flux wq and mass flux wJ are given by 

0 0

,w w
y y

u Tq k
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Substituting (10) and (17) into Equation (16), we get 

Re
2 (0), (0)

Re
2

x
f x

x

C Nuf
x xL L

    and (0).
Re

2

x

x

Sh

x
L

 

 

 (18) 

where 


L
x

x
exU 0Re  is the local Reynolds number. The above Skin-friction 

coefficient, local Nusselt number and Sherwood number shows that its variation 

depends on the variation of the factors )0(),0( f and )0( respectively. 

 

3. RESULTS AND DISCUSSION  

To assess the validity and accuracy of the applied numerical scheme, numerical 

values for the heat transfer coefficient for various values of thermal radiation and the 

Prandtl number in the absence of Casson fluid parameter, magnetic parameter, 

permeability  parameter, buoyancy parameter, solutal buoyancy parameter, inclination 

parameter, thermal radiation, Schmidt number, suction parameter, velocity slip, 



MHD Flow of a Casson Fluid over an Exponentially Inclined Permeable… 7537 

thermal slip and solutal slip are compared with the available results and the outcome 

is  shown in Table 1. The results are found in excellent agreement. In this study, the 

default values of the various parameters which we considered are: 

β = 0.5, M = 1.0, K = 2.0,    6.0,  6.0,
4


  , R = 0.5, Pr = 0.72, Ec=0.5, 

 Sc = 0.60,   1.0, 0.5,vS  tS  cS   0.1 and S = 0.5. 

 

The effects of the pertinent parameters, namely, magnetic parameter, permeability 

parameter, buoyancy parameter, solutal buoyancy parameter, inclination parameter, 

radiation parameter, Prandtl number, Schmidt number, chemical reaction parameter, 

velocity slip, thermal slip, solutal slip and suction parameter on the dimensionless 

velocity, temperature and concentration are shown in Figures 1-15. Table 2 and table 

3 represents the influences of the skin friction coefficient, Nusselt number and the 

Sherwood number. 

Figure 1 is drawn to discuss the influence of magnetic parameter M on velocity, 

temperature, concentration profile. It is observed that velocity boundary layer 

thickness decrease with increasing the values of M. The reason is that the magnetic 

field introduces the retarding body force that acts transverse to the direction of an 

applied magnetic field which decelerates the fluid motion as the result velocity profile 

reduces. On the other hand, the temperature as well as concentration profiles increase 

with the increase of M. Figure 2 is drawn to discuss the influence of Eckert number 

Ec on velocity, temperature and concentration profiles. It is observed that the velocity 

and temperature profiles increase with the increase of Ec. On the other hand, the 

concentration profiles decrease with the increase of Ec. The effects of 

suction/injection parameter S on the velocity, temperature and concentration profiles 

are shown in figure 3. As expected, it’s decreases with an increase in the values of S 

on velocity, temperature and concentration distributions. Figure 4 presented the 

effects of the Casson fluid parameter on the velocity, temperature and concentration 

profiles. The velocity, temperature profiles decrease with the increase of Casson fluid 

parameter, whereas the reverse trend is observed in concentration profile. The effect 

of inclination parameter on the velocity profile is shown in figure 5. The velocity 

profiles decrease with an increase in the inclination parameter. This can be attributed 

to the fact that the angle of inclination decreases the effect of the buoyancy force due 

to thermal diffusion by a factor of cos .  Consequently, the driving force to the fluid 

decreases as a result velocity of the fluid decreases and also, we observed that 

velocity profile decreases rapidly at α=π/2. Some characteristic velocity profiles for 

different values of solutal buoyancy parameter are presented in Figure 6. It can be 

seen that the velocity increases with an increase in solutal buoyancy parameter. Figure 

7 describes the effects of permeability parameter K on velocity profile. As expected, it 
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is found that the velocit profile is decreasing by increasing K. Effects of velocity slip 

Sv on the velocity profiles are shown in Figure 8. It is observed that the velocity 

decreasing by increasing the Sv up to η=1.8. After η=1.8 the velocity profile 

increases. Figure 9 indicates that the effects of Prandtl number Pr on temperature 

profile. As expected, it is found that temperature profile decreasing by increasing 

Prandtl number. A high Pr has thinner thermal boundary layer, and this increases the 

gradient of temperature.  Figure 10 shows that an increase in radiation parameter leads 

to an increase in the temperature profile. The effect of thermal slip St on the 

temperature profiles is depicted in figure 11, which describes an increasing St 

enhances the temperature profile. Figure 12 shows the influences of Schmidt number 

on the concentration profiles. It is observed that the concentration profile decreases by 

increasing the Schmidt number. Figure 13 describes the effect of solutal slip Sc on the 

concentration profiles. It reveals that the concentration profiles decrease with increase 

in the solutal slip parameter.  Figure 14  presented the effects of the chemical reaction 

parameter γ on the concentration profile. It is observed that the concentration 

decreases with increase in the value of chemical reaction parameter. 

The values of skin friction coefficient, Nusselt number and the Sherwood number for 

various values of the involved pertinent parameters are presetned in Table 1 and Table 

2. It can be noted that the skin friction coefficient decreases with increasing values of 

solutal buoyancy parameter, Schmidt number, suction parameter, velocity slip, 

whereas the reverse trend is observed in the case of Casson fluid parameter, magnetic 

parameter, permeability parameter, inclination parameter, thermal radiation, Eckert 

number, thermal slip and solutal slip. It is found that the Nusselt number decreases 

with an increase in the magnetic parameter, Eckertnumber, permeability parameter, 

buoyancy parameter, inclination parameter, thermal radiation, Schmidt number, 

suction parameter, velocity slip and solutal slip, where as it increases with an increase 

in the Casson fluid parameter, buoyancy parameter, suction parameter, slip velocity 

and Prandtl number. It is viewed that the Sherwood number decreases as the magnetic 

parameter, Casson fluid parameter, permeability parameter, inclination parameter, 

Prandtl number, thermal slip and solutal slip are increased. It can be seen that the 

Sherwood number increases with increasing buoyancy parameter, solutal buoyancy 

parameter, Eckert number, suction parameter, radiation parameter, Schmidt number 

and chemical reaction parameter are raised. 

 

4. CONCLUSIONS 

This paper presents the study of the unsteady hydromagnetic heat and mass transfer of 

a Newtonian fluid in a permeable stretching surface with viscous dissipation and 

chemical reaction. Appropriate similarity transformations are used to convert the 

governing partial differential equations into a system of coupled non-linear 
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differential equations. The resulting coupled non-linear differential equations are 

solved numerically by using bvp4c with MATLAB package. By increasing the non-

dimensional parameters, the effects on velocity, temperature and concentration 

profiles are discussed and presented through graphs. The velocity profile increases 

with Eckert number Ec and solutal buoyancy parameter δ and decreases with 

magnetic parameter M, velocity slip factor vS , suction parameter S permeability 

parameter K. The temperature profile decreases with Prandtl number Pr and thermal 

slip factor tS , suction parameter S and enhances with radiation parameter R, Eckert 

number Ec and magnetic parameter M. The concentration profile decreases with 

Schmidt number Sc, solutal slip factor cS  and chemical reaction parameter . The 

value of skin-friction coefficient increases with Casson fluid parameter, magnetic 

parameter, permeability parameter, inclination parameter and chemical reaction 

parameter. Aligned angle strengthen the magnetic field parameter and it has capability 

to reduce the Nusselt number and Sherwood number. At 
2


  the aligned magnetic 

field acts like transverse magnetic field. The value of Sherwood number decreases 

with increasing fS , tS and cS . 

 

 
Figure 1: Effect of M on velocity, temperature and concentration profile. 
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Figure 2: Effect of Ec on velocity, temperature and concentration profile. 

 

 
Figure 3: Effect of S on velocity, temperature and concentration profile. 

 

 
Figure 4: Effect of β on velocity, temperature and concentration profile. 
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Figure 5: Velocity profile for different values of α. 

 

 
Figure 6: Velocity profiles for different values of δ. 

 

 
Figure 7: Velocity profiles for different values of K. 
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Figure 8: Velocity profiles for different values of Sv. 

 

 
Figure 9: Temperature profiles for different values of Pr. 

 

 
Figure 10: Temperature profiles for different values of R. 
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Figure 11: Temperature profiles for different values of St. 

 

 
Figure 12: Concentration profiles for different values of Sc. 

 

 
Figure 13: Concentration profiles for different values of Sc. 
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Figure 14: Concentration profiles for different values of γ. 

 

Table 1 the values of skin friction coefficient, Nusselt number and Sherwood number 

for various values of β, M, K, λ, δ, α, Ec, R, γ. 

β  M K λ δ α Ec R γ (0)f  (0)   (0)   

0.5  1.0 2.0 6.0 6.0 π/4 0.5 0.5 1.0 0.305754 0.325675 0.563333 

1.0  1.0 2.0 6.0 6.0 π/4 0.5 0.5 1.0 0.316665 0.338054 0.562121 

0.5  1.5 2.0 6.0 6.0 π/4 0.5 0.5 1.0 0.328271 0.294811 0.562135 

0.5  1.0 3.0 6.0 6.0 π/4 0.5 0.5 1.0 0.382932 0.319373 0.558780 

0.5  1.0 2.0 7.0 6.0 π/4 0.5 0.5 1.0 0.259945 0.328217 0.565944 

0.5  1.0 2.0 6.0 7.0 π/4 0.5 0.5 1.0 0.284529 0.325678 0.564382 

0.5  1.0 2.0 6.0 6.0 π/2 0.5 0.5 1.0 0.766664 0.234487 0.532935 

0.5  1.0 2.0 6.0 6.0 π/4 1.0 0.5 1.0 0.229206 0.218490 0.568271 

0.5  1.0 2.0 6.0 6.0 π/4 0.5 1.0 1.0 0.278122 0.295785 0.565357 

0.5  1.0 2.0 6.0 6.0 π/4 0.5 0.5 2.0 0.327628 0.324412 0.604450 

 

Table 2 the values of slin friction coefficient, Nusselt number and Sherwood number 

for various values of Pr, S, Sv, St, Sc. 

Pr S Sv St Sc (0)f  (0)   (0)   

0.72 0.5 0.5 1.0 1.0 0.305754 0.325675 0.563333 

1.00 0.5 0.5 1.0 1.0 0.331730 0.354406 0.561404 

0.72 1.0 0.5 1.0 1.0 0.383433 0.368198 0.592872 

0.72 0.5 1.0 1.0 1.0 0.214659 0.334113 0.560187 

0.72 0.5 0.5 1.5 1.0 0.333299 0.266589 0.561803 

0.72 0.5 0.5 1.0 1.5 0.334026 0.325483 0.438669 
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Table 3 Comparison (0)    for several values of Prandtl number and thermal 

radiation with β=M= K= λ= δ=α= Ec=γ= S= Sv=St=Sc=0. 

Pr R Nadeem et 

al [1] 

Bidin and 

Nazar [28] 

Ishak [30] Bala Anki 

Reddy [28] 

Present 

1 0  0.9547 0.9548 0.95477 0.954783 

2 0  1.4714 1.4715 1.47144 1.471460 

3 0  1.8691 1.8691 1.86916 1.869074 

5 0  1.1599 2.5001 2.50016 2.500132 

10 0   3.6604 3.66038 3.660372 

1 0.5 0.680 0.6765  0.67650 0.676500 

1 1.0 0.534 0.5315  0.53150 0.531156 

2 0.5 1.073 1.0735  1.07350 1.073519 

2 1.0 0.863 0.8627  0.86270 0.862770 

3 0.5 1.381 1.3807  1.38070 1.380752 

3 1.0 1.121 1.1214  1.12140 1.121427 
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