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Abstract
In this work, a particular and a complex three dimensional discrete dynamical system is considered. Under some particular restrictions, it is possible to analytically
study the system. Fixed points, attractors and bifurcations of the map are investigated for particular cases where two or three parameters are equal.
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1.

Introduction

Chaotic Dynamics is an active subject research for many years. A rich literature stream on
this subject is related to discrete dynamical systems ([4 5] and [6]). indeed, the dynamic
properties, bifurcation and chaotic behavior of the trajectories of one-dimensional maps
are now quite well known, ([13]), even for two-dimensional maps a good more and more
results can be found in literature. It is worth mentioning that the main results on this
subject are due to the works of Mira (see e.g. [9]).
A recent stream of literature is focused on the study of chaos in three dimensional
maps. Such idea has greatly influenced by the works of ([1,3] and [7]). The study of such
map is the object of the present paper. First, we start our investigation by determining
some properties and characteristics of a three dimensional system via analytical and
numerical explorations, we give some results concerning the existence and the stability
of fixed points. And we finish by presenting and comparing the dynamics of the model
in the particular case in which two or three parameters are equal.
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We present results of numerical tests for three and interesting cases with possibility
to produce chaotic attractors.
It is interesting to note that the effective method developed in ([2, 14, 15] and [16])
giving the description of the behavior near the boundaries of stability domains of equilibria, was not successfully applied to our three-dimensional map T . In this way, the
central problem of control bifurcation can be solved.
This paper is arranged as follows: In section 2, we give definitions and properties of
the map T that can be used in the paper. We study the dynamics of T on the invariant
Line in third section and we exhibit results on the existence and the stability of fixed
points.
In section 4, we reduce the study of T to the study of a particular two-dimensional
map, and complex behaviors are briefly described for a = b. Some global bifurcations
are described using the critical sets method. The existence and the stability of fixed points
and the dynamical behaviors for a special case (a = b = c) have been investigated in
section 5. Finally, some conclusions and discussions.

2. The dynamic model, definitions and properties
We are interesting by the study the following three-dimensional map T given by:

 xn+1 = axn (1 − xn )(yn + zn + 1)
yn+1 = byn (1 − yn )(xn + zn + 1)
T :

zn+1 = czn (1 − zn )(xn + yn + 1)
This map is a non invertible map that depending on three real parameters. Its analytical form is very complex, so it is difficult to study fixed points and cycles because we
have three parameters to vary. So, we will rather decrease their number.
The first step in our analysis is finding fixed points. It is easy to show that T is
characterized by the presence of four trivial fixed points:






a−1
b−1
c−1
, 0, 0 , P2 = 0,
, 0 , P3 = 0, 0,
P0 = (0, 0, 0), P1 =
a
b
c
Located on the invariant coordinate axes, and these points are all node or saddle for any
values of the parameters.
We provide the following bifurcation diagram in the parameter plane (a, b). In where
a and b are varied and c is kept fixed (see Fig. 1). It is the first scanning for giving some
information about cycles and the associated bifurcation structure. In this figure, we
can see different colors corresponding to different attracting sets. The blue region is
the existence domain of stable fixed points, the other colored regions are those of stable
period K-cycle (K = 1, 2, 14). The black regions (k = 15) corresponds to the existence
of bounded iterated sequences.
2.1.

Basic definitions

Now, we recall some basic definitions and terminology adapted from [11].
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Figure 1: Bifurcation diagram in the parameter plane (a,b)
Let T be a 3-dimensional noninvertible map.
Definition 2.1. A set A is said invariant by T if T (A) = A. The set A is backward
invariant by T if T −1 (A) = A, where T −1 represents all the rank-1 preimages of T .
Definition 2.2. A closed invariant set A is an attracting set if an arbitrary small neighborhood U of A exists such that T (U ) ⊂ U and T n (x) → A, when n → ∞, for any
x ∈ U . An ”attractor” is an attracting set which is topologically transitive.
Definition 2.3. The basin of attraction D(A) of an attracting set A is the open set of all
the points x such that T n (x) → A, when n → ∞.
Remark 2.4. Two maps T and G are said to be topologically conjugate if there exists a
homeomorphism H such that H ◦ T = G ◦ H . Topological conjugacy between maps
leads to equivalence in terms of their dynamics: the trajectories of T can be obtained
from those of G by using the homeomorphism H . Note that topological conjugacy is an
equivalence relation.
2.1.1

Mathematical properties

We will focus mainly on the mathematical properties of the map T . It is easy to derive
the following properties of the map T .
Proposition 2.5. The dynamics of the map T by the permutations of parameters:
– (a, b, c) and (b, a, c) are topologically conjugate, via the homeomorphism
h1 (x, y, z) = (y, x, z), and in this case a = b the plane of equation x = y is
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T -invariant with trajectories which are symmetric with respect to that plane or
symmetric trajectories exist.

– (a, b, c) and (c, b, a) are topologically conjugate, via the homeomorphism
h2 (x, y, z) = (z, y, x), and in this case a = c the plane of equation x = z is
T − invariant with trajectories which are symmetric with respect to that plane or
symmetric trajectories exist.
– (a, b, c) and (a, c, b) are topologically conjugate, via the homeomorphism
h3 (x, y, z) = (x, z, y), and in this case b = c the plane of equation y = z is
T -invariant with trajectories which are symmetric with respect to that plane or
symmetric trajectories exist.
Proof. In fact, if we change three parameters (a, b, c) into (b, a, c), then we obtain a
three dimensional map T ∗ which is topologically conjugate to the map T by use of the
homeomorphism h1 (x, y, z) = (y, x, z) being T ∗ = h−1
1 ◦ T ◦ h1 . This means that
∗
the trajectories of the map T and those of T are transformed one into the other by
the transformation h1 (x, y, z). It follows that when the parameters are of type (a, a, c)
then the plane of equation x = y is invariant and the trajectories of the map T in the
phase-space are either symmetric with respect to that plane, or symmetric trajectories
exist.
We have a similar proof also when a = c and b = c.



Proposition 2.6. For a = b = c, the line L = (x, x, x) ∈ R3 is T -invariant and the
restriction of the map T on this line is one-dimensional map.


Proof. see section 3.

3. The dynamics of T on the invariant line
The study of the restriction of T1 to the invariant line which is one-dimensional map
will occupy our attention for this section, we will see that their dynamics are amazingly
complicated. Indeed, their behavior is not yet completely understood for certain values
of the parameter a. Here we introduce two of the most important types of bifurcations
that occur in dynamics. By the bifurcation diagram presented in Fig. 3, we will show
birth, evolution, and death of attracting sets.
Let us consider the simplest case (a = b = c), then T becomes:

 xn+1 = axn (1 − xn )(yn + zn + 1)
yn+1 = ayn (1 − yn )(xn + zn + 1)
T1 :

zn+1 = azn (1 − zn )(xn + yn + 1)
As we noted above in Proposition 2.6, the restriction of T1 to the invariant line
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Figure 2: Local bifurcations (1) Fold (2) Flip

Figure 3: Bifurcation diagram for one-dimensional map T11


L = (x, x, x) ∈ R3 is T11 a one-dimensional map given by
T1:1 R → R
T11 (x) = ax(1 − x)(2x + 1)

The parameter a is a positif number.For each different a we get a different dynamical
system. Our goal is to understand how the dynamics of T11 change as a varies.
As usual our first task is to find fixed points of T11 . these ones are obtained by solving
the equation T11 (x) = x :
ax(1 − x)(2x + 1) = x
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which yields three roots:
x0 = 0
√
a + 9a 2 − 8a
x1 =
4a
√
a − 9a 2 − 8a
x2 =
4a
x0 is the trivial fixed point for T11 . It is an attracting fixed point for a ∈]0, 1[, and repelling
fixed point for a ∈ [1, +∞[.
Note that x1 and x2 are real if and only if 9a 2 − 8a ≥ 0, or a ∈ [0.88, ∞[. That
is, when a < 0.88, x1 and x2 are not fixed points for T11 . When a = 0.88, we have
1
9a 2 − 8a = 0, so that x1 = x2 = . we now turn our attention to what happens as a
4
varies beyond 0.88.
For a > 0.88, let us present the evolution of the bifurcation structure with local and
global bifurcations occurring as a increases. The sequence opens with a saddle-node
bifurcation, creating an attracting fixed point at x1 and a repelling fixed point at x2 . This
is followed by a flip bifurcation for the attracting fixed point which changes to a repelling
fixed point and throws off an attracting 2-cycle. It is clear that the eigenvalues of x1 have
to pass (continuously) from +1 to −1
Let’s summarize all of this in these propositions,
Proposition 3.1. (The First Bifurcation) For the map T11 :
1. when a < 0.88 x1 and x2 are not fixed points for T11
1
2. When a = 0.88, we have a single fixed point at x1 = x2 = . It is neutral point.
4
3. When a > 0.88, T11 has two distinct fixed points at x1 and x2 .
The fixed point x1 is attracting for a ∈ [0.88, 1.469[ and repelling for a ∈ ]1.469, ∞[.
The fixed point x2 is repelling for a ∈ ]0.88, 1[and attracting for a ∈ [1, 2.41[.
Proposition 3.2. (The Second Bifurcation) For the map T11 :
1. For a ∈ [0.88, 1.469[, T11 has an attracting fixed point at x1 and no 2-cycles.
2. For a = 1.469, T11 has an neutral fixed point at x1 and no 2-cycles.
3. For a ∈ ]1.469, ∞[, T11 has a repelling fixed point at x1 and an attracting 2-cycles.
In order to get a general view of the dynamics of T1 on the invariant line L, Let us
consider the bifurcation diagram. This illustration is an attempt to capture the dynamics
of T11 for many values of a. The results gives a good summary of the dynamics of map
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T11 as well as an idea of how the transition to chaos of the 3-dimensional map T1 takes
place on the invariant line L.
We remark that the bifurcation diagram shows the x−variable as a function of the
parameter a .we initially choose the parameter a in the range 0 < a < 2.
Note that for a ∈ [0.88, 1.469[, we see exactly one attracting fixed point on the
vertical line over a. Notice that the fixed point is only plotted while it is an attracting
fixed point. As a increases beyod 1.469, we see a period-doubling bifurcation: a new
attracting cycle of period 2 is born and the two points in the bifurcation diagram after
these points correspond to this cycle. Continuing to increase a, we see a sequence of
period-attracting cycles of period 2n n = 1, 2, 3, . . . appears. Such a sequence is called
”period-doubling cascade” (see [12]).

4. The dynamics of T on the invariant plane
In the previous section we investigated the dynamics of our 3-dimentional map on the
invariant line-L, and we focus our attention on scenarios that lead to chaos. We have seen
that the dynamics become much more complicated as the parameter varies. Our work
is principally experimental. We will make a series of observations based on computer
images. We introduce the critical curves trying to explain what we have seen here.
In fact, we consider the case where a = b. We can observe that the plane of equation
y = x is mapped into itself, as the first two equations of the map T are equal. The
restriction of the map T to this invariant plane is a 2-dimentional map given by:
T2 : R2 → R2

xn+1 = axn (1 − xn )(xn + zn + 1)
zn+1 = czn (1 − zn )(2xn + 1)
We present in brief a two dimensional realization of the linear bifurcation analysis. T2
is a noninvertible map, so we introduce the critical curves.
4.1.

Critical curves

The critical curves, introduced by Mira in 1964 (see [9]), play a fundamental role in the
study of the global properties of noninvertible maps of the plane. The critical curves LC
which are the images of the curves LC−1 is locus of points where the determinant of the
Jacobian matrix of T2 vanishes. The critical curve LC satisfies the relations
(LC−1 ) ⊂ T2−1 (LC) and T2 (LC−1 ) = (LC) .
A rank-k critical curve is given by the rank-k image (k ≥ 0):
LCk−1 = T2k (LC−1 ) = T2k−1 (LC) , LC0 = LC.
The curve LC−1 is given by the following implicit equation and is obtained from
setting the T2 -Jacobian equal to 0, denoted here J (x, z).
J (x, z) = ac[(6x 2 + 2x − 2)z2 + (12x 3 + 4x 2 − 6x − 1)z − 6x 3 − 3x 2 + 2x + 1] = 0
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Figure 4: Critical curves of T2
Hence LC−1 is independent of parameters. For obtaining LC in parametric form, it is
useful to solve J (x, z) with respect to z:
z=

−1/4.(12x 3 − 6x + 4x 2 − 1 ±

(144x 6 − 8x 4 + 240x 5 − 144x 3 − 36x 2 + 20x + 9))
(−1 + 3x 2 + x)

The shape of LC−1 is shown in figure 4. It can observe that LC−1 is represented by two
branches. In general the critical curve LC separates the plane into open zones called Zi ,
whose points have different numbers of rank-one primage.
4.2.

Attractors and Bifurcations

We focus on presenting the results of computer experiment in the interval [1.35, 1.45]
of the parameter a = c.We have observed some specific regime that take place for the
map T 2, we are concerned with the qualitative changes of the attractors.
The region of the parameter space a = c with 1.35 < a < 1.45 is now investigated.
Some examples of the dynamical richness of this region are given in these figures.
We can see in Fig. 5. for a = 1.36 two closed invariant curves (ICC) (1 , 2 ).
A qualitative changes of the two invariant closed curves (ICC)-(1 , 2 ) when (ICC)(1 , 2 ) have a contact with LC−1 (Fig. 6).
LC−1 ≡ LC, this corresponds to folding of (ICC)-(1 , 2 ) along LC, leading to
”oscillations” in the (ICC) shape, because (ICC) can not cross through LC.
In Fig. 7, we have Weakly chaotic rings (WCR) (see [8, 9]) created by slight modifications of a. If a continues to inrcease, a chaotic attractor appeared in (Fig. 8-9).

5. The dynamics of T in the 3-dimensoinal space
In this section, we limit our study to the case where T have one parameter to vary. So,
we can study fixed points, attractors and their stability in the same interval [1.35, 1.45].
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Figure 5: For a = 1.36. Two closed invariant curves (ICC) (1 , 2 ).

Figure 6: a = 1.38. A qualitative changes of the two invariant closed curves (ICC)
(1 , 2 ).
Let us take the simplest case: (a = b = c), T thus becomes:

 xn+1 = axn (1 − xn )(yn + zn + 1)
yn+1 = ayn (1 − yn )(xn + zn + 1)
T1 :

zn+1 = azn (1 − zn )(xn + yn + 1)
with a > 0, first we discuss the existence of fixed points
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Figure 7: Presence of Weakly chaotic rings (WCR)

Figure 8: Chaotic attractor for a = 1.43

5.1.

Existence and stability of fixed points

The fixed points of the map T1 satisfy the following equations:

 xn+1 = xn
yn+1 = yn

zn+1 = zn

Transitions to Chaos in a 3-Dimensional Map

4607

Figure 9: Chaotic attractor for a = 1.46
with tool of maple, we can obtained numerical solutions:
P0 = (0, 0, 0)




a−1
a−1
, 0, 0 , P2 = (0, 0, 0), P3 = 0, 0,
P1 =
a
a
P4 =

a−1
,
a

a−1
, 0 , P5 =
a

a−1
, 0,
a

a−1
,
a

P6 = 0,

a−1
,
a

a−1
.
a

P7 = −

a−1
a−1
a−1
a−1
,−
, 0 , P8 = −
, 0, −
,
a
a
a
a

a−1
a−1
,−
a
a




3a + 1
3a + 1
= −2, −2,
, P11 = −2,
, −2 ,
3a
3a


3a + 1
, −2, −2 .
=
3a
√
√
√
a + 9a 2 − 8a a + 9a 2 − 8a a + 9a 2 − 8a
,
,
=
4a
4a
4a
√
√
√
a − 9a 2 − 8a a − 9a 2 − 8a a − 9a 2 − 8a
=
,
,
4a
4a
4a

P9 = 0, −
P10
P12
P13
P14

,
.
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Figure 10: a = 1.355. The presence of three order-2 invariant closed curves (ICC)
We now establish the existence and the stability of these points:
• The origin P0 is an attractive node for a ∈]0, 1[, and repelling node for a ∈
[1, +∞[.
• The points P1 , P2 , P3 exist for every parameter value, and they are unstable saddle
for every value of a.
• The six points P4 , P5 , P6 , P7 , P8 , P9 exist for a ∈ [1, +∞[, and they are unstable
saddles points.
• The fixed points P10, , P11 , P12 exist for every parameter value, and they are unstable saddle for every value of a.
For a ≥ 0.88, there are two other fixed points P13 and P14 situated on the diagonal
(their stability was studied in the section 3).
5.2.

Attractors and multistability

Numerical simulation results display interesting dynamical behaviors for different parameter values. In particular, we observe computational results showing the evolution
of various attractors as the parameter a is varied, causing some interesting bifurcations.
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Figure 11: a = 1.42 the presence of three 2-cyclic chaotic attractors
Thus, the limiting behaviour of attractors for values of a in the range 1.35 < a < 1.45
is given by:
For a = 1.355, phenomena of multistability can be observed for three order 2 invariant closed curves (I CC) (Fig. 10). The three order 2 invariant closed curves(ICC)
coexist before becoming three 2-cyclic chaotic attractors, as observed in Fig. 11. Then,
by contact bifurcation, the three cyclic chaotic attractors merge giving one chaotic attractor for a = 1.43 (illustrated in Fig. 12), and disappears, as the parameter a increases
The plots have been obtained by using Matlab.
It is clear that many results of the previous section hold also now. So the same kind
of attractors are found in the map T 1.

6.

Conclusions

We present a three-dimensional map depending on three parameters, and we report its
complex dynamics by considering fixed points, bifurcations, and chaos. By means of
bifurcation diagrams and phase portraits, we demonstrate numerically its bifurcation
structure in different restrictions on the line and on the plane. The model has been
investigated with respect to its global properties. Computational results are presented,
showing the evolution of various attractors as the parameter a is varied.
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Figure 12: a = 143. The merge of three 2-cyclic chaotic attractors in a single chaotic
attractor
We may expect that other behaviors or mechanisms may be observed when we fix
different values for the parameters, and this will be the aim of future researches.
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