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1. Introduction

Sensitivity analysis for the solutions of variational inequalities and inclusions have been
studied by many authors via quite different methods. By the projection methods, Anas-
tassiou et al. [2], Balooee and Kim [3], Chang et al. [7], Dafermos [9], Faraj and
Salahuddin [10], Khan and Salahuddin [13], Lee and Salahuddin [18], Mohapatra and
Verma [20], Pan [22], Qiu and Magnanti [23], Salahuddin [25, 26], Verma [27], and Yen
[28] studied the sensitivity analysis for the solutions of some variational inequalities with
single-valued mappings or set-valued mappings in finite dimensional spaces, or Hilbert
spaces. By using the resolvent operator techniques, Agarwal et al. [1], Jeong [11, 12],
Kim et al. [14], and Kim and Kim [16, 17] studied a new system of parametric gen-
eralized mixed quasi variational inclusions in Hilbert spaces and in L ,(p > 2) spaces,
respectively.

In this paper, we study the behaviour and sensitivity analysis of the solution set for
a new system of parametric general regularized nonconvex variational inequalities with
locally relaxed (¢, v )-cocoercive mappings in Banach spaces.

Let X be a real Banach space with dual space X', the norm || - || and a dual pairing
(-, -) between X and X*. Let C B(X) denotes the family of all nonempty closed bounded
subsets of X’ and let (-, -) be the Hausdorff metric on C B(X), thatis, forall A, B €
CB(X)x,

D(A, B) = max { sup inf ||x — y||, sup inf ||x — yll}.
xcA YEB yeBxeA

The generalized duality mapping J, : X — 24" is defined by
Jg) ={f* e X*: (x, [ = x| I ¥l = Ix]?""}, Vx e X

where g > 1 is a constant. In particular, J; is a usual normalized duality mapping. It is
known that in general J,; (x) = ||x ||q_2 Jo(x) for all x # 0 and J, is single-valued if X *
is strictly convex.

In the sequel, we always assume that X’ is a real Banach space such that J, is single-
valued. If X is a Hilbert space, then J,; becomes the identity mapping on X'. The modulus
of smoothness of X is the function py : [0, 0c0) — [0, c0) defined by

1
px(t) = sup {E(le + I+ llx = yl) = Lo llxl < Lyl < t}.

A Banach space X is called uniformly smooth if

5 px ()
im =
t—0 t

0.

X is called g-uniformly smooth if there exists a constant ¢ > 0 such that

px() <ctl, g > 1.
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Note that J, is single-valued if A’ is uniformly smooth. Concerned with the characteristic
inequalities in g-uniformly smooth Banach spaces. Xu [29] proved the following results.

Lemma 1.1. [29] The real Banach space X is g-uniformly smooth if and only if there
exists a constant ¢, > O such that forall x,y € X

lx + 17 < lxll? 4+ g(y, Jg () +cqliyl?.

Definition 1.2. Let K be a nonempty closed subset of a Banach space X'. The proximal
normal cone of K at a point u € X with u & K is given by

NE@w) ={¢ € X 1 u € Pe(u + ag) for some a > 0},

where
Pr(u) ={v e K:dx(u) = |lu—vl}.

Here di(+) is the usual distance function to the subset K, i.e.,

d(u) = inf flu —v]|.

We have the characterizations for the proximal normal cone N ,15 (u).

Lemma 1.3. [8] Let C be a nonempty closed subsetin X. Then¢ € N ,ICJ (u) if and only
if there exists a constant « = (¢, u) > 0 such that

(¢, Jg(v —u)) <allv—ul?, Yvek.

Lemma 1.4. [8] Let X be a nonempty closed and convex subsetin X'. Then¢ € N ,ICJ (u)
if and only if
(¢, jqv—u)) <0, YveKk.

The Clarke normal cone N ,g (u) is defined by
Ng (u) = co{Ng u)},

where co is the closure of the convex hull. Clearly N ’g (u) C N ,g (u), but the converse

is not true in general. Note that N ,g (u) is always closed and convex where as N ,ICJ (u) is
always convex but may not be closed (see [4, 5, 6, 8, 24]).

Definition 1.5. [8, 24] For any r € (0, 400], a subset K, of X" is said to be normalized
uniformly r-prox regular (or uniformly r-prox regular) if and only if every nonzero
proximal normal to /C, can be realized by an r-ball, that is, for all u € IC, and all
0#¢ € NE (u) with [|¢] =1,

1
(Cv—u) < —llv—ul? vek,.
2r
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Lemma 1.6. [8] A closed set L € X is convex if and only if it is proximally smooth of
radius r for every r > 0.

If r = oo then uniformly prox regularity of /C, is equivalent to the convexity of K.
If IC, is a uniformly prox regular set, then the proximal normal cone N IICJr (u) 1s closed as

1
a set-valued mapping. If we take n = 2 it is clear that r — oo then n = 0.
r

Proposition 1.7. [24] Let r > 0 and K, be a nonempty closed and uniformly r-prox
regular subset of X'. Set

UTr)={ue X :0<dg (u) <r}.
Then the following statements hold.

(i) Forallu € KC,, we have Px, (1) # 0;

(i) Forallr' € (0,r), P, isaLipschitzcontinuous mapping with constant§ =

onU(r')={ueX:0<dgc ) <r'}

r—r’
(iii)) The proximal normal cone is closed as a set-valued mapping.

2. Sensitivity Analysis of Solution Sets

Now we consider a system of parametric general regularized nonconvex variational
inequalities in a g-uniformly smooth Banach space X. Let 2 and A be two nonempty
open subsets of X in which the parameter A and n take values, respectively. Let h :
QxX = X, p: Ax X — X aresingle-valued mappingsand 7 : A x X — 2%, G-
Q x X — 2% be the set-valued mappings. For any constants p > 0 and © > 0, we
consider the problem of finding (u, v) € X x X andx € T (u, n), y € G(v, 1) such that
h(u, ), p(v,n) € K, and forall (u,A) € X x Q, (v,n) € X x A,u*,v" € K,,

1
(U, 3, 2) + h(u, ) =, 0" = h(u, 1)) + —|u* = h(u, M =0,

1
(wVx,v,m+p,n —v,v* = p,n)+ ;Ilv* — pw,M[* =0, (D

where U : X x A x Q- Xand V : X x X x A — X. The problem (1) is called a
system of parametric general regularized nonconvex variational inequalities.

Definition 2.1. Leth : X x Q — X be an operator. Then the operator A (-, A) is said to
be

(1) locally oj,-strongly accretive if there exists a constant «;, > 0 such that for all
reQ,u,ve X,

(h(u, 1) = h(v, 1), jg(u —v)) = apllu —v|?,
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(i1) locally Bj-Lipschitz continuous if there exists a constant 85, > 0 such that for all
reQ,u,velk,
IA(u, 2) — h(v, M| < Bullu — vl

(ii1) locally «y-relaxed accretive if there exists a constant «;, > 0 such that for all
reQ,u,velk,

(h(u, ) = h(v, 1), jg(u —v)) = —apllu —v]|?.

Definition 2.2. A single-valued mapping U : X x X x 2 — X is said to be

(i) locally relaxed (¢, ¥y )-cocoercive with respect to the first variable of U if there
exist the constants ¢y > 0 and ¥y > 0 such that for all u, us, v € X, A € 2,

<U(l/l1, v, A') - U(“Z, v, )\‘)7 ](](ul - l/l2)> 2 _(pU”U(ul’ v, )“) - U(”Za v, )\')“q
+ Yoy llur —uzl9,

(i1) locally ¢y -Lipschitz continuous with respect to the first variable of U if there exists
a constant ¢y > 0 such that for all u1, up,v € X, A € Q,

U ui, v, 1) — Uuz, v, V|| < Cullur — uzl|,

(iii) locally kg -Lipschitz continuous with respect to the second variable of U if there
exists a constant ky > 0 such that for all vy, v, u € X', X € Q,

1U @, vi, &) = U(u, v2, V|| = kullvr — v

Similarly we can define the locally relaxed (¢y, ¥y )-cocoercivity and locally ¢y -
Lipschitz continuity of V.

Definition 2.3. Let G : X x Q — 2% be a set-valued mapping. Then G is called locally
&G — ®-Lipschitz continuous in the first argument if there exists a constant £ > 0 such
that forall u,v € X, A € 2,

D(Gu, r), G(v, 1) <égllu — v,
where © : 2% x 2% — (—00, +00) U {400} is the Hausdorff metric i.e., for all

A, B € 2%,

(A, B) = max { sup inf ||u — v||, sup inf |ju — v||}.

ucA Ve ueB Ve

Lemma 2.4. [19] Let (X, d) be a complete metric space and 77, 7> : X — CB(X) be
two set-valued contraction mappings with the same constant 6 € (0, 1) i.e.,

D(Ti(w), Ti(v)) < 0d(u,v),Yu,v e X,i =1,2.
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Then
D(F(T), F(1y)) <

1
5 Sup D(T1(u), Tr(v)),
— YV ueX

where F'(T1) and F(T3) are fixed point sets of T, 7>, respectively.

Lemma 2.5. If K, is a uniformly r-prox regular set, then problem (1) is equivalent to
that of finding (A, n) € L x A, (u,v) € X x X, x € T(u,n),y € G(v, 1) such that
h(l/l, )“)’ p(v’ 7]) € ’Cr and

0€pUu,y, A+ h(u, ) —u+ Ng (h(u, 1),

0€uVix,v,n+ p.n —v+NE (p,n), 2)
where N ’Igr (s) denotes the P-normal cone of K, at s in the sense of nonconvex analysis.

Lemma 2.6. LetU : X x A xQ —> XandV : X x X x A — & be two mappings.
Leth : Qx X - X,p: X x A — X be the single-valued mappings and let 7" :
AXX — ZX, G :Q x X — 2% be the set-valued mappings. Then (u, v, x, y) with
u,ve X, h(u,r) e K,andx € T(u,n),y € G(v, n) is a solution of system (2) if and
only if

h(u, ) = P, (u — pU(u, y, A)),

p(.n) = P, (v —puVix,v,n), 3)

where Py, is the projection of X" on the uniformly r-prox regular set X, and p, u > 0
on (A, n) € QX A.

Theorem2.7. LetU : X x X xQ — XandV : X x X' x A — X be two mappings. Let
h:Q2xX —> X, p: X xA— X bethe single-valued mappings andlet 7 : A x X —
2%, G 1 Q x X — 2% be the set-valued mappings. Assume that the mappings satisfy
the following conditions:

(1) U is alocally relaxed (¢y, ¥y )-cocoercive mapping with respect to the first vari-
able of U with constants ¢y, Yy > 0, respectively;

(i1) U is alocally ¢y-Lipschitz continuous with respect to the first variable of U with
constant ¢y > 0 and locally «y-Lipschitz continuous mapping with respect to the
second variable of U with constant xy; > 0;

(i) V is a locally relaxed (¢y, Y¥v)-cocoercive mapping with respect to the second
variable of V with constants ¢y, ¥y > 0, respectively;

(iv) V is alocally ¢y-Lipschitz continuous with respect to the first variable of V' with
constant ¢y > 0 and locally «y-Lipschitz continuous mapping with respect to the
second variable of V with constant xy > 0;

(v) T is alocally 97 — ®©-Lipschitz continuous mapping with constant 97 > 0;
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(vi) G isalocally ¢ — ®-Lipschitz continuous mapping with constant ¥ > 0;

(vii) h is a locally orj-strongly accretive with respect to constant o, > 0 and locally
Br-Lipschitz continuous mapping with constant g5, > 0;

(viii) p is a locally a-relaxed accretive and locally B,-Lipschitz continuous mapping
with constants «;, > 0 and 8, > 0, respectively.

If the constants p > 0 and u > 0 satisfy the following conditions:

nhz,q/l—qozh—l—ﬂ;’, npz,”/1+qap+ﬂg,

or=1—m, +dusydr, oo =1—m, + dpkyvc,

\q/l —gp(Yu — puil) + cqpith < o871,

{’/1 — qu(¥v — vicy) + cquii < 0287, (4)

where ' € (0, r), then for each (A,n) € Q x A, the system of parametric general
regularized nonconvex variational inequalities (1) has a nonempty solution set S(A, 1)
which is a closed subset of X x X .

Proof. From (3)wedefine F1 : A X A XA XQL > X, F: A XA XX XA—> Xas
forall (u,v,A,n) e X XX XQx A, x€T(u,n),y e G,>r),

Fiu,v,y,A) =u —h(u,r) + P, (u— pU(u,y, 1)),

F2(M’v’x’ n):v_P(v, n)—l—PKr(v_MV(x’ v, n)) (5)
Now we define || - || on X x X by

[Ge, ) = llull + llvll, V(u, v) € & x X.

Then we know that (X x X, || - ||1) is a Banach space. And also, for any p > 0, u > 0,
WecandeﬁneF:XxXxQx/\—>2X><2be

F(u,v,A,n) = {(Fi(u,v,y,A), Fa(u,v,x,m) : x € T(u,n),y € G(v, 1)}

for every (u,v, A, n) € X x X x Q x A. Since T (u, n) € CB(X), G(v,A) € CB(X)
and h, p, Px, are continuous mappings, we have

F(u,v,A,n) € CB(X x X), forevery (u,v,A,n) € X x X x Q x A.

Now foreach (A, n) € QxA, we prove that F(u, v, A, n) is amulti-valued contractive
mapping. In fact for any (u1, vi, A, 1), (U2, v2,A,n) € X X X x Q@ x A and (ay, ay) €
F(uy, vy, A, n) there exists x; € T (u1,n), y1 € G(vy, A) such that

ar =uy — h(ui, X)) + P, (uy — pU(uy, y1, 1)),
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a = vy — p(vy, n) + Px,(vi — uV(xy, vi, ).
From the Nadler Theorem [21], there exists x, € T (42, n), y2 € G(v2, A) such that

lx1 —x2ll < O(T (u1,n), T (uz,n)),

Iyt — y2ll < D(G(v1, A), G(v2, A)). (6)
Let
by =uy — h(uz, A) + Px, (up — pU (u2, y2, A)),

by = vy — p(v2,n) + P, (va — uV(xa, v2,1)).

Then we have (b1, by) € F(u3, va, A, n). Therefore, from Proposition 1.7, we have

lar — b1l < lluy —uz — (h(uy, A) — h(uz, 1))
+ [ Px, (u1 — pU(uy, y1,A)) — P, (ua — pU (uz, y2, M) ||
< lluy —up — (h(uy, &) — h(uz, M) ||
+8lluy —uz — p(U(uy, y1, A) — U(uz, y2, 1)) ||
< lluy —uz — (h(uy, &) — h(uz, 1))l
+dllur —up — p(U(uy, y1,2) — U(uz, y1, M)l
+ ol U(uz, y1, A) — U(uz, y2, Al (7

and

laz — b2l < llvi —v2 — (p(v1, ) — p(v2, M)l
+ 1P, (vi — uV(x1, v1,m) — Pr,(v2 — nV(x2, v2, )l
< [lvi —v2 — (p(v1, n) — p(v2, M)l
+ 8llvy —v2 — w(V(x1, v1, n) — Vixz, v2, n)
< [lvi —v2 = (p(v1, m) — p(v2, M)
+ 8llvr —v2 — w(V(x1, v1, n) — V(x, v2, M)l
+ pllV(x1, v2,n) — V(xz, v, n) . (3)

Since 4 is a locally ay-strongly accretive and locally Bj,-Lipschitz continuous mapping
with constants «;, > 0 and 8, > 0 respectively, we have

lur —uz — (h(uy, &) — h(uz, 1))
< llur —u2l| — q(huy, A) — h(uz, A), jg(uy — uz)) + cqllh(ur, 1) — h(uz, 1)||4
< |lur —uz)l? — qaplluy — uzll? + cg B lur — uz |4

< (1 = qan +cgB)lur — ua]l?. ®)
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Similarly, since p is a locally «),-relaxed accretive with respect to constant oz, > 0 and
locally B,-Lipschitz continuous mapping with respect to constant 8, > 0, we have

[vr —v2 = (p(v1, ) — p(v2, M4

< llvi = v2ll? = g{p(v1, n) — p(v2, M), jg(v1 — v2)) + c4llp(v1, ) — p(v2, M|

< llvi —v2ll? + qapllvi — v2lI? + cgBillvi — v2 ||

< (1 +qap+cgB)llvi — val?. (10)

Since U is alocally kg -Lipschitz continuous mapping with respect to the second variable
with constant ky > 0 and G is a locally ¥ — ©-Lipschitz continuous mapping with
constant ¥ > 0, we have

U (u2, y1,A) — U(uz, y2, M|l < «ullyr — 2|l
<ky®D(G(v1, 1) — G(v2, 1))
< kyPgllvr — vzl (11)

Since V is a locally ¢y-Lipschitz continuous mapping with respect to the first variable
with constant {y > 0 and T is a locally 7 — ©-Lipschitz continuous mapping with
constant ¥ > 0, we have

IV (x1,v2, ) — V(x2, v2, )|l < ¢vllxr — x2l
<evD(T (w1, n) — T(uz, n))
< ¢virllur — uzl. (12)

Since U is a locally relaxed (¢, Y¥)-cocoercive mapping with respect to the first vari-
able with constants ¢y > 0 and ¥y > 0, respectively, we have

luy —uz — p(U(uy, y1, 1) — Uuz, y1, M)

< lluy — uzll? — qp(U (uy, y1, A) — U(uz, y1, ), jg(u1 — uz))
+cqp? U (u1, y1, A) — U(uz, y1, M) ||

< lur —u2l — gp(—=@ullU(u, y1, 1) — U(uz, y1, M7 + Yylluy — uzl|?)
+ cqp?¢f luy — ua||?

< llur —uall? — go(—ou i llur — ual|? + Yulluy — uall?) + cgp¢ lur — ua|l?

< (I +qppuly — apvu + cqp?¢) lur — ua 4. (13)

Since V is a locally relaxed (¢v, ¥y )-cocoercive mapping with respect to the second
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variable with constants ¢y > 0 and ¥y > 0, respectively, we have

lvr — v2 — n(V(x1, v1, m) — V(xr, va, M) 14
< llvi = vall? = qu(V(x1,v1,m) — V(x1, v2, 1), jg(v1 — v2))
+ cgn? |V (x1, v1,m) — V(x1, va, DY
< llvi = v2ll? = qu(—=ev|IV(x1,vi,n) — V(x1, va, D7 + Yy llvr — v29)
+ cguiid vy — vl
< llvi = v2ll? — gu(—gy&llvi — v2ll9 + Yy llvi — v2ll9) + cguit llvr — va |4
< (1 +quevky — gury + cqulic) vy — va 4. (14)
It follows from (7), (9), (11) and (13) that

lay — b1l < /1 = qan + cg Bl luy — ua

+831 = aphu — puth) + cqpithlur — sl
+ dpkyvgllvr — va
= [(f/l — qan+ ey + 831 — apWy — putd) +cqpq€{§]llu1 —

+ dpkyvgllvr — val|
< O1llur — uz|| + 62]lvy — v2|| (15)

and

laz — ball < 1+ qay +cgBlllvr — val

+ 5{'/1 — qu(Py — @vkd) + cguicy lvr — val|
+ Sy drilur — us|

< [\q/l + qap + B+ 3{’/1 —qu¥v — @vkd) + CquKg] lvr — v

+ oLy Or|ur — uzl
< 03lluy — uz|| + O4llvy — v2l, (16)

where 0 = {’/1 —qap + B + 8{’/1 —qp(Yu — eull) +cgptl,

0, = dpkyvg, 03 =dulvir,

04 = \q/l +qa, +coBp + 3{/1 —qu(Wv — pviy) + cquiky,.
By (15) and (16), we have

lar — bl + llaz — b2ll < 0(lluy — uzll + llvy — v2l), A7)
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where 0 = max{6; + 03, 6, + 64}. Hence, we have

d((a1,a2), F(uz, v2, A, 1)) = inf <||al — D1l + llax — bzll)
(b1,b2)€F (u2,v2,A,1)

< O0(lluy — uz|l + llvi — v2l)
= 0l(u1, v1) — (u2, v2) 11
and
d((by, b2), F(u1, vi, A, 1) < 0 (uy, v1) — (u2, v2) ;.
From the definition of Hausdorff metric ® on C B(X x X)), wehave, forall u;, us, v, vy €
Xand (A, n) € 2 x A,

O(F(u1,vi, A, n), F(uz, v2, A, n))

= maX{ sup d((ay, az), F(uz, vz, A, 1)),
(a1,a2)€F (uy,v1,A,m)
sup d((by1, b2), F(uy, vy, A, 77))}
(b1,b2)eF (uz,v2,1,1)
<0l (u1, v1) — (u2, v2)|1. (18)

We know that & < 1 from condition (4). Thus (18) implies that F is a contractive
mapping which is uniform with respect to (A, n) € € x A. By the Nadler fixed point
Theorem [21], F(u, v, A, n) has a fixed point (u, v) for each (A, n) € Q2 x A. From

the definition of F there exist X € T (u,n) and y € G(v, A) such that (3) holds. By
Lemma 2.6, S(A, ) # @.

Now we have to prove that S(A, n) is closed. In fact, for each (A, n) € Q x A, let
(uy, vy) € S(A, n) and u, — ug, v, = vg as n — o0o0. Then we have

(un» vn) 6 F(ul’h vna)\'9 n)an == 1a27 ttt .
And also, we have
Q(F(una U}’lv )“7 77)’ F(“Oa U05 )‘" 77)) 5 0“(”}’1’ U}’l) - (l/l(), vO)”l

It follows that

d((uo, vo), F(uo, vo, A, m) = |l(uo, vo) — (Un, va)ll1
+d((un, vn), F(un, vo, A, 1))
+ D (F (un, vn, A, ), F(uo, vo, A, 1))
< (I +0)[[(un, va) — (uo, vo)lh
— 0, asn — oo.
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Hence, we have (ug, vg) € F(ug, vog, A, n). From Lemma 2.6, we have (ug, vg) €
S(A, n). Therefore S(A, n) is a nonempty closed subset of X x X. This completes the
proof. |

Theorem 2.8. The hypothesises of Theorem 2.7 are hold and assume that for any u, v €
X, the mappings A — U(u,v,r),n — V(u,v,n), A - h(u,r),n - p(v,n) are lo-
cally Lipschitz continuous with constants £y, £v, £, €5, respectively. Letn — T (u, n)
be alocally €7 —®-Lipschitz continuous mapping and A — G (v, A) be alocally £ —D-
Lipschitz continuous mapping for u, v € X. Let Pk, be a Lipschitz continuous operator

with constant § =

-. Then the solution S(4, n) for a system of parametric gen-
r—r
eral regularized nonconvex variational inequalities is locally Lipschitz continuous from

QAxAtOAX x X.

Proof. By Theorem 2.7, for any (z, ML) e X xQxQand (z,1,7) € X X A X A,
S(:x,n) and S(A, 1) are nonempty closed subsets. Also, for each (1, 1), (A7) € QX A,
F(u,v, X, n)and F(u, v, A, 1) are contractive mappings with some constant 6 € (0, 1)
and have fixed points (u (X, 1), v(x, n)) and (u(A, 77), v(X, 77)), respectively. Hence, by
Lemma 2.4, for any fixed (A, n), (A, ) € Q x A, we have

DS, m), SC, 1)

I -
<—— sup DFEw®,n), v, n),Arn), Ful,mn,vr,n),Arn). (19)
1—-6 (u,v)eXxX

For any (aj,a2) € Fu(x,n),v(A,n),A,n), there exists x(A,n) € T(u(A,n),n),
y(A,n) € G(v(A, n), A) such that

ar =u(k,n) —h@,n),r) + P, (uk,n) — pU@(r,n), y(A,n), 1))
a=v,n) —p®,n),n + Pc, (v, n) —uVx@®,n), v, n),n)). (20)

From the Nadler Theorem [21], there exists x(A ) € Twn),n),y,n)
€ G(v(A, ), A) such that

1xG, ) = xGu M < DT @, ), ), T, 1), 1),
lyGe,m) = yO, M < DGR, ), ), G, 7)), 1)) 21

Let

bl = M(X’ ﬁ) - h(u(X, ﬁ)’ X) + PK:r(u(X’ ﬁ) - ,OU(M(X, ﬁ)a y(X’ ﬁ)v X))a
b2 = U(X9 ﬁ) - p(U(Xa ﬁ)v ﬁ) + PK,(U(Xa ﬁ) - MV(X(X9 ﬁ)’ U(X9 ﬁ)’ ﬁ)) (22)

Then, we have
(bl’ bZ) € F(I/l()\,, ﬁ)? U()\., ﬁ)’ )\" ﬁ)
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From (20), (22) and Proposition 1.7, we have

lai — b1l

< llu(r,n) —u@,m) — (h(ui, n), 2) =@, 7)), V)|
+ 1A @@, ), 1) = hu@, 7), 1)
+ 1 Px, (u(h, n) — pU (i, n), y(&, n), 1))
— P, @G, ) — pU @, ), yOu, ), M)

< lluCk, n) —uh, 1) — (R, ), A) = h@G, 1), 2)|
+ 1A @@, ), 1) = h@@, 7), 1)
+ 1 Prc, (u(r, m) — pU (u(R, n), y(&, m), 1))

— P, 7) — pU @, 1), y(r, ), M)
+ 11 P, (u(r, ) — pU @, ), y(h, 1), A))

— P, G, ) — pU @, ), yOu, 1), M)
< lur, m) —uC, M) — (h(ur, m), 2) = @G, 1), )|
+ 1A @@, 1), 2) = huG, 7), 1)

+ 8w, ) —uC, M) — p(U @, n), Y, m), 1) = U@, ), y(, 1), W)

+8u, ) —u, 1) = pU @, 1), yOo, M, A) = UG, 1), y(, ), M)
< lu@r, m) = uG, M) — (R(ur, n), 1) = @G, 1), )|

+ lh @G, 1), ) = hu@, 1), W

+8u,m) —ut, M) — pU @, n), y,m), ) = U@, 1), y(r, m), M)

+8pllU G, 7).y, m), A) = UG, 1), y(h, 1), M)

+8pllU G, 1),y ), 2) — U (u(h, 1), y (G, 1), W
< lur, m) —uC, ) — @, ), A) = h@G, 7), W)+ Ealld — A

+ 8lluCh, m) —u, 1) — p(U @, ), y(r, m), A) = U@, 7), y(h, ), M)
+8ollU @, ),y ), &) = U, ), y(h, ), V|
+ 8oLy | — A
< lluCh,m) —u@, 1) — (@@, n), &) — @@, 7), W) + £allr — A|
+ 8llu(h, m) —u, ) — p(U @, ), y(ro m), &) — U@, ), y(h, ), M)
+ 8o UG, ),y ), A) — U, 1), y(h, 1), )|
+ 8pLy|Ix — A (23)
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and
laz — bl
< lv(x, n) — v, ) — (P, m), ) — pG, M, Ml
+lpG, M, 1) — pG, ), D
— [P, wx, m) — uV(x (A, m), v(A, n), n))
— P, (0, ) — V(O ), vGL ), M)
< v, n) — v, 1) — (pG, 0, n) — pG, ), M)
+ Ip®, M, n) — pG, 1),
+ [P, (v(x, ) — uV(x(x, m), v(x, m), n))
— P, (0, 1) — V() v, ), )|
+ 1 P, A, ) — wV (x (X, 1), v(&, 1), 0)
— P, 0O, ) — wV(x (), v, 7)), )|
< v, n) — v, 1) — (p, n),n) — pG,7), M)
+ Ip®, M, n) — pG, 7).,
+8lv, ) — v, 1) — w(V(x(, ), v, ), m) — V(xG, m), v, 1), )l
+8IvC, ) — v, ) — w(V(x(, 1), v, 1), m) — V(xGu 1), v, ), M)
<G, n) — v, 7)) — (pG,n),n) — pG, ), M)l + £,lln — 7l
+8lv, ) — v, ) — w(V(x(, m), v, ), m) — V(xG, m), v, ), )l
+8ullVx(,m, v, 7, n) — VG, v, ), |+ Sulylin =7l (24)
Now, we know that
G, m) — w @, ) — (R, ), &) — h@®, 7), )17
< lluGh, m) — uG, MI? = g (RO, n), 2) = h@G, ), 1), jg @, n) — u(h, 7))
+ cglh@(, n), ) — h(u(, 7), V|7
< (I —gap + cgBDIu, n) —ut, M|, (25)

lu (e, n) — u@h, ) — p(U @, n), y(hym), &) = U@, 1), y(h, m), )|
< lluCh, n) —u@, M|
—gpU @, n), y(A, ), ) = U@, 7), y(h, ), M), jg(h, n) — u@, 7))
+ cgp? U, n), y(h,m), &) = U, 1), y(h, ), M4
< lluCh, m) —u@, M|
—gp(—ou U@, n), y(, ), 1) — U@, 7), y(k, n), V|7
—Youlluth, n) —u, DI + cgp?&l e, n) —u, M9
< (I —qgp(Wu —ouid) + cgp?CHlulh, n) — u@, M (26)
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and

1U @, 1),y m), 2) = UG, 1),y 1), M) |

< kyllyGe, m) =y, mll

< kyD(G (A, n), 1) = G, ), 1))

<ky[D(GQ, 0, 1) = G®, 7)), 1) + DGR, 7), 1) — G, 7), )]

< ky[P6llv(, m) —vG, M+ Lellr — All], (27)

And also, we know that

v, n) — v, 7 — (p(, n), 7)) — p(r, 1), M)I|?

< v, m) — v DI —g(pw®, ), n) — p@A, D, 0, jg(, 1) — v, 7))
+cqgllp, ), n) — pu(x, n), NI?

< lv(x, m) — v, DI + gapllvh, n) — v, DI + cgBLlIlv(A, 1) — v, M

< (I +qap +cgBDIvr, n) — v MY, (28)

v, m) — v, ) — w(V(x(h, ), vk, 1), n) — V (x4, n), vk, 1), ))I|?
<G, n) —vA, 9
—qul{V G, n), v, n),n) — V@, ), vk, 7),0), jg0@k, n) — vk, 7))
+ cgu? |V (x(h,m), v(h, m), ) — V(x (), v, 1), )|
<G, n) —vA, 9
—qu(—pv VO, ), v, ), n) — V@@, n, v, m), n|?
+ Yvilv, n) — v, DY) + cquldllv(r, n) — v, D9
< v, n) —v& DI? — gu(—pvky v, n) — v, D
+ Yvilv, n) — v, M9 + cquldllvr, n) — v, P9
< —qu@yv — evky) + cqule)llvx, n) — v, M (29)

and

IV, m), v, 1), n) — VG, ), vGs, 1), )l

< tvlxGom — xR, D

< tvD(T u, ), ), T @, 1), 7))

< tv[DT @G, ), m), T, 7)), m) + DT @G, 0, ), T, 7),7))]

< tv[Orllux, m) —uG, M+ Lrlin —71]. (30)
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Therefore, from (23)—(30), we have
lar — b1l + llaz — bzl
<|yJ1- P +81— —outf 9¢h + sugyv
= qon +cqB) + gp(Yu — ouly) +cgplsy +ulvir
X u(h, n) — u@, D)l

+ [\q/l + qap + coBp + 5{'/1 —gquy — eviy) + cquiy + 5,0KU19G]

X [lv(x, m) — v, Dl

+ [€n + Sply + udkyla|Ih — Al + [€, + Suly + pdcver]iin — 7l
=601lluk,n) —u@., Pl +62llv, ) — v, DI + nlld = Al + p2lln =7
< O[lun, m) —uG, DI+ oG, m) — v, DI + 71lld = Al + s2lln =7l
< 0[llar = bill + laz — ball] + jillx = Al + s2lln — 71, 31)

where

0 = {'/1 —qap +cgBl + 5{/1 —gp(Yu — eull) + cqpiCh + dugvdr,

by = 1+ qap + cyBh + 831 — quChy — pvich) + cquiich, + Spicy v,
J1=4n +éply + nékyla,
J2="Lp+duly + pd¢ylr,
6 = max{60y, 6}.
It follows from (4) and (31) that

1 — _
lar — b1l + llaz — b2|| < m[]lll)L — Al + p2llm — nll]

IA

1-0
o U =2+ lln =70,

1 — _
—— max{/y, Jz}(”)» — Al +1ln — nll)

[A

1
where p = -0 max{ i, j2}. Hence, we have

d((ar, a2), Fu(x, ), v(A, ), %, 7))

= inf (llal — b1l + llaz — bz||>
(b1,b2)eF (u(X,m),v(A,7),A,7)
<@Ur—=All+I1n—=7lD

= ol n — Dl (32)
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Similarly, we have

d((by1,b2), Fu(r,m),v(x,n), A, m) < @[k, n) — .Ml (33)
Hence from (19),(32) and (33), we have

DS, m), S, 1)

1 - == _
<—— sup  DO(Fu,n),vx,n),r,n), Fu,n), v, n),xr1n))
1 =60 vyeHxH

& - _
=75 1%m =l

This means that S(A, 1) is Lipschitz continuous with respect to (A, n) € 2 x A. [
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