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Abstract

In this paper, we introduce the inverse closed domination in graphs. Some interest-
ing relationships are known between closed domination and inverse closed domi-
nation. In this paper, we also investigate the closed domination in the join of graphs.
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1. Introduction

Domination as a graph theoretic concept was first introduced by C. Berge in 1958 and O.
Ore in 1962. It was O. Ore [8] who introduced the term dominating set and domination
number. In 1977, E.J. Cockayne and S.T. Hedetniemi [2] presented a survey on published
works in domination. Since a publication of the said survey, domination theory has been
studied extensively. In their book, T.W. Haynes, S.T. Hedetniemi and P.J. Slater listed
in [4] over 1200 references in this topic including over 75 variations. The paper of Kulli
and Sigarkanti [7] in 1991 which initiated the study of inverse domination in graphs and
further read in [3, 6, 10]. In this study we introduced a new domination parameter, the
inverse closed domination in graphs and give some important results.

The graph G denotes a graph which is simple and undirected. The symbol V (G)
and E(G) denote the vertex set and edge set of G, respectively. We write uv to denote
the edge joining the vertices u and v. The order of G refers to the cardinality |V (G)| of
V(G), and by the size of G mean |E(G)|. If E(G) = @, G is called an empty graph.
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Any graph H is a subgraph of G if V(H) € V(G) and E(H) € E(G). For a non-
empty S € V(G), (S) denotes the subgraph H of G for which |E(H)| is the maximum
size of a subgraph of G with vertex set S.

Anedge e of G is said to be incident to vertex v whenever e = uv forsomeu € V(G).
The symbol G — v denotes the resulting subgraph of G after removing v from G and all
edges in G incident to v.If u, v € V(G), the symbol G + uv denotes the graph obtained
from G by adjoining to G the edge uv.

Two distinct vertices u and v of G are neighbors in G if uv € E(G). The closed
neighborhood Ng[v] of a vertex v of G 1is the set consisting of v and every neighbor of
vin G. Any S € V(G) is a dominating set in G if U Ng[v] = V(G). A dominating

vesS
set in G is also called a y-set in G. The minimum cardinality y (G) of a y-set in G is
the domination number of G. Any y-set in G of cardinality y (G) is referred to as the
minimum y-set in G.

A dominating set is called a closed dominating set if given a graph G, choose
v1 € V(G) and put S = {v1}. if Ng[S1] # V(G), choose v, € V(G) \ S| and
put S2 = {vy, va}. Where possible, k > 3, choose vy € V(G) \ Ng[Sk—1] and put
Sk = {v1, v, ..., vi}. There exists a positive k such that Ng[Six] = V(G). The small-
est cardinality of a closed dominating set is called the closed domination number of
G, and denoted by Y (G). A close dominating set of cardinality y(G) is called y-set
of G. A closed dominating set S is said to be in its canonical form if it is written as
S = {v1, v2, ..., v}, where the vertices v; satisfy the properties given above.

Let D be a minimum dominating set in G. The dominating set S € V(G) \ D is
called an inverse dominating set with respect to D. The minimum cardinality of inverse
dominating set is called an inverse domination number of G and is denoted by y_l (G).
An inverse dominating set of cardinality ¥y H(G) is called y ~!-ser of G. Motivated by
the definition of inverse domination in graph, we define a new domination parameter. Let
C be a minimum closed dominating set in G. The closed dominating set S € V(G) \ C
is called an inverse closed dominating set with respect to C. The minimum cardinality
of an inverse closed dominating set is called an inverse closed domination number of G
and is denoted by 7' (G). An inverse closed dominating set of cardinality 7' (G) is
called 7 -ser of G.

2. Results

A classical result in the domination theory which was introduced by Ore in 1962 state
the following theorem:

Theorem 2.1. [8] Let G be a graph with no isolated vertex. If § € V(G) is a y-set,
then V(G) \ S is also a dominating set in G.

This motivate a new domination parameter, the inverse closed domination in graphs.
Theorem 2.1 guarantees the existence of 77~ '-set in some graph G. Since the inverse
closed dominating set of any graph G of order n cannotbe V (G), it follows that 7~ (G) #
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n and hence 7_1(6) < n.

Since 7~ 1(G) does not always exists in a connected nontrivial graph G, we denote by
QC_I be a family of all graphs with inverse closed dominating set. Thus, for the purpose
of this study, it is assumed that all connected nontrivial graphs considered belong to the
family G ! From the definitions, the following result is immediate.

Remark 2.2. Let G be a connected graph of order n > 2. Then
O 1=y G <m

(i) y(G) <7 1 (G) <y 1 G).

Consider, for example, the graph G in Figure 1. We have the set {a,b,c} is the
minimum dominating set, thus y(G) = 3. The set {a,b, j,k} is the minimum closed
dominating set, thus Y (G) = 4. The set {c,d,e.f,g,h,i} is the minimum inverse closed
dominating set, thus 7_1(G) = 7 and the set {d,e,f,g,h,i,j,k} is the minimum inverse
dominating set, thus y ~1 (G) = 8.

d f g j
a b c
e h 1 k

Figure 1: Graph G where y(G) <7 (G) < y 1 (G).

Since Y (G) is the order of the minimum closed dominating set of G, it follows that
7(G) <7 1(G). The following remark holds.

Remark 2.3. Let G be a connected nontrivial graph of order n > 2. Then y(G) <
——1
v (G).

Theorem 2.4. Let G be a connected nontrivial graph of ordern > 2. Theny ' (G) = 1
if and only if either G = K, or G = K, + G*, for some graph G*.

Proof. If G = K3 or G = K, + G* for some graph G*, then 7~ 1(G) = 1. Suppose
that 7_1 (G) =1, then y(G) = 1 by Remark 2.3, thus, G contains two distinct vertices
u and v such that {u#} and {v} are closed dominating sets in G. [

Theorem 2.5. Let G be a connected nontrivial graph of order n > 2. Then 7 1G) =
n—1lifandonlyif G = Ky 1.

Proof. Suppose that 7_1(G) =n—1,andlet S € V(G) be a 7_1—set in G. Let
v € V(G) € S. Then Ng[v] = V(G), thatis, vx € E(G) forall x € V(G) \ {v}.
Now we claim that xy ¢ E(G) for all x,y € V(G) \ {v}. Suppose that there exists
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x,y € V(G) \ {v} such that xy € E(G). In particular,

v,y € Nglx] € Ng[S\ {y}].

Thus, S\ {y}is a7 !-ser in G. This is a contradiction. Therefore, G = Kin-1.
For the converse, suppose that G = Kj ,_1, then {v} is a y-sef in G. Let § =
V(G)\ {v}. Then Sisay '-set,and 7' (G) = n — 1. n

3. Join of graphs

The Join of two graphs G and H is the graph G+ H with vertex-set V(G+H) = V(G) 0
V(H) and edge-set E(G + H) = E(G)UEH)U{uv:ueV(G),ve V(H)}.
Clearly, 7 ' (G + K1) = ¥(G). We consider G + H with nontrivial graphs G and

H.Foranyu € V(G)andv € V(H), the set {u, v} is a closed dominating setin G + H.
Thus, y(G + H) < 2.

Lemma 3.1. For nontrivial graphs G and H,7 (G + H) < 2.

Proof. By the preceding remark, (G + H) < 2. First, we consider the case where
v(G + H) = 1, and suppose that S = {v} is a closed dominating setin G + H. Assume
veV(G). Takeu € V(G) \ {viand w € V(H). Then D = {u, w} S V(G+ H)\ S
and D is a closed dominating set in G + H. Thus 7_1 (G + H) < |D| = 2. Next, we
assume that Y (G + H) = 2. Pickanyu € V(G)andv € V(H). Then § = {u,v}isa
y-set setin G + H. Thus, forany x € V(G)\ Sandy € V(H) \ S, theset D = {x, y}
isay !-ser in G + H. Since G and H are nontrivial graphs, such D exists. Thus
y G+ H)=|D|=2. |

Proposition 3.2. Let G and H be nontrivial graphs. If 7_1 (G+H)=1,theny(G) =1
or Y (H) = 1 The converse, however, is not necessarily true.

Proof. The assumption implies that (G + H) = 1. Therefore, y(G) = lory(H) = 1.
To prove the second statement, consider the graph K,5 +P7. Note that Y (K,5) = 1
buty N(Ky,5+P7) = 2. n

Theorem 3.3. Let G and H be nontrivial graphs. Then 7~ (G 4+ H) = 1 if and only if
one of the following is true:

(@) y(G)=landy(H) = 1;
(ii) Y(G) =1 and G has at least two minimum ¥ -sets;

(iii) Y(H) = 1 and H has at least two minimum y-sets.

Proof. Suppose that (i) holds and {v} € V(G) and {w} € V(H) are closed dominating
sets in G and H, respectively. Then {v} and {w} are minimum closed dominating sets in
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G + H. The conclusion follows from the fact that since {v} C V(G + H) \ {w}, {v}isa
v l_set in G. Now, suppose that (i7) holds and let {#} and {v} be closed dominating sets
in G. Then {u} and {v} are closed dominating setsin G+ H. Since {u} C V(G+ H)\{v},
7_1(G + H) = 1. Similarly, if (iii) holds, then 7_1(G + H)=1.

Conversely, suppose that 7 4G + H) = 1. By Proposition 3.2, y(G) = 1 or
y(H) = 1. If y(G) = 1 = y(H), then we are done. Suppose that y(H) # 1.
Then ¥ (G) = 1. Now, let {v} be a minimum 7_1-set in G + H. Then, in particular,
V(H) € Ng+pglvl. Since y(H) > 2,v ¢ V(H). Thus v € V(G). Necessarily, {v} is a
y-set in G. Therefore, G has at least two y-sets and (ii) holds. Similarly, if y(G) # 1,
then (iii) holds. [ |

Corollary 3.4. Let G be any graph with no isolated vertex. Then 7 4G+ H) = 1.
ifand only if G = K, p > 2, or G = H + K for some nontrivial graphs H and K
satisfying one of the following:

(i) Y(Hy=1landy(K) =1
(ii) Y(H) =1 and H has at least two minimum ¥ -sets;

(iii) Y(K) =1 and K has at least two minimum y-sets.

Proof. First, note that 71 (K p) = 1 forall p > 2. Suppose that G is a noncomplete
graph. Suppose, further, that 7! (K p) = L. Then there exist two distinct vertices u and
v of G such that {u} and {v} are y-sets in G. Moreover, uv € E(G). Put H = ({u, v})
and K = (G — {u, v}). Then G = H + K. Furthermore, {1} and {v} are two distinct
y-sets in H. Consequently, (ii) holds.

The converse follows immediately from Theorem 3.3. [

Proposition 3.5. Let G and H be nontrivial graphs. Then 7 G+ H) =2ifand only
if any of the following is true:

(1) Y(G) z2and y(H) = 2.

(ii) y(G)=landy(H) >2but G # K| + (K1 + UGJ) for any graphs G ;.
J

Proof. Suppose that V_I(G + H) = 2. Theneithery(G+ H) =1ory(G+ H) =2.
It is clear that if (G + H) = 2, then y(G) > 2 and Y(H) > 2. Suppose that
7_1(G 4+ H) = 1. Then y(G) = 1 or y(H) = 1. Assume that y(G) = 1. Then
G={v}+ U G ; for some components G ; of G. Thus,

J

v G+H)=yH+[]G)=2
J
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Necessarily, y(H) > 2 and 7(U G;) > 2. This means that, in particular, G #
J
Ki+ K+ JG).

J
To prove the converse, we first consider the case where y(G) > 2 and y(H) > 2.

Then (G + H) = 2. Since 7(G + H) <7 (G + H), then 7 '(G + H) > 2. Now
picku € V(G)andv € V(H),and let x € V(G) \ {u} and y € V(H) \ {v}. Then
S = {u, v} is a minimum dominating set in G + H so that D = {x, y}isa 7_1-set in
G + H. Thus 7 (G + H) < 2. Accordingly, 7~ (G + H) = 2.

Next, we proceed with the case where Y(G) = 1 and y(H) > 2but G # K| +
[K1+ U Gjl. Let S = {u} € V(G) be aclosed dominating setin G. Then § is a closed

J
dominating set in G + H. We consider
(G+H)—u=(G—u)+H.

The condition for G implies that G—u # K +U G j forany components G ; of G. Thus,

J
V(G—u) > 2. f7(G—u) > 2and 7 (H) > 2,theny "(G+H) = 7(G—u)+H) = 2.
]
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