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Abstract

Let p be a prime such that p = 2 or 3 (mod 5). Linear block codes over the non-
commutative matrix ring M, (F ») endowed with the Bachoc weight are derived as
isometric images of linear block codes over the Galois field I . endowed with the
Hamming metric. When seen as rank metric codes, this family of matrix codes
satisfies the Singleton bound and thus are maximum rank distance codes, which are
then lifted to form a special class of subspace codes, the Grassmannian codes, that
meet the anticode bound. These so-called anticode-optimal Grassmannian codes
are associated in some way with complete graphs. Examples of these maximum
rank distance codes and anticode-optimal Grassmannian codes are given. Finally,
examples of subspace codes which are not Grassmannian are given which are ob-
tained from the anticode-optimal Grassmannian codes.
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1. Introduction

This paper deals with certain concepts of “coding theory in projective space” and high-
lights the practical significance of subspace codes, specifically of Grassmannian codes,
in error correction in networks. Let ¢ = p’, p a prime, r a positive integer, and F,
the Galois field with cardinality ¢ and characteristic p. Consider the n-dimensional full
vector space IFZ over [F,. The set of all subspaces of I/, denoted by P, (n), is called
the projective space of order n over IF,. For an integer k, where 0 < k < n, the set of
all k-dimensional subspaces of IFZ, denoted by G, (n, k), is called the Grassmannian. A
subspace code is a nonempty subset of P, (n), while a Grassmannian code is a nonempty
subset of G, (n, k) which is also called a constant dimension code. Subspace codes have
practical importance in network coding. The seminal paper [1] refers to network coding
as “coding at a node in a network", that is, a node receives information from all input
links, then encodes and sends information to all output links. This paper focuses on how
isometric images of linear block codes over I > can obtain codes that are equivalent to
the Gabidulin codes and spread codes.

Section 2 gives important theoretical preliminaries, while Section 3 shows how to
construct Grassmannian codes endowed with the subspace distance as union of lifts of
certain linear codes M over the non-commutative matrix ring M>(IF,) endowed with
the Bachoc weight together with one additional space. The matrix codes M are iso-
metric images of linear block codes over I > endowed with the Hamming distance.
Examples of obtained codes are equivalent to the Gabidulin codes which are maximum
rank distance codes, or MRD codes, that is, they satisfy the Singleton bound for matrix
codes with respect to the rank metric. The constructed Grassmannian codes are spread
codes that satisfy the anticode bound. Examples of MRD codes and anticode-optimal
Grassmannian codes are given from this construction. In Section 4, it is shown that this
family of anticode-optimal Grassmannian codes can be associated with a peculiar family
of complete graphs. Finally, examples of subspace codes were given from the optimal
Grassmannian codes.

2. Preliminaries

The set of all k x £ matrices over I, denoted by My, (IF,), is considered as a vector
space over [F,. A nonempty subset of My,¢(IF,) is called a [k x £] matrix code over .
This [k x £] matrix code is called linear if it is a subspace of My ¢(IFy).

The rank distance between two k x £ matrices over F,, say A and B, is given by
dr(A, B) =rank(A — B). A [k x £, 8] rank-metric code C is a [k x £] matrix code
whose minimum rank distance is §. That is, § = min{dg (A, B)|A, B € C, A # B}.

Definition 2.1. A [k x £, p, 8] rank-metric code is a linear code in My (F,) with
dimension p and minimum rank distance §.

We now give a notion of equivalence of rank-metric codes.
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Definition 2.2. A [k; x £1, p1, 61] rank-metric code is equivalent to a [k X €2, p2, §2]
rank-metric code if k| = ky, £1 = €5, p1 = pp, and §; = &».

In other words, two rank-metric codes are equivalent if they have entirely the same
parameters.
Theorem 2.3 is known a version of the Singleton bound for rank-metric codes.

Theorem 2.3. (P. Delsarte, [S]) For a [k x £, p, §] rank-metric code, p < min{k({ —
S+ 1), Lk—68§+1)}.

A code that attains this bound is called a maximum rank distance code or an MRD
code. Examples of MRD codes are the so-called Gabidulin codes.

Letn < mand g = (go, g1, &2, ..., & —1) be linearly independent elements of
GF(q™). Then the code defined by the following generator matrix

[0] [0] [0]
80 81 s 8t
[1] [1] [1]
80 81 oo 8p—1
G =
[k—1] [k—1] [k—1]
80 81 coo 8p—1

where [i] = ¢', is called a Gabidulin code, generated by g = (g0, g1, &2, - - -+ &n—1),
with dimension k and minimum rank distance n — k + 1.

Example 2.4. Let w be a root of the irreducible polynomial P +x+1 € Falx].
Consider a generator matrix G = (1, w). We have the following Gabidulin code C =
{(0,0), (1, w), (w, a)z), (a)z, 1)} generated by G. From the given generator matrix,n = 2
and k = 1, hence the maximum rank distanceis2 — 1 + 1 = 2.

Definition 2.5. Let A € My ¢(IF;). The lift of A, denoted by L(A), is the k x (k + £)
standard matrix (I A).

Note that the space generated by the rows of the lifted matrix L(A) is denoted by
(L(A)).

We now give two metrics on the projective space P, (n). The subspace distance on
P, (n) is given by

ds(A, B) =dim A + dim B — 2dim(A N B)
forall A, B € P;(n). On the other hand, the injection distance on P, (n) is given by
d;(A, B) = max{dim A, dim B} — dim(A N B)

forall A, B € Py(n).
In this paper we only apply the subspace distance on the constructed Grassmannian
codes.
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A classic formula for the cardinality of the Grassmannian G, (n, k) is given by the
q-ary Gaussian coefficient
n k—1 qn _ C]i
i

k_ i
i=0 1 —4

Definition 2.6. A Grassmannian code C in G, (n, k) is called an (n, M, d, k), code if
|C| = M and its minimum subspace distance is d, where

d = {minds(U, V)|U,V € C,U # V}.
Definition 2.7. Let C be a [k x £] rank-metric code. The set

AC) = {{L(A))|A € C}
= {{(Ix A))|A € C}
is called the /ift of C.

Theorem 2.8. (D. Silva, F. R. Kschischang, and R. Kotter [12]) LetCbealk x ¢, p, §]
rank-metric code. The lift of Cis a (k + €, ¢, 28, k)4 Grassmannian code.

Theorem 2.9. (P. Frankl and R. M. Wilson, [9]) Let A, (n,d, k) be the maximum
number of codewords of a code in G, (n, k) with subspace distance d = 25 + 2. Then

[,

[l

Spread codes are Grassmannian codes that satisfy the Anticode bound. A subset S
of G, (n, k) is a k-spread in IFZ if the following are satisfied:

Ay (0,28 +2,k) <

i. UNV ={(0,0,...,0)} for distinct U and V in S, and
ii. UyesV = IFZ

Consider IE‘Z which is an n-dimensional vector space over IF,. If A is a subspace of

V then the orthogonal subspace of A is given by At ={veV]ja-v=0foralla € A}
where a - v is the inner product between vectors a and v.

Definition 2.10. (R. Kotter and F. R. Kschichang, [11]) If C C G, (n, k) then its dual
or complementary code is given by

Ct={CteG,(n,n—k)|C eC).

Theorem 2.11. (R. Kotter and F. R. Kschichang, [11]) If C is an (n, M, d, k), code
then C* is an (n,M,d,n — k), code.
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3. Rank-Metric Codes and Grassmannian Codes from
Linear Block Codes

We now define the Bachoc weight wg on M>(IF)).

0 ifA=0
wg(A) =411 if Ae GL(Q2, p)
p otherwise

In [2], an isometric map ¢ from FZ onto M, (IF,) where

¢((a—|—ba),c—|—da))):( a+d btc )

b+c+d a+b+d

was given using the Hamming weight wy,y, and the Bachoc weight wg for Fﬁ and M ()
respectively, such that wyan (o) = we(¢(x)) forall o € Fﬁ. Note that w is a root of the
irreducible polynomial rx+1le [F»[x] and [Fy4 is seen as an extension of [, by w.
Table 1 shows the elements of Fﬁ with their corresponding Hamming weights and
the elements of M;(IF,) with their corresponding Bachoc and rank weights.
The following lemma is trivial yet very useful.

Lemma 3.1. Let C be a [k x £, p, §] rank-metric code with minimum nonzero rank 2.
Then § = Q.

Lemma 3.2. Let g be a power of a prime p. The additive group IFZ is an I ,-vector
space.

2

Lemma 3.3. Let ¢ : (F2)" — My (F,) where

¢((a+ba),c+da))):( a+d b+c )

b+c+d a+b+d)
Then ¢ is an isomorphism of [ ,-vector spaces.

Remark 3.4. From Lemma 3.3, if C is a linear block code of length 2 over [ > then
C = ¢(C) as [F,-vector spaces.

For the following remark, let o; = (a; + bjw, ¢; + diw) € (Isz)2 and

Ai:< a; +d; bi + ¢

My (F
bi +c¢i+d; ai+bi+di)€ 2(p)

where 1 < i < r for positive integer r.
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o Wham(@) | ¢(@) | we(@(@)) | wr(P(x))
(0,0) 0 (g 8) 0 0
0, 1) 1 ((1) (1)> 1 2
(1,0) 1 ((1) (1)> 1 2

1 1

(1,1) 2 <1 1) 2 1
(0, w) 1 G (1)> 1 2
(w, 0) 1 (? }) 1 2
(w, w) 2 <(1) (1)> 2 1
(1, w) 2 ((1) 8) 2 1
(w, 1) 2 (8 (1)> 2 1
0,1+ w) 1 ((1) }) 1 2
1+ w,0) 1 (} (1)> 1 2
(1,1 4+ w) 2 (g (1)> 2 1
14w, 1) 2 <(l) 8) 2 1
(@, 1+ o) > G 8) > I
(14w, w) 2 (8 i) 2 1
l4+ow,14+w) 2 <(1) (1)> 2 1

Table 1: Hamming Weights on Fﬁ and Bachoc and Rank Weights on M>(IF,).
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Remark 3.5. Let r be a positive integer. Note that ¢ can be extended naturally in the
following manner. We have

o : (sz)zr —> Mjy2,(F) where
plar, o, ...,00) = (A1 Ay ... A,).

It is easy to see that (sz)zr = M2, (F),) as F-vector spaces. If C is a linear block
code of length 2r over F > then C = ¢(C) as I ,-vector spaces.

Lemma 3.6. (D. Falcunit, Jr. and V. Sison, [8]) If p = 2 or 3 (mod 5) then the
polynomial f(x) = X2+ x+ (p — 1) is irreducible over I ,.

Theorem 3.7. Let C be a linear block code of length 2r over I > and p its dimension
as an [F ,-vector space. If p = 2 or 3 (mod 5) and for all (a1, a2, ...,a2,) € C,aj =0
for each odd (resp. even) index j, then

i. ¢(C)isa[2 x 2r, p, 2] rank-metric code,
ii. A(¢p(C))isa2r+2,p”,4, 2)p code, and;

iii. the pairwise intersection of codewords of A (¢ (C)) is trivial.

Proof. Let C be alinear block code of length n over IF 2. Note that by Remark 3.5, C and
¢ (C) areisomorphic as IF ,-vector spaces. Hence, the dimension of ¢ (C) is p. Moreover,
let (aq, @, ..., a2,) € C\{(0,0,...,0)}, o; = 0 for each odd (resp. even) integer ;.
To simplify the proof, we consider when r = 1 and hence we have (0, az) € C\{(0, 0)}.
Note that ap = ¢ + dw for some ¢, d € F),. Then

$(0, ¢ + dw) = (Hd_d fl)

Since ¢ and d are not both zero, we have the following cases:

1. If c = 0 and d # O then the matrix becomes
d 0
d d

2. If ¢ # 0 and d = 0 then the matrix becomes

)

with rank 2.

with rank 2.
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3. Letc,d # 0. Suppose rank of the matrix is not 2 then one row is a multiple of the
other, that s, (d, ¢) = x(c+d, d) for some x € I¥,. This implies thatd = xc+xd
and ¢ = xd. Further, d = x2d + xd and x> + x — 1 = 0. Since p =2or3 (mod
5), by Lemma 3.6, f(x) = CHx—1=x>+x+ (p — 1) is irreducible over [F,.
Thus there is no x € I, such that (d, ¢) = x(c + d, d) and hence the rank of the
matrix is 2.

Thus, the minimum rank weight of ¢ (C) is 2. By Lemma 3.1, the minimum rank distance
of ¢ (C) is also 2. It follows that ¢ (C) is a [2 x 2r, p, 2] rank-metric code.

It easy to see that (ii) follows directly from Theorem 2.8.

If A(p(C))isa (2r+2, p”, 4, 2);, code, the minimum subspace distance of A (¢ (C))
is4. Let A, B € A(¢(C)). Notethatdim A = dim B = 2 and wehave4 < dg(A, B) =
dim A+dim B—2dim(ANB). Thus,4 < 2+2—-2dim(ANB) and hencedim(ANB) <
0. Therefore, dim(A N B) = 0. This means that the pairwise intersection of codewords
of A(¢(C)) is trivial. [ |

Note that the Grassmannian codes constructed in Theorem 3.7ii are spread codes.
Due to Theorem 3.7, if the codewords of a linear block code of length n over F p2 are
composed of zeros in the odd positions or in the even positions, such zeros in the odd
or even positions can be removed. In this manner, we can simplify how to obtain matrix
codes from the isometric map ¢. This is the essence of the following remark.

Remark 3.8. Let r be a positive integer and consider

S = {(07 Cl +dla)’ Oa 2 +d20), O’ R} 0’ Cr +d}’a))|cl" dl € Fp}’

a subspace of (IF pz)zr as an I ,-vector space. By Theorem 3.7 iv, we can look at ¢ :
S —> My, (F)) where

¢((0’ Cl +d]6l), 0’ C2 +d20)’ R} 07 CV +dfa))) -

d; c1 d c ... d, cr
cir+d di cx+dy do ... ¢ +d, d,

as o : (sz)r —> My, (F)) where

do((c1 +diw, cr + dhroo, ..., cr + drw))

_ d; c1 dy cy - d, Cr

“\a+d di aa+dy dy - o +d dr)’
Notethat¢ (S) = ¢o ((IF pz)r) and hence the rank of each nonzero element of ¢ ((IF pz)r)
is 2. Since the odd positions of S are all zeros, we can collapse its elements in such a

way that we delete these odd positions and hence we can look at the elements of S as
elements of (F ,2)".
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Correspondingly, consider

EZ {(al +b1w30’ a2+b2w509 <oy Ay +brw’0)|al’bl € Fp}5

which is also a subspace of (sz)zr as an I ,-vector space. By Theorem 3.7 iv, we can
look at ¢ : S —> Ma o, (IF,) where

¢((a1 +b1w,0,a, + b, 0, ..., ar + brw, 0))

(a1 by a by ceeay b,
“\b1 air+b1 by ax+by - by ar+b

as g : (]sz)r —> My (F ) where

¢r((a1 + byw,ay + bhw, ..., a + b,w))

(& by ar by ceeay b,

“\by ay+by b ax+by --- b, a +b )
Similarly, »(S) = qu((]F pz)r) and the rank of each nonzero element of ¢ E((IF pz)r) is
2. Since the even positions of § are all zeros, we can collapse its elements in such a

way that we delete these even positions and hence we can look at the elements of S as
elements of (F ,2)".

Theorem 3.9. For prime p where p = 2 or 3 (mod 5) and for any positive integer r, the
rank-metric code ¢p ((IF pz)r) satisfies the Singleton bound.

Proof. Let p be prime such that p = 2 or 3 (mod 5), r be a positive integer, and p be
the dimension of (IF pz)r as an I -vector space. From Remark 3.8 and Theorem 3.7,

po((F,2)") isa[2 x 2r, p, 2] rank-metric code. Note that

[¢o ((Fy2))| = p*
and
!(]sz)r‘ = p”

|(Fp2)'| = [0 (F)2))].
Hence it follows that p = 2r. Now, a [k x £, p, §] rank-metric code satisfies the
Singleton bound if p = min{k(¢{ — § + 1), £(k — 6 + 1)}. Substituting the values in the
inequality given in the Singleton bound, 2r < min{2(2r — 2+ 1),2r(2 -2+ 1)}. We
have 2r = min{4r — 2, 2r} since 4r —2 > 2r forr > 1. Thus, for prime p where p =2
or 3 (mod 5) and for any positive integer r, ¢o ((F,2)") satisfies the Singleton bound
for rank-metric codes and hence a maximum rank distance code. [ |

but

MAGMA program was created to obtain the maximum rank distance code ¢o ((F 2)")
for p = 2 and for any positive integer r. Just input a positive integer for the value of r,
and ¢o ((F4)") will be obtained.
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o ¢() | wr(@(@))
(0, 0) (8 8) 0
o [0
oo [ 2
0,1+ ) G i) 2
0,2) (g é) 2
0, 2w) @ g) 2
0, 1+ 2w) <§ ;) 2
0,2 + 2w) (? ;) 2
0,2+ ) <(1) f) 2

Table 2: Elements of T = {(0, ¢ 4+ dw)|c, d € F3} and their Images under ¢ with their
Rank Weights.

Similarly, we can prove that ¢z ((FF2)") also satisfies the Singleton bound for any
positive integer r.

Example 3.10. Consider Fy = {0, 1, , 1 4+ w}. We have

00 01 10 1 1
oo ={(o o) (7 o} (1 160 1)}
Note that by Theorem 3.7 and Remark 3.8, ¢ (IF4) is a [2 x 2, 2, 2] rank-metric code.

By Theorem 3.9, ¢ (IF4) is a maximum rank distance code.

Example 3.11. Again, consider 4 = {0, 1, o, 1 + w}. We have

o= {8 96 € DG )

Note that by Theorem 3.7 and Remark 3.8, ¢g(IF4) is a [2 x 2, 2, 2] rank-metric code,
and a maximum rank distance code.

The rank-metric codes in Example 3.10 and Example 3.11 are equivalent to the
Gabidulin code in Example 2.4 as [F>-vector spaces.
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Now, let T = {(0, ¢ + dw)|c, d € F3}. Table 2 shows the elements of 7 and their
corresponding images in M;(IF3) under ¢ with their rank weights. From the given table,
each nonzero element of ¢ (7') has rank 2.

Example 3.12. Refer to Table 2, ¢(T) = ¢o(F9) is a [2 x 2, 2, 2] rank-metric code.
By Theorem 3.9, ¢ (IF9) is a maximum rank distance code.

Note that the first prime that does not satisfy Theorem 3.91s p = 5. We have 5 =0
(mod 5). Now, 2 + w € F'5» = [Fp5 and

02 +w) = (; f)

whose rank is 1. Therefore, ¢ (IF25) cannot be a rank-metric code with minimum
distance 2.

Definition 3.13. Let r and m be positive integers. We define the H,,-matrix as
Hy, = (Im Omxmr)

and the ﬁm -matrix as
Hy, = (Omxmr Im)-

Remark 3.14. [Anticode Bound]

p2r+2 -1

Remark 3.15. For any natural number r, we have

p2r+2 -1

1Jmt)szD“er6+...+pz’:W

Theorem 3.16. Let p be prime where p = 2 or 3 (mod 5), r be a positive integer,
and consider a class of I ,-vector spaces {(sz)l i=1,2,..., r}. Let D; be the set of

vectors that contain A (¢0 (IF pz)i> such that the vectors are appended with zeros in the
left so that they have common length 2r 4 2. Then

Gp(r.2) = (m)( J (,L;J]Dl)

p2r+2 .
isa <2r + 2, , 4, 2) code.
p

p*—1
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Proof. For 1 <i <r,]let D; be the set of vectors that contain A(¢o (]Fi)) such that the
vectors are appended with zeros in the left so that they have common length 2r 4-2. Note

that , . .
l l l 1
2 (90 (=)))] = oo (2))] =|E2)] = 7.
Now,
.
UDi O Y
i=1
Let G,(r,2) = (ﬁz) U (UDi) so that by Remark 3.15,
i=1
p2r+2 -1
|C] =1+p2+p4+p6+"'+p2r=ﬁ

Note that the only intersection of the D;’s is just the zero space. Moreover, the only

intersection of (ﬁz) with the D;’s is also trivial. Thus, the obtained code is a
2r+2 _ 1

<2r—|—2,p2—,4, 2) code. m
p-—1 »

Remark 3.17. The code obtained G, (r, 2) in Theorem 3.16 attains the Anticode bound

given in Remark 3.14.

p2r+2 -1
Similarly, we can also obtain a <2r + 2,

dE.

Example 3.18. Let p =2 and r = 1. We have F4 = {0, 1, w, 1 + w}. Now the lifted
i £ b (Fa) 1 000 1 001 1 010 J
matrices of po(Fa)are | o o o)l 1 1 o) \lo 1 1 1)

1 011
(0 1 0 1).Then the elements of G, (1, 2) are

3 , 4, 2) code using the mapping
p-—1 »

¢, =1{(1,0,0,0),(0,1,0,0), (1, 1,0,0), (0,0,0,0)},
¢, =1{(1,0,0,1),(0,1,1,0),(1,1,1,1),(0,0,0,0)},
C;={(1,0,1,0),(0,1,1,1), (1, 1,0, 1), (0,0,0,0)},
Cys=1{(1,0,1,1),(0,1,0,1), (1,1, 1,0), (0,0,0,0)}, and;
Cs =1{0,0,1,0),(0,0,0, 1), (0,0,1, 1), (0,0,0,0)}.

Note that G>(1,2) is a (4, 5,4, 2), code. Now, when p = 2 and r = 1, the Anticode
242 1

bound becomes 3 = 5. Thus, G;(1, 2) attains this bound.
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Example 3.19. Again, consider F4 = {0, 1, w, 1 + w}. Now the lifted matrices of
1 000 1 010 1 0 0 1
¢E(F4)are(o 10 o)’(o 10 1) ( )’and

<(1) (1) i (1)) Then the elements of the Grassmannian code C generated by the lifted

matrices, with C5 = (ﬁ2> are given by
¢ ={(1,0,0,0),(0,1,0,0),(1,1,0,0), (0,0,0,0)},
C>=1{(1,0,1,0),(0,1,0, 1), (1, 1,1, 1), (0,0,0,0)},
C3=1{(1,0,0,1),(0,1,1,1),(1,1, 1,0, (0,0,0,0)},
Cs=1{(1,0,1,1),(0,1,1,0),(1,1,0, 1), (0,0,0,0)}, and;
Cs ={(0,0,1,0),(0,0,0,1), (0,0,1, 1), (0,0,0,0)}.
Note that C is also a (4, 5, 4, 2), code that attains the Anticode bound.

2r+42
p J—

Corollary 3.20. The dual of G,(r,2) is a <2r + 2, i 4, 2r> code.
p p

Proof. This directly follows from Theorem 2.11. |

MAGMA programs were created to obtain the anticode-optimal code G, (r, 2) and
its dual in Theorem 3.16 and Corollary 3.27, respectively for p = 2 and for any positive
integer r. For p = 2, just input a positive integer for the value of r and G (r, 2) will be
obtained.

Lemma 3.21. Let ¢ : F3 —> M, (F3) where

¢((a+ba),c+da))):< @+d btec )

b+c+d a+b+d)
Then ¢ is an isomorphism of [F3-vector spaces.
Remark 3.22. In a similar manner in Remark 3.8, for any positive integer r,
T ={0,c1 +diw,0,c2 + drow, ...,0, ¢, +d-w)|c;, d; € F3},
a subspace of Fgr as an [F3-vector space. We now have ¢ : T —> My, (F3) where
¢((0,c1 +diw,0,c + dbw, ...,0,c + drw))
_ ( d; C1 d> cy ... d, cr)
cio+d di co+dy dy ... ¢ +d d
and ¢o : Fo —> M>,o,(F3) where

po((c1 +diw, 2 + dbo, ..., cr + drw))



1814 Bryan S. Hernandez and Virgilio P. Sison

_ d; cl d> cy - d, cr
" \eay+dy diy er+dy dyp - o +d d)

Note that ¢ (T') = ¢ (IFy) and hence ¢ (Fg) is a subspace of Mo, (F3) as an [F3-vector
space. Moreover, we can verify using Table 2 that the minimum rank of 7 is 2.

Theorem 3.23. For any positive integer r, the rank-metric code ¢ (Fg) satisfies the
Singleton bound.

Example 3.24. Refer to Table 2, ¢(T) = ¢o(Fg) is a [2 x 2, 2, 2] rank metric code.
By Theorem 3.23, ¢o ([F9) is a maximum rank distance code.

Remark 3.25. [Anticode Bound]

r+1 -1
A3(2r +2,4,2) < —

Remark 3.26. For any natural number r, we have

9r+1_1
1+9+92+93+-~~+9"‘+9’=T

Theorem 3.27. Let r be a positive integer and consider a class of [F3-vector spaces
{IF’9|i =1,2,..., r}. Let D; be the set of vectors that contain A (¢ (IFy)) such that the
vectors are appended with zeros in the left so that they have common length 2r 4-2. Then

G3(r.2) = () J (QD,-)

r+1 _

1
isa <2r +2, —. 4, 2) code.
8 3

Theorem 3.28. Let v : Fg —> M3(IF,) where

b+c a c
r(a+bw+cw2): at+b+c b a
c a+c a+b+c

Then t is a monomorphism of [F>-vector spaces.

Table 3 shows the elements of [Fg and their corresponding matrix under 7. Note that
each nonzero element of t (IFg) has rank 3.

Remark 3.29. It can be easily seen from Theorem 3.28 and Table 3 that Fg = 7 () as
[F»-vector spaces. Moreover, the minimum rank of 7 ([Fg) is 3.



Grassmannian Codes as Lifts of Matrix Codes 1815

o () wgr(t(a))
(00

0

w? 1
1

14+ ow 0 3
0
0

1 4+ w? 0 3

o+ w? 0

S — N N N NS S
W

1—|—a)+a)2 1

| —
(==Y

O = mk = = OO O === = = OO O = O=O =00

—_— = = | OO =IO R = O= OO R= OOk =QO oo oo

Table 3: Elements of Fg and their Images under t with their Rank Weights.

For the following remark, let o; = a; + bjw + cia)2 € Fg and

b; + ¢; a; Ci
A= a +b; + ¢ b; a; e M3(IF5)
Ci a; +c¢ a; +b; +c;

where 1 < i < r for positive integer r.

Remark 3.30. The monomorphism 7 given in Theorem 3.28 can be extended naturally
to v : Fg —> M3.3,(F2) where

t(ar, a2, ...,00) = (A1 Ay -+ A))
It is easy to see that the rank of each nonzero element of 7 (IFg) is 3.

Theorem 3.31. For any positive integer r, the rank-metric code 7 (Fy) satisfies the Sin-
gleton bound.



1816 Bryan S. Hernandez and Virgilio P. Sison

Example 3.32. Refer to Table 3 for the elements of 7(IFg). Note that t(IFg) is a [3 x
3, 3, 3] rank metric code. By Theorem 3.31, t(Ig) is a maximum rank distance code.

Remark 3.33. [Anticode Bound]

r+1 _ 1
A>(B3r +3,6,3) < 7

Remark 3.34. For any natural number r, we have

8r+1_1
1+8+82+83+-~~+8"‘+8’=T

Theorem 3.35. Let r be a positive integer and consider a class of [F»-vector spaces
{Fgli =1,2,..., r}. Let D; be the set of vectors that contain A (t(IFg)) such that the
vectors are appended with zeros in the left so that they have common length 37 4 3. Then

Go(r.3) = (H3) J (iL;JlDl)

8r+1 _

s a <3r +3, —.6, 3) code.
7 2

Example 3.36. Let r = 1 and consider Fg. The elements of t(IFg) can be seen on
Table 3. Note that G»(1, 3) = <H3> U Dy is a (6,9, 6, 3); code and hence satisfies the
anticode bound.

4. Graphs of Anticode-Optimal Grassmannian Codes G ,(r, 2)

In this section, Grassmannian codes G, (r, 2) are associated with complete graphs. The
number of vertices are determined by the number of subspaces of the code while an edge
is formed when two subspaces intersect at the zero space. Example of such graph is also
given.

A graph G is apair (V, E) where V is a finite set whose members are called vertices,
and E is a subset of the set V x V of unordered pairs of vertices. The members of E are
called edges [3]. If {v, w} is an edge of G, the vertices v and w are said to be adjacent.
An edge with identical ends is called a loop and an edge with distinct ends is called a
link. A graph is simple if it has no loops and no two of its links join the same pair of
vertices. In a simple graph, the degree of a vertex v € G is the number of edges of G
incident with v [4].

A simple graph in which each pair of distinct vertices is joined by an edge is called

a complete graph. A complete graph with N vertices is denoted by K. The complete

N(N —1
graph of N vertices has (T) edges. The degree of any vertex in Ky is N — 1.

Note that for distinct A, B € G ,(r, 2) in Theorem 3.16, we have A N B = {0}.
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Definition 4.1. Let the subspaces of G ,(r, 2) be the vertices of the graph I', (, 2). Two
vertices A and B are adjacent if and only if dim(A N B) = 0.

It follows that the edge set of I',(r, 2) is the set of all unordered distinct pair of
vertices.

2r+2 _ 1
Theorem 4.2. The graph I',(r, 2) is a complete graph with i1 vertices.
p

p2r+2 _ 2r+2 _

———soI',(r,2) has ———— vertices. Since the
p>—1 P p>—1

intersection of any two subspaces in G, (r, 2) is trivial, its dimension is zero. Thus, each

pair of vertices is joined by an edge. By definition, I',,(r, 2) is a complete graph with

p2r+2 -1

Proof. Note that |G, (r,2)| =

5 vertices. [ |
p-—1

Remark 4.3. We can easily compute the number of edges of I' ,(r, 2) and the degree of
each vertex.

Example 4.4. When p = 2 and r = 2, we have a (4, 21, 4, 2), code. The associated
graph I'2(2, 2) of the (4, 21, 4, 2), code is acomplete graph with 21 vertices. The number
of edges is 210 and the degree of each vertex is 20.

5. Subspace Codes from Grassmannian Codes

The following example is a subspace code obtained from the Grassmannian codes con-
structed in the earlier part of this paper.

Example 5.1. Consider the subspace code C which consists of the row spaces generated
by the following matrices:

p—
)
()
—
—
(@]
(en)

—
—_
]

—_

AN N TN T
) (e
(@) (@] i) (@)
[«) o o
(@) o O
p—t (e
p— —_ O
~_~— — " Y
e N N
O =
—_— O o
o O
[N e)
—_— O
—
~_~— ~—— ~—— ——
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—_
—_
S =
—_
—_

1 1 1 0y(/1 01101
01 1101/J\01 1010
1 01101 1 01010
011 1 1)J)\01 0101

(
(
(

0 (
0 0
0 0
0011 11/\00°1

1 00011 000100
0 1 11 00010
001101 00 O0O0O01

o
S
O =
o
=
S
o
—_
-
—
o

o
]
o
—_
o
—_

o
o
—_
=
o
—_—
=]
o
S -
=]
—
—_

)
)
—_
o
)
—_
—
=)

/\\A/o\/—\/—\
—
—_ O (@)
—_ O
—_
—_ O
—_ =
(@)
[
[
(@)
~  ~— — —t—

)
o
—_
o
\_/&/

O =
—_
o O
—_ =
—_
o o

=)
—

[a—
=]
o
[S—
(S
—
[S—
o O
(e}
[

[S—
S
(S
]
(S
(e}
[S—
=]

(e (e} —_

oo

—_

oo

O =

_

[e>RE

—_

o

O =

N = )
NN NG

p—
]

We can verify by inspection that C is a (6, 28, 3), subspace code. MAGMA was also

used to check that the minimum subspace distance of C is indeed 3.
2

Note that the set of 2-dimensional subspaces C; in C are the elements of UDi where
i=1

D; is the set of vectors that contain A(¢g (Fé)) such that the vectors are appended with
zeros in the left so that they have common length 6 as given in Theorem 3.16. Moreover,
the set of 3-dimensional subspaces C3 in C are the elements of (ﬁg,) U E1\ (H3) where
E| is the set of vectors that contain A (7 (IFg)) such that the vectors are appended by zeros
in the left so that they are of length 6 as given in Theorem 3.35. Both C; and C3 are close
to optimal Grassmannian codes.

Remark 5.2. The following are (6, 28, 3), subspace codes.
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2
L. (UD,-) U (<ﬁ3) U Ei\ (H3)> consisting of 20 2-dimensional subspaces and 8
i=1

3-dimensional subspaces (Example 5.1)

2
2. ((ﬁz) U (UD,-) \ (Hz)) U E| consisting of 20 2-dimensional subspaces and
i=1

8 3-dimensional subspaces

2
3. ((ﬁz) U (U D,->) U (E1\ (H>)) consisting of 21 2-dimensional subspaces and
i=1

7 3-dimensional subspaces

2
4. ((UD,) \ (H2)> U ((1%) U El) consisting of 19 2-dimensional subspaces
i=1

and 9 3-dimensional subspaces.

References

[1] R. Ahlswede and N. Cai and S.-Y. Li and R. Yeung, “Network information flow”,
IEEE Trans. Inf. Theory, vol. 46, no. 4, pp. 1204-1216, 2000.

[2] C. Bachoc, “Application of coding theory to the construction of modular lattices,"
J. Combinatorial Theory, vol. 78, pp. 92-119, 1997.

[3] N. L. Biggs and A. T. White, Permutation Groups and Combinatorial Structures,
Cambridge University Press, New York, 1979.

[4] J. A. Bondy and U. S. R. Murty, Graph Theory With Applications, Elsevier Science
Publishing Co., Inc., New York, 1976.

[5] P. Delsarte, Bilinear Forms over a finite field, with applications to coding theory, J.
of Comb. Theory, Series A 25, 226-241, 1978.

[6] T. Etzion, “Subspace codes — bounds and constructions”, Ist European Training
School on Network Coding, Bacelona, Spain, February 2013.

[7] T. Etzion and A. Vardy, Error-correcting codes in projective space, IEEE Trans. Inf.
Theory, vol. 57, no. 2, pp. 1165-1173, February 2011.

[8] D. Falcunit, Jr. and V. Sison, “Cyclic Codes over the Matrix Ring M>(F,) and
their Isometric Images over F > + ul¥ 2”7, Proceedings of the 2014 International
Ziurich Seminar on Communications, Sorell Hotel Ziirichberg, Ziirich, Switzerland,

pp- 91-96, 26-28 February 2014.

[9] P. Frankl and R. M. Wilson, The Erdos-Ko-Rado theorem for vector spaces, J.
Combin. Theory, Series A, vol. 23, pp. 228-236, 1986.



1820 Bryan S. Hernandez and Virgilio P. Sison

[10] A. Khaleghi and D. Silva and F. R. Kschischang, Subspace Codes, IMA Int. Conf.,
vol. 49, no. 4, pp. 1-21, 2009.

[11] R. Kotter and F. R. Kschichang, Coding for errors and erasures in random network
coding, IEEE Trans. Inf. Theory, vol. 54, no. 8, pp. 3579-3591, 2008.

[12] Silva, D., F. R. Kschischang, and R. Kétter, A rank-metric approach to error control
in random network coding, IEEE Trans. Inf. Theory, vol. 54, no. 9, pp. 3951-3967,
2008.



