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Abstract

In this paper, we consider multiple λ-Daehee polynomials (or called the twisted
multiple Daehee polynomials) which are derived from the bosonic p-adic integral
on Zp. In addition, we give some new identities and formulae of those polynomials.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Zp, Qp and Cp will denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of the

algebraic closure of Qp. The p-adic norm is normalized as |p|p = 1

p
. Let f (x) be
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uniformly differentiable function on Zp. Then the p-adic invariant integral on Zp(or
called the bosonic p-adic integral on Zp) is defined as

∫
Zp

f (x)dµ0(x) = lim
N→∞

1

pN

pN−1∑
x=0

f (x) (see [12]). (1.1)

From (1.1), we note that∫
Zp

f (x + 1)dµ0(x) −
∫

Zp

f (x)dµ0(x) = f ′(0), (1.2)

and ∫
Zp

f (x + n)dµ0(x) −
∫

Zp

f (x)dµ0(x) =
n−1∑
l=0

f
′
(l), (n ∈ N). (1.3)

From (1.1), we can derive the following equation:

∫
Zp

e(x+y)tdµ0(y) = t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n! , (1.4)

where Bn(x) are called ordinary Bernoulli polynomials. When x = 0, Bn = Bn(0) are
called Bernoulli numbers. Let Cpn = {ξ |ξpn = 1} be cyclic group of order pn. Then
Tp = lim

n→∞ Cpn, (n ≥ 0). In [12], the twisted Bernoulli polynomials are defined by Kim

to be ∫
Zp

ξye(x+y)tdµ0(y) = t

ξet − 1
ext =

∞∑
n=0

Bn(x | λ)
tn

n! , (1.5)

where ξ ∈ Tp.

When x = 0, Bn(ξ) = Bn(0 | ξ) are called the twisted Bernoulli numbers. It is well
known that the Daehee polynomials are defined by the generating function to be

∫
Zp

(1 + t)x+ydµ0(y) = log(1 + t)

t
(1 + t)x =

∞∑
n=0

Dn(x)
tn

n! , (1.6)

where t ∈ Cp with | t |p< p
−1
p−1 , (see [3 − −10]). For ξ ∈ Tp, the twisted Daehee

polynomials are also given by be generation function to be

∫
Zp

ξy(1 + t)x+ydµ0(y) = log(1 + t)

ξ(1 + t) − 1
(1 + t)x =

∞∑
n=0

Dn(x | ξ)
tn

n! , (1.7)

where t ∈ Cp with | t |p< p
−1
p−1 and ξ ∈ Tp(see [4]). When x = 0, Dn(ξ) = Dn(0 | ξ)

are called the twisted Daehee numbers.
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The higher-order twisted Bernoulli polynomials are given by the generating function
to be ∫

Zp

· · ·
∫

Zp

ξx1+x2+···+xr e(x1+x2+···+xr+x)tdµ0(x1) · · · dµ0(xr)

=
(

t

ξet − 1

)r

ext =
∞∑

n=0

B(r)
n (x | λ)

tn

n! , (see [6, 9]).
(1.8)

and the twisted higher-order Daehee polynomials are also given by the multivariate
integral on Zp as follows:∫

Zp

· · ·
∫

Zp

ξx1+x2+···+xr (1 + t)(x1+x2+···+xr+x)tdµ0(x1) · · · dµ0(xr)

=
(

log(1 + t)

ξ(1 + t) − 1

)r

(1 + t)x =
∞∑

n=0

D(r)
n (x | λ)

tn

n! , (see [6, 9]).
(1.9)

In this paper, we consider the multiple twisted Daehee polynomials and multiple
twisted Bernoulli polynomials and we give some relations between multiple twisted
Daehee polynomials and multiple twisted Bernoulli polynomials. Recently, several
authors have studied Daehee polynomials (see [1–10]).

2. Multiple twisted Daehee and Bernoulli polynomials

In this section, we assume that λ1, λ2, · · · λr ∈ Tp and t ∈ Cp with | t |< p
−1
p−1 .

Now, we define the multiple twisted λ-Bernoulli polynomials which are given by the
generation function to be∫

Zp

· · ·
∫

Zp

(

r∏
l=1

)λ
xl

l e(x1+x2+···+xr+x)tdµ0(x1) · · · dµ0(xr)

=
(

t

λ1et − 1

)
×

(
t

λ2et − 1

)
× · · · ×

(
t

λret − 1

)
ext

=
∞∑

n=0

B(r)
n (x | λ1, λ2, . . . , λr)

tn

n! .

(2.1)

From (2.1), we note that

B(r)
n (x | λ, λ, . . . , λ) = B(r)

n (x | λ), B(r)
n (x | 1) = B(r)

n (x), (2.2)

where B(r)
n are called higher-order Bernoulli polynomials which are defined by the gen-

eration function to be (
t

et − 1

)r

ext =
∞∑

n=0

B(r)
n (x)

tn

n! , (r ∈ N). (2.3)
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The multiple twisted λ-Daehee polynomials are defined by the generating function
to be

∫
Zp

· · ·
∫

Zp

(

r∏
l=1

λ
xl

l )(1 + t)(x1+x2+···+xr+x)tdµ0(x1) · · · dµ0(xr)

=
(

t

λ1(1 + t) − 1

)
×

(
t

λ2(1 + t) − 1

)
× · · · ×

(
t

λr(1 + t) − 1

)
(1 + t)x

=
∞∑

n=0

D(r)
n (x | λ1, λ2, . . . , λr)

tn

n! .

(2.4)

From (1.9) and (2.4), we note that

D(r)
n (x | λ, λ, . . . , λ) = D(r)

n (x | λ), (n ≥ 0). (2.5)

From (2.4), we have

∞∑
n=0

D(r)
n (x | λ1, λ2, . . . , λr)

tn

n!

=
∫

Zp

· · ·
∫

Zp

(

r∏
l=1

)λ
xl

l e(x1+x2+···+xr+x)log(1+t)dµ0(x1) · · · dµ0(xr)

=
(

log(1 + t)

λ1elog(1+t) − 1

)
×

(
log(1 + t)

λ2elog(1+t) − 1

)
× · · · ×

(
log(1 + t)

λrelog(1+t) − 1

)
exlog(1+t)

=
∞∑

m=0

B(r)
m (x | λ1, λ2, . . . , λr)

1

m!(log(1 + t))m

=
∞∑

n=0

(
n∑

m=0

S1(n, m)B(r)
m (x | λ1, λ2, . . . , λr)

)
n

n! .
(2.6)

Thus, by comparing the coefficients on the both sides of (2.6), we get

D(r)
n (x | λ1, λ2, . . . , λr) =

n∑
m=0

S1(n, m)B(r)
m (x | λ1, λ2, . . . , λr), (n ≥ 0), (2.7)

where S1(n, m) is the stirling number of the first kind. By replacing t by et−1 in (2.4),
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we get

∞∑
n=0

B(r)
n (x | λ1, λ2, . . . , λr)

tn

n!

=
∫

Zp

· · ·
∫

Zp

(

r∏
l=1

)λ
xl

l e(x1+x2+···+xr+x)tdµ0(x1) · · · dµ0(xr)

=
∞∑

m=0

D(r)
m (x | λ1, λ2, . . . , λr)

1

m!(e
t − 1)m

=
∞∑

m=0

D(r)
m (x | λ1, λ2, . . . , λr)

∞∑
n=m

S2(n, m)
tn

n!

=
∞∑

n=0

(
n∑

m=0

S2(n, m)D(r)
m (x | λ1, λ2, . . . , λr)

)
n

n! ,

(2.8)

where S2(n, m) is the stirling number of the second kind. Thus, by comparing the
coefficients on the both sides of (2.8), we get

B(r)
n (x | λ1, λ2, . . . , λr) =

n∑
m=0

S2(n, m)D(r)
m (x | λ1, λ2, . . . , λr), (n ≥ 0). (2.9)

Therefore, by (2.7) and (2.9), we obtain the following theorem.

Theorem 2.1. For n ≥ 0, r ∈ N, we have

B(r)
n (x | λ1, λ2, . . . , λr) =

n∑
m=0

S2(n, m)D(r)
m (x | λ1, λ2, . . . , λr),

and

D(r)
n (x | λ1, λ2, . . . , λr) =

n∑
m=0

S1(n, m)B(r)
m (x | λ1, λ2, . . . , λr),

where λi �= λj if i �= j , and λi �= 1(i = 1, 2, . . . , r).
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By (2.1), we easily get

∞∑
n=0

B(r)
n (x | λ1, λ2, . . . , λr)

tn

n!

=
(

t

λ1et − 1

)
×

(
t

λ2et − 1

)
× · · · ×

(
t

λret − 1

)
ext

=
∞∑

k=1

t r (−1)r

λket − 1

r∏
j=1,j �=k

(
1 − λj

λk

)−1

ext

=
∞∑

n=0


t r−1(−1)r

r∑
k=1

Bn(x | λk)

r∏
j=1,j �=k

(1 − λj

λk

)−1


 tn

n! ,

(2.10)

where λi �= 1, (i = 1, 2, . . . , r). From (2.10), we note that

B
(r)
0 (x | λ1, λ2, . . . , λr) = B

(r)
1 (x | λ1, λ2, . . . , λr)

= · · · = B
(r)
r−1(x | λ1, λ2, . . . , λr) = 0

(2.11)

From (2.10) and (2.11), we can derive the following equation:

(−1)r
r∑

k=1

Bn+1(x | λk)

n + 1

r∏
j=1,j �=k

(
1 − λj

λk

)−1

= 1(
n+r
r

)
r!B

(r)
n+r (x | λ1, λ2, . . . , λr), (n ∈ N ∪ {0}, r ∈ N).

(2.12)

Therefore, by (2.12), we obtain the following theorem.

Theorem 2.2. For n ∈ N ∪ {0}, and r ∈ N we have

(−1)r
r∑

k=1

Bn+1(x | λk)

n + 1

r∏
j=1,j �=k

(
1 − λj

λk

)−1

= 1(
n+r
r

)
r!B

(r)
n+r (x | λ1, λ2, . . . , λr),

where λi �= λj if i �= j , and λi �= 1(i = 1, 2, . . . , r).
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By (2.4), we get

∞∑
n=0

D(r)
n (x | λ1, λ2, . . . , λr)

tn

n!

=
(

t

λ1(1 + t) − 1

)
×

(
t

λ2(1 + t) − 1

)
× · · · ×

(
t

λr(1 + t) − 1

)
(1 + t)x

=
r∑

k=1

(−1)r t r

λk(1 + t) − 1

r∏
j=1,j �=k

(1 − λj

λk

)−1(1 + t)x

=
r∑

n=0


(−1)r t r−1

r∑
k=1

Dn(x | λk)

r∏
j=1,j �=k

(1 − λj

λk

)−1


 tn

n!
(2.13)

From, (1.7) and (2.4), we have

λDn(λ) + nλDn−1(λ) − Dn(λ) =
{

1, if n = 1
0, if n �= 1,

D0(λ) = 0,

and

D
(r)
0 (x | λ1, λ2, . . . , λr) = D

(r)
1 (x | λ1, λ2, . . . , λr)

= · · ·
= D

(r)
r−1(x | λ1, λ2, . . . , λr) = 0

By (2.13), we get

(−1)r
r∑

k=1

Dn+1(x | λk)

n + 1

r∏
j=1,j �=k

(1 − λj

λk

)−1

= D
(r)
n+r (x | λ1, λ2, . . . , λr)

1

r!(n+r
r

) , (n ∈ N ∪ {0}, r ∈ N)

(2.14)

Therefore, by (2.13) and (2.14), we obtain the following theorem.

Theorem 2.3. For n ≥ 0 and r ∈ N, we have

1

r!(n+r
r

)D
(r)
n+r (x | λ1, λ2, . . . , λr)

= (−1)r
r∑

k=1

Dn+1(x | λk)

n + 1

r∏
j=1,j �=k

(1 − λj

λk

)−1,

where λ1 �= λ2 �= · · · �= λr and λi �= 1(i = 1, 2, . . . , r).
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