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Abstract

In this paper, we consider multiple A-Daehee polynomials (or called the twisted
multiple Daehee polynomials) which are derived from the bosonic p-adic integral
onZ,. In addition, we give some new identities and formulae of those polynomials.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of the

algebraic closure of Q,. The p-adic norm is normalized as |p|, = . Let f(x) be
p
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uniformly differentiable function on Z,. Then the p-adic invariant integral on Z,(or
called the bosonic p-adic integral on Z ) is defined as

S (X)dpo(x) = Z f(x) (see [12]). (1.1)

Zyp

From (1.1), we note that
/z S+ Ddpo(x) —/Z fx)duo(x) = £/(0), (1.2)

and
n—1

/ & +n)dpo(x) — / J@)dpo(x) = Zf(l) (n € N). (1.3)

From (1.1), we can derive the following equation:

/ I d g (y) =

Zp

0
tn
xt __ v
= Z;)Bn<x)n!, (14)
n=

where B, (x) are called ordinary Bernoulli polynomials. When x = 0, B,, = B, (0) are

called Bernoulli numbers. Let Cpn = {£]£7 "= 1} be cyclic group of order p”. Then

T, = lim Cyn, (n > 0).In[12], the twisted Bernoulli polynomials are defined by Kim
n—o0

to be

/ e M dpg(y) = ZB <x|x> (1.5)

where & € T),.

When x =0, B,(§) = B, (0 | &) are called the twisted Bernoulli numbers. It is well
known that the Daehee polynomials are defined by the generating function to be

log(1 +1)
t

fZ (1 + 0" dug(y) = I+ =) Dn<x>%, (1.6)
P =0 :

-1
where t € C, with | ¢ |,< p?-T, (see [3 — —10]). For § € T), the twisted Daehee
polynomials are also given by be generation function to be

- _log(1+1) L "
/Zpéy(lﬂ) yduo(y)——€(1+t)_l(1+t) —Z:Dn(xlé)n!, (1.7)

wheret € C, with | 1 |, < pP = and & € T)(see [4]). Whenx =0, D, (§) = D,(0 | §)
are called the twisted Daehee numbers.
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The higher-order twisted Bernoulli polynomials are given by the generating function
to be

/ . / é_.x1+x2+~-~+Xre(x1+x2+~~~—|—xr+x)td’u0(xl) o dug(xy)
Zp Zp
(1.8)

t r . e . "
= (set — 1) et = Z_(:)B,(, )(x | k)a, (see [6, 9]).

and the twisted higher-order Daehee polynomials are also given by the multivariate
integral on Z, as follows:

/ o / gritateta (g py bRttt g6 () - d o (x)
Zp Zp
- ( log(1 +1) (1.9

log(1+1) Y N ) "
s(1+t)_1> A+ _’;)Dn (x| 2)-. (see [6,9]).

In this paper, we consider the multiple twisted Daehee polynomials and multiple
twisted Bernoulli polynomials and we give some relations between multiple twisted
Daehee polynomials and multiple twisted Bernoulli polynomials. Recently, several
authors have studied Daehee polynomials (see [1-10]).

2. Multiple twisted Daehee and Bernoulli polynomials

-1
In this section, we assume that A, A5, ---A, € Tpandt € C, with |t |< pr-T.
Now, we define the multiple twisted A-Bernoulli polynomials which are given by the
generation function to be

é .. /% (l—[))»;le(xl+x2+"'+x’+x)lduo(x1) .. d//vo(xr)
p

P =1

t t t . -
rel — 1 x lel — 1 XX rel —1 ¢ 1)

(0] tn
=Y BV [k, )
n=0

n!’
From (2.1), we note that
BY (x| ah...,0)=BDx | A), B”(x | 1) = B (x), (2.2)

where B,Y) are called higher-order Bernoulli polynomials which are defined by the gen-
eration function to be

(el t_ 1) et = ZB}P(}C)%, (r e N). (2.3)

n=0
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The multiple twisted A-Daehee polynomials are defined by the generating function
to be

,
/ . / (TrHa 4 ettt t9tg6¢e) - - dpuo(xr)
Zp Z

P =1

t t " )
(m) % (m) XX (m) (1+0" (2.4)

o0 l’n
— § D (x | M2, A)
=0 n

From (1.9) and (2.4), we note that

DV (x| A A, ..., 0) =D (x | A), (n > 0). (2.5)

From (2.4), we have

o0 tn
D DG AR A

n=0
-
— / . .. / (n)k;fle(xl+x2+...+xr+x)log(1+t)duo(xl) coedpo(xy)
Zp Iy 1

log(1 +1) y log(1 +1) . log(1 +1) Jxlog(1+1)
)Llelog(l—f—l) -1 )Lzelog(l-i-t) -1 )\relog(l-f-t) -1

1
B (x | Ay, A2, . ) — (log(1 +1)"

oL

0

3
I

o

n

(r) n
D SiGm B [ Ay ) |
m=0 ’

3
I
=

(2.6)

Thus, by comparing the coefficients on the both sides of (2.6), we get

n
DO (x | Aty ks he) =) Si(n,m)BY (x| A1, hay oy hy), (2 0), (27)

m=0

where S (n, m) is the stirling number of the first kind. By replacing 7 by ¢'~! in (2.4),
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we get

o0 tn
DBI@ i ha )

1681

n=0
,
:/ / ([ Pagtetrat bt Dtau ) - - duo(xr)
Z, Z

P =1

1
D (x | Ay, A, .. .,xr)wef ™

oL

3
I
S

o0
tn

n=m

oL

3
Il
=)

o

3
I
o

- (r) "
ZSZ(n’m)Dm (x |)\'1’)\‘2”)“}’) E?
m=0 ’

(2.8)

where S>(n, m) is the stirling number of the second kind. Thus, by comparing the

coefficients on the both sides of (2.8), we get

n
B (x| Ay hay o h) = Y Sa(n, m)DS) (x| A1y hay o Ay), (n 2 0).(2.9)

m=0

Therefore, by (2.7) and (2.9), we obtain the following theorem.

Theorem 2.1. Forn > 0, r € N, we have

n
B (x| A1y Aoy k) = ) Sa(n, m)DY) (x| Ag, Ao,

m=0

and

) )“r),

n
DV (x| Ao ) = ) St m) B (6 | A has ),

m=0

where A; # Ajifi # j,and A; # 1 =1,2,...,7).
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By (2.1), we easily get

o0 tn
> BG AL Ay he)
n=0 )

—(— X _r X e X _r e’
e — 1 Ael — 1 Ael — 1

— - 1" (=1)" lL[ (1 _ ﬁ)_l &~ (2.10)
=) —

P Aie 1 =1k Ak

= r—1 r - g )"] -1 t"
=2 (7D B [ a=-H7)

n=0 k=1 j=1,j#k k :

where A; #1,(i =1,2,...,r). From (2.10), we note that

Bér)(x | )tl,)\2, "")\‘I’) = B](r)(x | )\‘1’)“2’ "'7)"}’)

) (2.11)
=--=B" (x| M, ..., %) =0
From (2.10) and (2.11), we can derive the following equation:
(x | M) T N\
1 n+1 1__]
(=1 Z I1 ”
J=1.j#k (2.12)
1 r
= B,gjr(x | AL A2s oy Ar), (n € NU{O}, r € N).
r

Therefore, by (2.12), we obtain the following theorem.

Theorem 2.2. Forn € NU {0}, and r € N we have

r

. A A\ 7!
1y Z +1(x| k) 1—[ <1_A_i>
j=1,j#k

1
- —By(lr—zr(x | )\'l’ )\‘2’ et )“I’)’

Gz

where A; # Ajifi # j,and A; # 1 =1,2,...,7).
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By (2.4), we get

n

- t
Y DV Az A=
n!

n=0

! t t N
= <A1(1+t)—1) x <k2(1+t)—1) XX (kr(l+t)—1>(1+t)

r

( 1)rtr
= 1— 1 X
=Y a1 _1]_[#( T
—Z (11" IZD(X“\k) [T a-2)2
j=1.j#k ’
(2.13)
From, (1.7) and (2.4), we have
AD2(N) + nADy_1 () — Da(h) = { I b L Do) =0,

and

DY (x| A da ) =D (0 | Arda, e Ay

=D\ (x| A, A2s .o k) =0
By (2.13), we get

n A
(— 1)2 +1(x| k) 1—[ (1_

j=Lj#k (2.14)
(r}+r) (ne NU{0},r e N)

Therefore, by (2.13) and (2.14), we obtain the following theorem.

= DY) (x| A hae o A

Theorem 2.3. Forn > 0 and r € N, we have

! DY) (x| A, A2 Ar)
r'(n—:r) n—+r ) 9 2oy Iy
r r
Dypy1(x | Ar) Aj
:—lr }’H-— 1__J 1,
N R
k=1 Jj=1,j#k

where Ay #Ay #---#F A and A; 1 =1,2,...,r).
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