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Abstract

In this paper, we apply a new Modified Variational Iteration Method (MVIM)
to solve one dimensional fourth order parabolic linear partial differential
equations with variable coefficients. This method is a combination of the two
initial conditions.
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Introduction

Many problems of physical interest are described by linear partial differential
equations with initial and boundary conditions. One of them is fourth order parabolic
partial differential equations with variable coefficients; these equations emerge on the
transverse vibration issue [1]. In recent years, many research workers have paid
attention to find the solution of these equations by using various methods. Among
these are the variational iteration method [Biazar and Ghazvini (2007)], Adomian
decomposition method [Wazwaz (2001) and Biazar etal (2007)], homotopy
perturbation method [Mehdi Dehghan and Jalil Manafian (2008)], homotopy analysis
method [Najeeb Alam Khan (2010)] and Laplace decomposition algorithm [Majid
Khan, Muhammad Asif Gondal and Yasir Khan (2011)]. In this paper, we use the
Modified Variational Iteration Method. This method is a useful technique for solving
linear and nonlinear differential equations. The principle point of this paper is to
integrate initial conditions for solving higher order linear partial differential equations
with variable coefficients. This method gives the solution as convergent series leads
to the exact solution.
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Modified Variational Iteration Method:
Consider a one dimensional linear, non-homogeneous fourth order parabolic partial
differential equation with variable coefficients of the form,

82
2 T )——¢(X ), 1)
Where, 1//(x) is a variable coefficient, with the following initial conditions,

u(x,0) =f (x), and %J(X,O):h(x), @)

and the boundary conditions are

u@t)=4t)ub.t)= :Bz(t) ( 1) = /Bs(t) (b t) = 4,), ©)
Apply modified variational |terat|on method of Eq (1)

um(x,t)=un(x,t)+f/1(5)[au”aigxz'é) p() 2 (x,8) - . 5)}15 @)

Where 4 is a Lagrange multiplier (/I—g—t) the subscripts n denote the nth
approximation, U, is considered as a restricted variation, i.e. ou, =0. Equation (4) is

called a correctlon functional.
The successive approximation u., of the solution u will be readily obtained by

using the determined Lagrange multiplier and any selective function u,,

consequently, the solution is given by,
u=Ilimu,

n—oo

Applications

To show that the method is effected, we have solved homogeneous and non-
homogeneous one dimensional fourth order linear partial differential equations with
the initial and boundary condition.

Example 1.
Consider the fourth order homogenous partial differential equations,
2 4
a—li+ l 84 0, 1<x<1t>0 (5)
ot X 120 ot 2
With the foIIowmg initial conditions,
X 5
u(x,0 0 —(x,0)=1+—-, 6
(,0)=0,(x,0) =1+ 7, (©)
and the boundary conditions,
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u(0.5t)= 1+(0) smtu(lt)_Esmt
120 120

()
2 2
a Y (0.5t) =0.02084sint, ag(l,t):%sint.
Appllng Modified Variational Iteration Method to Eq (5), we get:
f o, (x, £, 6‘“
Un,a (X, 1) =u, (X ,t)+£i(§){ oc < +120 —— (x,8)|d¢, (8)

take 4 =&t then:
unﬂ(x,t)=un(x,t)+j<g“—t){a“8(5X ) (X+120]a 2 (x 5)}
X5

take, u,(x,t)=u(x,0)=|1+— |t , then:
o(X,t)=u(x,0) ( 120]

X4
u,(x,t) = [1+1—jt+_[(§— )U;_Ej f}jf
:[1+X—5jt—[1+x—)E
120 120 ) 3!
5 5 XS 1_£ ~ 5_3
u,(X,t) = (H@}t_[HEJ_JFI(é_ ){ (“@}H(; 120](x§ X 3!}}15
:[1+X—5jt—(1+x—sji+[l+x—5jt—5
120 120 ) 3! 120 )5!
us(x,t):[l+x—5jt—(1+X—5]E+[1+X—5jt—5+
120 120 ) 3! 120 ) 5!
feon (1 X e B[ X ) xe x £k &
O RN b (ERS |
:[1+X—5jt—(1+X—5Jt—3+[1+x—5ji—(l+x—5j£
120 120 ) 3! 120 ) 5! 120 ) 7!
u,(x,t)= (1+X—5jt—[1+—jt—3+(1+X—Sjt—5—£1+x—5)£+...
120 120 ) 3! 120 ) 5! 120 ) 7!

X° t t° tf
=1+ —||t—=+———+...
120 31 51 71
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The exact solution is:

X° ).
u(x,t)=|1+-—|sint 9
(x,t) ( 120} (9)
Example 2.
Consider fourth order homogenous partial differential equation,
ou X ou
>+ —-1|—=0, 0<x <1t>0 (10)
ot sinx OX

with the following initial conditions,

u(x,O):x—sinx,gt—u(x,O)z—x +sinx (11)
And the boundary conditions,

u(0,t)=0,u(L,t) =e " (1-sinl),

2 (12)
E;ﬂ (0.t)=0,2Y 2(1t) e 'sinl.

Solution:
Appling Modified Variational Iteration Method to Eq.(10), we get:

u"*l(x’t):u"(x’t)+“(§){au igx = (smx 5‘7 (X 5)}15

take, 41 =¢&—t, then:

u”*l(x’t):u”(x’t)Jr.[(g_t){a uag( < (smx = (X 5)}15

Using initial conditions from Eq. (11), we get:
Ug(X,t) =(X —sinx )+ (—x +sinx)t

y(x.t) = uo<xt>+I(§ t){ o) ( Bl ‘5’}15
sinx
=(X =sinXx )+ (=x +sinx)t +(x —smx)(t—i—;—'}
uz(x,t)=u1(x,t)+tf<cf—t){az P K 5)}15
5 o0& sinx
=(X =sinX )+ (=x +sinx )t +(x —S|nx)(t—2!—t3—3lj+(x —smx)(%—;—lj

u,(x,t) =(x =sinx )+ (=x +sinx )t +(x —smx)(ﬁ—t—jﬂx —smx)(t_A_ijJr“_

13l 41 5l
2 3 4 5
=(x —sinx)[l—t +t——t—+t——t—+..1
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The exact solution:
u(x,t)=(x —sinx)e™

Example 3.

Consider fourth order homogenous partial differential equation,
4

au +(1+ x)a (x“+x3—%x7jcost, O<x <1t>0

with the followmg initial conditions,
u(x, O)——x7 u (x 0) =0.

And the boundary conditions,
u(0,t)=0,u(Lt) = E(:ost,

62 —(Ot)= 0 (1t)——cost

Solutlon.
Appling Modified Variational Iteration Method to Eg. (13), to find:

Up,a (X, ) =U, (X t)+jﬂ(§)[au (gx .2) +(1+ )%—(xuxt—x

take, A =¢&—t, then:

o0&’
Using initial condltlons from Eq. (14), to get:

Uo(X,t) =—

u ., (x,t)=u_(x t)+j(§ t){au (X, 5) (1+x)%—(x4+x3——x

0,(X,t) = U (X t)+j(§ t){auo(; 5)+(1+x)a4“ x.¢) (x4+x3——

6 4 4 3 t? 4 3
=X cost — (X * +x )§+(X +x°)(L-cost)

= %x "cost +(x * +x*)(L-cost ) + noiseterms

u,(x,t) =u,(x ,t)+]'(§—t){azljé(—gz’ég)+(l+x)%—(x4+x3—

2
=£x7cost—(l+x)t—
7! 2!

6 .
= ﬁX cost + noiseterms

(13)

(14)

(15)

7Jcos§}j§
7)0035}15

xjcosﬁ}iﬁ

x7jcos§}j§
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u, (x ,t)=%x7cost

This is the approximate solution.

Conclusion

In this paper, we applied modified variational iteration method for solving one
dimensional fourth order homogenous and non-homogenous linear partial differential
equations with variable coefficients. The modified variational iteration method is
successfully implemented by using the initial conditions only. And give the exact or
approximate solution to the equation.
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