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Abstract

In [6], Enriquez and Kiunisala showed that every integers k, m, and n with 1 ≤
k ≤ m < n is realizable as inverse domination number, inverse secure domination
number, and order of G respectively and gave the characterization of the inverse
secure dominating set with inverse secure domination number of one and two. In
this paper, we characterize the inverse secure dominating sets in the join and corona
of two graphs and give some important results.
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1. Introduction

In [10], Claude Berge and Oystein Ore intrduced the domination in graph. Due to
Cockayne and Hedetniemi in [2], domination in graphs became an area of study by
many researchers. Secure domination in graphs was studied and introduced by E.J.
Cockayne et al. [3, 4, 1]. In [7] Enriquez and Canoy, introduced a variant of domination
in graphs, the concept of secure convex domination in graphs. The inverse domination
in graph was first found in the paper of Kulli [11] and further read in [8, 12]. In [6],
Enriquez and Kiunisala introduced the inverse secure domination in graphs. In this paper,
we characterize the inverse secure dominating sets in the join and corona of two graphs
and give some important results. For the general concepts, the reader may refer to [9].

Let G = (V (G), E(G)) be a connected simple graph and v ∈ V (G). The neighbor-
hood of v is the set NG(v) = N(v) = {u ∈ V (G) : uv ∈ E(G)}. If S ⊆ V (G), then the
open neighborhood of S is the set NG(S) = N(S) =

⋃
v∈S

NG(v). The closed neighbor-

hood of S is NG[S] = N [S] = S ∪ N(S). A subset S of V (G) is a dominating set of G

if for every v ∈ (V (G)\S), there exists x ∈ S such that xv ∈ E(G), i.e., N [S] = V (G).
The domination number γ (G) of G is the smallest cardinality of a dominating set of G.

A dominating set S in G is called a secure dominating set in G if for every u ∈
V (G) \ S, there exists v ∈ S ∩ NG(u) such that (S \ {v}) ∪ {u} is a dominating set. The
minimum cardinality of secure dominating set is called the secure domination number of
G and is denoted by γs(G). A secure dominating set of cardinality γs(G) is called γs-set
of G. Let D be a minimum dominating set in G. The dominating set S ⊆ V (G) \ D is
called an inverse dominating set with respect to D. The minimum cardinality of inverse
dominating set is called an inverse domination number of G and is denoted by γ −1(G).
An inverse dominating set of cardinality γ −1(G) is called γ −1-set of G. Motivated by
the definition of inverse domination in graph, we define a new domination parameter. Let
C be a minimum secure dominating set in G. The secure dominating set S ⊆ V (G) \ C

is called an inverse secure dominating set with respect to C. The minimum cardinality
of inverse secure dominating set is called an inverse secure domination number of G and
is denoted by γ −1

s (G). An inverse secure dominating set of cardinality γ −1
s (G) is called

γ −1
s -set of G.

2. Results

Since γ −1
s (G) does not always exists in a connected nontrivial graph G, we denote by

G−1
s be a family of all graphs with inverse secure dominating set. Thus, for the purpose

of this study, it is assumed that all connected nontrivial graphs considered (including
G + H and G ◦ H ) belong to the family G−1

s .

Remark 2.1. Let G ∈ G−1
s . If S is a secure dominating set in G, then there exists

C ⊆ V (G) \ S such that C is a secure dominating set of G.
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The join of two graphs G and H is the graph G + H with vertex-set V (G + H) =
V (G)

•∪ V (H) and edge-setE(G+H) = E(G)
•∪ E(H)∪{uv : u ∈ V (G), v ∈ V (H)}.

A nonempty subset S of V (G), where G is any graph, is a clique in G if the graph
〈S〉 induced by S is complete.

The following result characterized the inverse secure dominating sets in the join of
two graphs.

Theorem 2.2. Let G and H be connected non-complete graphs. Then a proper subset S

of V (G + H), where S ⊆ V (G + H) \ C, is an inverse secure dominating set in G + H

if and only if one of the following statements holds:

(i) S is a secure dominating set of G and |S| ≥ |C| ≥ 2.

(ii) S is a secure dominating set of H and |S| ≥ |C| ≥ 2.

(iii) S = SG ∪ SH where SG = {v} ⊂ V (G) and SH = {w} ⊂ V (H) and

(a) SG is a dominating set of G and SH is a dominating set of H

(b) SG is dominating set of G and (V (H) \ SH) \ NH(SH) is a clique in H ; or

(c) SH is dominating set of H and (V (G) \ SG) \ NG(SG) is a clique in G; or

(d) (V (G) \ SG) \ NG(SG) is a clique in G and (V (H) \ SH) \ NH(SH) is a
clique in H .

(iv) S = SG ∪ SH where SG ⊆ V (G) (|SG| ≥ 2) and SH = {w} ⊂ V (H) and
(V (G) \ SG) \ NG(SG) is a clique in G.

(v) S = SG ∪ SH where SG = {v} ⊂ V (G) and SH ⊆ V (H) (|SH | ≥ 2) and
(V (H) \ SH) \ NH(SH) is a clique in H .

(vi) S = SG ∪ SH where SG ⊆ V (G) (|SG| ≥ 2) and SH ⊆ V (H) (|SH | ≥ 2).

Proof. Suppose that S is an inverse secure dominating set of G + H . Consider the fol-
lowing cases:

Case 1. Suppose that S ⊆ V (G) or S ⊆ V (H).
If S ⊆ V (G), then S is a secure dominating set of G. Now suppose that |S| = 1, say
S = {a}. Since S is a secure dominating set of G + H , {z} is a dominating set in G + H

(and hence in H ) for every z ∈ V (H). This implies that H is a complete graph, contrary
to our assumption. Thus, |S| ≥ 2. Similarly, |C| ≥ 2. Since C is a minimum secure
dominating set of G, it follows that |S| ≥ |C|. This shows that statement (i) holds.
Similarly, statement (ii) holds if S ⊆ V (H).

Case 2. Suppose that SG = S ∩ V (G) �= ∅ and SH = S ∩ V (H) �= ∅. Then
S = SG ∪ SH . Consider the following subcases.
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Subcase 1. Suppose that SG = {v} is a dominating set of G and SH = {w} is a dom-
inating set of H . Then we are done with (iiia). Suppose that SG is a dominating set
of G and SH is not a dominating set of H . Let x ∈ (V (H) \ SH) \ NH(SH). Since
S is a secure dominating set of G + H , {w, x} is a dominating set in G + H (and
hence in H ). Since wx /∈ E(H), xy ∈ E(H) for every y /∈ NH(w). This implies
that y ∈ (V (H) \ SH) \ NH(SH). Since x was arbitrarily chosen, it follows that the
subgraph 〈(V (H) \ SH) \ NH(SH)〉 induced by (V (H) \ SH) \ NH(SH) is complete.
Hence, (V (H) \ SH) \ NH(SH) is a clique in H . This proves (iiib). Similarly, if SH is
dominating set of H and SG is not a dominating set of G, then (V (G) \ SG) \ NG(SG)

is a clique in G. This proves (iiic). If SG is not a dominating set of G and SH is not
a dominating set of H , then (iiid) holds by following similar arguments in (iiib) and
(iiic).

Subcase 2. Suppose that SG ⊆ V (G) (|SG| ≥ 2) and SH = {w} ⊂ V (H). If SG

is a dominating set of G, then (i) holds. Suppose that SG is not a dominating set of
G. Let x ∈ (V (G) \ SG) \ NG(SG). Since S is a secure dominating set of G + H ,
Sx = (S \ {w}) ∪ {x} is a dominating set in G + H (and hence in G). Since vx /∈ E(G)

for every v ∈ SG, xy ∈ E(G) for every y /∈ NG(SG) (otherwise, Sx is not dominating set
in G+H ). This implies that y ∈ (V (G)\SG)\NG(SG). Since x was arbitrarily chosen,
it follows that the subgraph 〈(V (G) \SG) \NG(SG)〉 induced by (V (G) \SG) \NG(SG)

is complete. Hence (V (G) \SG) \NG(SG) is a clique in G. This proves (iv). Similarly,
(v) holds, if SG = {v} ⊂ V (G) and SH ⊆ V (H) (|SH | ≥ 2).

Subcase 3.Suppose that SG ⊆ V (G) and SH ⊆ V (H). Let |SG| ≥ 2. If SG is a
dominating set of G, then (i) holds. Suppose that SG is not a dominating set of G.
If (V (G) \ SG) \ NG(SG) is a clique in G, then (iv) holds. Suppose that (V (G) \
SG) \ NG(SG) is not a clique in G. If |SH | = 1, say SH = {w}, then there exists
x ∈ (V (G) \ SG) \ NG(SG) such that Sx = (S \ {w}) ∪ {x} is not a dominating set of
G(and hence in G+H ). This contradict to our assumption that S is a secure dominating
set of G + H . Thus, |SH | ≥ 2. Similarly, if |SH | ≥ 2 and (V (H) \ SH) \ NH(SH) is
not a clique in H , then |SG| ≥ 2. This proves (vi).

For the converse, suppose first that statement (i) holds. Let u ∈ V (G + H). If
u ∈ V (G), then there exists v ∈ S∩NG(u) such that Su = (S \{v})∪{u} is a dominating
set of G (and hence Su is a dominating set of G + H ). Suppose that u ∈ V (H). Since
|S| ≥ 2, NG+H [Su] = NG+H [S\{v}]∪NG+H [{u}] = V (G+H). Thus Su a dominating
set of G and hence of G + H . Accordingly, S is a secure dominating set of G + H .
Since G and H are connected non-complete graphs, there exists C ∈ V (G + H) such
that C ∩ S = ∅ and C is a secure dominating set of G + H . If |C| = 1, then G + H is
complete contrary to our assumption. Thus, |C| ≥ 2. Since |C| ≤ |S|, if follows that C

is a γs-set of G + H . Thus, S ⊆ V (G + H) \ C is an inverse secure dominating set of
G + H .

Similarly, if statement (ii) holds, S ⊆ V (G+H)\C is an inverse secure dominating
set of G + H .
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Suppose that statement (iiia) holds. Then S = {v, w} is a dominating set of G+H .
Let x ∈ V (G + H) \ S. Then vx ∈ E(G + H) and Sx = (S \ {v}) ∪ {x} = {w, x} is a
dominating set of G+H , that is, S is a secure dominating set of G+H . Since G and H

are connected non-complete graphs, there exists C ∈ V (G + H) such that C ∩ S = ∅

and C is a secure dominating set of G+H . If |C| = 1, then G+H is complete contrary
to our assumption. Thus, |C| ≥ 2. Let x, y ∈ C. Then for every u ∈ V (G + H) \ C,
there exists z ∈ C, say z = x, such that xu ∈ E(G + H) and Cu = (C \ {x}) ∪ {u} is
a dominating set of G + H . Since |C| ≥ 2, it follows that C = {x, y} is the γs-set of
G + H . Accordingly, S ⊆ V (G + H) \ C is an inverse secure dominating set of G + H

if statement (iiia) holds.

Suppose that statement (iiib) holds. Since SG = {v} is a dominating set of G (and
hence of G + H ), S = SG ∪ SH is a dominating set of G + H . Let u ∈ V (G + H) \ S.
Then uv ∈ E(G + H) and Su = (S \ {v}) ∪ {u} = {w, u}. If u ∈ V (G), then Su

is a dominating set of G + H . Suppose that u ∈ V (H). Then u /∈ NH(w), and
u ∈ (V (H) \ SH \ NH(SH)). Since (V (H) \ SH) \ NH(SH) is a clique in H , it follows
that NH [Su] = NH [w] ∪ NH [u] = V (H). Thus, Su is a dominating set of H and hence
of G+H . Accordingly, S is a secure dominating set of G. Since G and H are connected
non-complete graphs, there exists C ∈ V (G+H) such that C ∩S = ∅ and C is a secure
dominating set of G + H . By similar arguments used above, S ⊆ V (G + H) \ C is an
inverse secure dominating set of G + H if statement (iiib) holds.

Similarly, S is an inverse secure dominating set of G + H if (iiic) holds.

Suppose that statement (iiid) holds. Then S = {v, w} is a dominating set of G+H .
Let u ∈ V (G + H) \ S. Consider the following cases:

Case 1. Let u ∈ V (G). If u ∈ NG(SG), the uv ∈ E(G) and Su = (S\{v})∪{u} = {w, u}
is a dominating set of G + H . If u /∈ NG(SG), then u ∈ (V (G) \ SG) \ NG(SG).
Since (V (G) \ SG) \ NG(SG) is a clique in G, it follows that uw ∈ E(G + H) and
Su = (S \ {w}) ∪ {u} = {v, u} is a dominating set of G and hence of G + H .

Case 2. Let u ∈ V (H). If u ∈ NH(SH), the uw ∈ E(H) and Su = (S \ {w}) ∪ {u} =
{v, u} is a dominating set of G + H . If u /∈ NH(SH), then u ∈ (V (H) \ SH) \ NH(SH).
Since (V (H) \ SH) \ NH(SH) is a clique in H , it follows that uv ∈ E(G + H) and
Su = (S \ {v}) ∪ {u} = {w, u} is a dominating set of H and hence of G + H .

Accordingly, S ⊆ V (G + H) \ C is an inverse secure dominating set of G + H if
statement (iiid) holds. Similarly, S is a inverse secure dominating set of G + H if any
of the following (iv), (v), or (vi) holds. �

The following result is a quick consequence of Theorem 2.2.

Corollary 2.3. Let G and H be connected non-complete graphs and let SG ⊂ V (G)
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and SH ⊂ V (H). Then

γ −1
s (G + H) =




2, if γ (G) = 1 = γ (H) or γs(G) = 2 and γs(H) = 2

3, if |SG| = 2 and (V (G) \ SG) \ NG(SG) is a clique in G and

|SH | = 2 and (V (H) \ SH) \ NH(SH) is a clique in H

4, if otherwise.

The corona of two graphs G and H is the graph G ◦ H obtained by taking one copy
of G and m copies of H , and then joining the ith vertex of G to every vertex of the ith

copy of H . The join of vertex v of G and a copy Hv of H in the corona of G and H is
denoted by v + Hv.

Remark 2.4. Let G and H be nontrivial connected graphs. A nonempty subset S of
V (G ◦ H) is a dominating set of G ◦ H if and only if V (G) ⊆ S or

⋃
v∈V (G)

(Sv) ⊆ S

where for each v ∈ V (G), Sv is a dominating set of Hv.

The following result characterize the inverse secure dominating sets in the corona of
two connected graphs.

Theorem 2.5. Let G and H be nontrivial connected graphs. A nonempty subset S of
V (G◦H) is an inverse secure dominating set of G◦H if and only if for each v ∈ V (G),
one of the following is satisfied.

(i) S = V (G) and H is complete.

(ii) S = V (G) ∪ (
⋃

v∈V (G)

Sv), where for each v ∈ V (G) Sv = V (Hv) \ {u} and {u} is

a dominating set of Hv, (Hv is non-complete).

(iii) S = (
⋃

v∈V (G)

Sv), where Sv is a secure dominating set of Hv, (Hv is non-complete).

Proof. Suppose that a nonempty subset S of V (G ◦ H) is an inverse secure dominat-
ing set of G ◦ H . Since S is a dominating set, in view of Remark 2.4, V (G) ⊆ S or⋃
v∈V (G)

(Sv) ⊆ S where for each v ∈ V (G), Sv is a dominating set of Hv. Consider the

following cases.

Case 1. Suppose that V (G) ⊆ S. If S = V (G) and suppose that H is non-complete,
then there exist distinct vertices x, y ∈ V (H) such that xy /∈ E(H). This implies that
for each v ∈ V (G), (S \ {v}) ∪ {x} is not a dominating set of G ◦ H contrary to our
assumption that S is a secure restrained dominating set of G ◦ H . Thus, H is complete.
This proves statement (i). If S �= V (G), then V (G) ⊂ S. Let x ∈ S\V (G) =

⋃
v∈V (G)

Sv,
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where for each v ∈ V (G), Sv = V (Hv) \ {u} and {u} is a dominating set of Hv. This
implies that

⋃
v∈V (G)

Sv ⊂ S, that is, V (G) ∪ (
⋃

v∈V (G)

Sv) ⊆ S. Since x ∈ S implies that

x ∈
⋃

v∈V (G)

Sv, it follows that x ∈ V (G) ∪ (
⋃

v∈V (G)

Sv). Thus, S ⊆ V (G) ∪ (
⋃

v∈V (G)

Sv),

that is, S = V (G) ∪ (
⋃

v∈V (G)

Sv), where for each v ∈ V (G), Sv = V (Hv) \ {u} and {u}
is a dominating set of Hv. This proves statement (ii).

Case 2. Suppose that
⋃

v∈V (G)

(Sv) ⊆ S where for each v ∈ V (G), Sv is a dominating set

of Hv. In Case1, V (G) ⊆ S, suppose that V (G) �⊆ S. Then S ⊆
⋃

v∈V (G)

V (Hv) with

Sv is a dominating set of Hv. If for each v ∈ V (G), Sv is not a secure dominating set
of Hv then there exists u ∈ V (Hv) \ Sv such that for every x ∈ Sv, xu /∈ E(Hv) and
S′

v = (Sv \ {x}) ∪ {u} is not a dominating set in Hv. Thus, Su =
⋃

v∈V (G)

S′
v is not a dom-

inating set of G ◦ H contrary to our assumption that S is an inverse secure dominating
set of G ◦H . This implies that for each v ∈ V (G), Sv must be a a secure dominating set
of Hv. Now, let x ∈ S. Since x /∈ V (G), it follows that x ∈

⋃
v∈V (G)

V (Hv). Suppose

that for each v ∈ V (G), x /∈
⋃

v∈V (G)

Sv. Then for each v ∈ V (G), x /∈ Sv. Since for

each v ∈ V (G), Sv is a secure dominating set of Hv, there exists y ∈ Sv ∩ NHv(x) such
that S′

v = (Sv \ {y}) ∪ {x} is a dominating set in Hv for all v ∈ V (G). This implies

that x ∈ Sx =
⋃

v∈V (G)

S′
v, that is, x /∈ S, a contradiction. Thus x ∈

⋃
v∈V (G)

Sv and hence

S ⊆
⋃

v∈V (G)

Sv. Accordingly, S =
⋃

v∈V (G)

Sv, where Sv is a secure dominating set of Hv.

This proves statement (iii).

For the converse, suppose that for each v ∈ V (G), statement (i) or (ii) or (iii)

holds. First, if statement (i) holds, then S = V (G) is a dominating set of G ◦ H by
Remark 2.4. Now, let u ∈ V (G ◦ H) \ S. Since H is complete, for each v ∈ V (G),
v ∈ S ∩ NG◦H(u) and Su = S \ {v} ∪ {u} is a dominating set of G ◦ H . This implies
that S is a secure dominating set of G ◦ H . Further, H is complete implies that for each
v ∈ V (G) and for each u ∈ V (Hv), Sv = {u} is a dominating set of V (Hv). Thus,
C =

⋃
v∈V (G)

Sv is a dominating set in G◦H where |C| = |V (G)|. Let z ∈ V (G◦H)\C.

Then there exists w ∈ C such that wz ∈ E(G ◦ H) and Cz = (C \ {w}) ∪ {z}. Since
NG◦H [Cz] = NG◦H [C\{w}]∪NG◦H [{z}] = V (G◦H), it follows that Cz is a dominating
set in G ◦ H . Thus, C is a secure dominating set of G ◦ H . Suppose that C′ = C \ {u}
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is a dominating set of G ◦ H . Then for each y ∈ V (G ◦ H) \ C′, there exists x ∈ C′
such that xy ∈ E(G ◦ H). But there exists v ∈ V (G) ⊂ V (G ◦ H) \ C′ such that
vu′ /∈ E(G ◦ H) for each u′ ∈ C′ contrary to our assumption that C′ is a dominating.
Thus, C is a minimum dominating set of G ◦ H , that is, C is a γs-set of G ◦ H . Since
C ∩ S = ∅, it follows that S ⊆ V (G ◦ H) \ C is an inverse secure dominating set of
G ◦ H .

Suppose that statement (ii) holds. Then S = V (G) ∪ (
⋃

v∈V (G)

Sv) is a dominating

set of G ◦ H where for each v ∈ V (G) Sv = V (Hv) \ {u} and {u} is a dominating set of
Hv by Remark 2.4. Thus, it is clear that S is a secure dominating set of G ◦ H . Now, let
C =

⋃
v∈V (G)

(V (Hv) \ Sv). By similar arguments above, C ia a γs-set of G ◦ H . Since

C ∩ S = ∅, it follows that S ⊆ V (G ◦ H) \ C is an inverse secure dominating set of
G ◦ H .

Suppose that statement (iii) holds, then S = (
⋃

v∈V (G)

Sv) is a dominating set of G◦H

by Remark 2.4. Let u ∈ V (G◦H)\S. Then there exists x ∈ S such that xu ∈ E(G◦H)

and Su = (S\{x})∪{u} =
⋃

v′∈(V (G)\{v})
Sv′ ∪[(Sv\{x})∪{u}]. If u /∈ V (G), then for each

v ∈ V (G), (Sv \ {x})∪{u} is a dominating set of Hv (note that Sv is a secure dominating
set). Since for each v′ ∈ V (G \ {v}), S′

v is a dominating set in Hv′
, it follows that Su is a

dominating set of V (G ◦ H). If u ∈ V (G), then for each v ∈ V (G), (Sv \ {x}) ∪ {u} is
a dominating set in v + Hv. Again Su is a dominating set of G ◦ H . Thus, S is a secure
dominating set of G ◦ H . This implies that there exists C ∈ G ◦ H such that C ∩ S = ∅

and C is a minimum secure dominating set of G ◦H . Hence, S is an inverse dominating
set of G ◦ H . �

Corollary 2.6. Let G be connected graph and H = Kn with n ≥ 2. Then γ −1
s (G◦H) =

|V (G)|.
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