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Abstract

[e¢)

Let A denote the class of functions f(z) = z + Z a,7" which are analytic on the
n=2

open unit disc D = {z € C: |z|] < 1}. This paper investigates the analytic func-

2zf'(2) Rzf'(2)

tions f € A for which either or is subordinate to
f@) = f(=2) (f@)— f(=2)

certain analytic function. In particular, the estimates for the second Hankel deter-
minant ayas — a§ of the two classes are obtained.
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1. Introduction

Let A denote the class of all analytic functions
o0
f@ =2+ an" (1.1)
n=2

defined on the open unitdisc D = {z € C : |z| < 1}. Let S be the subclass of A consisting
of univalent functions. The gth Hankel determinant of f forg > 1 and n > 1 is defined
by
ay an+1 .- antq—1
an+1 an+4+2 ... an+q
Hy(m)=| " T @@=

n+qg—1 Qnt+q --- Qn42g-2
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In the recent years, several authors have investigated bounds for the Hankel determinant
of functions belonging to various subclasses of univalent and multivalent functions.
Observe that the well-known Fekete and Szegd functional is the Hankel determinant
Hy(1) = a3 — a% . A classical theorem of Fekete and Szegd functional was introduced
by Fekete and Szegé as early as 1933, see [3]. Other results related to this functional,
see [[1], [2], [5], [8], [91].

For our discussion, the Hankel determinant for the case ¢ = 2 and n = 2 is being
considered i.e. Hy(2) = aray — a% . In [6] and [7], Janteng et al. obtained the bounds
for the functional |ara4 — a§| for functions belonging to the classes of functions starlike,
convex, starlike with respect to symmetric points and convex with respect to symmetric
points.

In this paper, we seek the bounds for the functional |azas —a%l for functions belonging
to the two classes defined by subordination. For two functions f and g, analytic in D,
we say that f is subordinate to g in D (written f < g) if there exists a Schwarz function
w(z), analytic in D with w(0) = 0 and |w(z)| < 1, z € D such that f(z) = g(w(z)) for
all z € D. Specially, if g is univalent in D, then f < g if and only if f(0) = g(0) and
f(D) € g(D).

Definition 1.1. Let ¢: D — C be analytic and let the Maclaurin series of ¢ be given by
@(z) =1+ Biz+ Bz + B3> +...(B1, By € R, By > 0). (1.2)

The class S; (¢) consists of functions f € A satisfying the subordination

2zf'(2)

F@ - fen ~ P

Definition 1.2. Let ¢: D — C be analytic and be given as in (1.2). The class C(¢)
consists of functions f € A satisfying the subordination

2(zf"(2))
(f(@) — f(=2))

< ¢(2).

2. Preliminary Results
Let P be the family of all functions p analytic in D for which Re p(z) > 0 and
p(2)=1+ciz+e>+... 2.1

forz € D.

Lemma 2.1. [10] If p € P then |cx| < 2 for each k.
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Lemma 2.2. [4] The power series for p(z) given by (2.1) converges in D to a function
in P if and only if the Toeplitz determinants

2 cl (6%) Cn
Cn Contt Compr e 2
and c_x = ¢k, are all nonnegative. They are strictly positive except for p(z) =

m

Z,okpo(e”"z), ok > 0, 1y real and 1 # t; for k # j; in this case D, > 0 for
k=1

n<m-—1and D, =0 forn > m.

This necessary and sufficient condition is due to Carathéodory and Toeplitz and can
be found in [4].

3. Main Results

Theorem 3.1. Let the function f € S} (¢) be given by (1.2).

1. If By, By and Bj3 satisfy the conditions
B? +4|B)| —6B; <0, |BiB,+2B;B3;—4B3|—4B? <0
then the second Hankel determinant satisfies
B

2
lazaq — a3| < —.
3=y

2. If By, By and Bj satisfy the conditions
B2+ 4|By| —6B; >0, 2|B?By+2B B3y —4B% — B} —4B,|B)| —2B> >0
or the conditions
B} +4|By| — 6B; <0, |B}By+2B1Bs —4B3| — 4B} > 0

then the second Hankel determinant satisfies

2 1> P
lazas — az] < ElBl B> +2B1 B3 — 4B5)|.

3. If By, By and B3 satisfy the conditions

B} +4|By| — 6By >0, 2|B}By+2B|Bs —4B3| — B —4B;|By| —2B? <0
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then the second Hankel determinant satisfies

araqs — a —].
3 N

64
where
M = 16|B?B; + 2B B; — 4B2| — 4B} — 16B)|Bs|
— 4B} — B} — 8B{|Ba| — 16| By*
and

N = |BIBy + 2B Bs — 4B3| — B} — 4By|By| + 2B?.

Proof. Since f € S (¢), there exists an analytic function w with w(0) = 0 and |w(z)| <
1 in D such that

2 /
L g, (1)
Define the function p by
1
p2) = +w) = 1+c1z+czz2+...,

1 —w(z)

or equivalently,

_p(z)_l_l _ﬁ o)
w(Z)_—p(z)+1_2<C1Z+<C2 2)z +) (3.2)

Then p is analytic in D with p(0) = 1 and has a positive real part in D. By using (3.2)
together with (1.2), it is evident that

p@) —1 1 1 i\, 1, 5\
—|=1+-B —B - — -B 33
(p(p(z)—l-l) —|—2 1c1z + G +4 201 |27+ (3.3)
It follows from (3.1), (3.2) and (3.3) that

a» = —Bjc
2 4_11

L ‘I e
az = — ) — — —=Byc
3 4_1 2 2 821

1
as = a [(2B12 — 8B + 832) cico + (B]Bz — 312 +2By — 4B + 233) C? + 831C3]
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Therefore
» Bl 2 2
aras —ay = ﬁ (231 —832—|—831)C1C2
2 4B3\ 4
+ |(2B3+4B; — Bl + B1B, — 2B — B_ Cq
1
+ 8Bjcic3 — 1631C% :|
Let
2 2 4322
d1=231—832—|—831, d2=233—|—4BQ—Bl—|—Ble—ZBl—B—,
1
d; = 8By, dy = —168B;, (3.4)
B
T=_—_.
256
Then
|a2a4 — a%‘ =T |a’lc%62+a’zcit +dsciez + d4c%| 3.5)

We make use of Lemma 2.2 to obtain the proper bound on (3.5). We begin by rewriting
(2.2) for the casesn =2 and n = 3,

2 ¢ o
Dy=|c1 2 c1|=8+4+2Re (c%cz) — 2|C2|2 — 4c% > (0,
52 C1 2
which is equivalent to
2er = ¢f +x(4 =) (3.6)

for some x, |x| < 1.
Further, D3 > 0 is equivalent to

I(4c3 —deicr + )@ — D) +c1er — ¢ <24 — ¢ = 22c2 — 32 (3.7)
and from (3.7) and (3.6), we have
4oz =3 +2(4 — cDeix — 14— Hx? +2(4 — H( — |xP)z, (3.8)

for some value of z, |z| < 1.
Suppose ¢; = c and ¢ € [0, 2]. Using (3.6) and (3.8) in (3.5), we obtain

‘ 2 _T 4 2 2
aza4—a3\_Z ¢ 2dy +4dy + d3 + ds) + 2xc” (4 — ¢7) (di + d3 + da)

— (4= ) x2dsP + (4 — )’ xPdy + 2dsc (4 — A) (1 - [xP) 2
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Replacing |x| by © and substituting the values of dy, d2, d3 and d4 from (3.4) yield

BZ
4B1 B> 4+ 8Bz — 16—2
B,

+4 (B} +4|Ba) ue? (4 — ) + 8B’ (4 — )

T 4
|a2a4 —az| = Z c

+16B1% (4 — )’ + 16B1c (4 — 2) (1 — 112) ]

:T|:c4

+ (Bf +4IBal) uc* (4 — ) +2Bipn* (4 — ) 2 — o) (c +4) ]

= F(c, )

2

BZ 2
BiBy +2B3 —4-= +4Bjc (4 — )
1

(3.9)

Note that for (¢, ) € [0, 2] x [0, 1], differentiating F (c, i) in (3.9) partially with respect
to u yields

g_z =T[(B}+4Bl) 2 (4—A) +4Biu(d— )2 —)c+4]  (3.10)

Then, for 0 < u < 1 and for any fixed ¢ with 0 < ¢ < 2, it is clear from (3.10) that

oF
3 > 0, that is, F(c, ) occurs at u = 1 and
n

max F(c,u) = F(c, 1) = G(c).

Now, note that

B
G(c):ﬁ[c‘l(

+4c* ((Bf +41Bal) — 6B1) + 64B; ]

32
BBy +2B3 — 4—2
B,

- (312 +4|By|) + 2Bl>

Let

2

BZ
BBy +2B3 —4—=
B

Q =4((Bf +4|By|) — 6By)
R = 64B,

P = — (B} +41B2|) + 2B

(3.11)
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Since
2 Q Q.
0max4(Pt +Qt+R)={16P+40+R, Q=>0,P z-gorQ=0Pz—"5
<t<
4PR — Q?
L osor<-%
4P 8
we have
aa—a2<ﬂ<l6P—|—4Q—|—R Q>OP>—gorQ<OP>—g'
2 4 3 - 256 b —_— b — 8 — b — 4 b
4PR — Q?
—Q’ Q > 0’ P S _g;
4P 8
where P, Q, R are given by (3.11). This completes the proof of theorem. [

Remark 3.2. When By = B, = B3 = 2, Theorem 3.1 reduces to [[7], Theorem 3.1].

Theorem 3.3. Let the function f € C,(¢) be given by (1.2).
1. If By, By and B3 satisfy the conditions
9B? 4 28|By| —46B; <0, |9BIB, + 18B B3 — 32B3| —32B} <0
then the second Hankel determinant satisfies
2
1 .

2
laras — a5| < —
3= 36

2. If By, By and Bj satisfy the conditions
9B?428|By|—46B; > 0,2|9B?B,+18B B3—32B3|—9B; —28B;|By|—18B? > 0
or the conditions
9B? 4 28|By| —46B; <0, |9BiB, + 18B B3 — 32B3| —32B} > 0

then the second Hankel determinant satisfies

1
|azay — a3| < @|9B%Bz + 18B B3 — 32Bj3|.
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3. If By, B> and Bj satisfy the conditions
9B?428|By|—46B) > 0,2|9B7B,+18B; B3—32B35|—9B; —28B;|B;|—18B7 < 0

then the second Hankel determinant satisfies then the second Hankel determinant

satisfies
| 2 o B} (U
araq — a — | = .
28751 = 4608 \ v
where
U = 128|9B7 B, + 18B; By — 32B3| — 324B; — 1008 B;|B;|
— 324B7 — 81B} — 504B7|B,| — 784|B,|?
and

V = |9B?B, + 18BBs — 32B3| — 9B; — 28B)|B,| + 14B7.

Proof. Since f € C,(¢), there exists an analytic function w with w(0) = 0 and |w(z) <
1| in D such that

2(zf"(z))
_ , 3.12
G- fay P& i
Since
2/ (@) = 1 +4arz + 6a3z* + (16as — 12a2a3)2> + ..., (3.13)

(f (@) — f(=2))
equations (3.3), (3.12) and (3.13) yield

_—1B
ajy = C
2 3 1¢1

1 2
a3 =5 [(By — Bi)ci + 2Bic2]

1
as = ﬁ [(2312 — 8B + 8B2) cicy + (Ble — 312 +2B1 —4B + 233) C? + 8Blc3]

Therefore

B 56 56
2 2 2
—a5 = —— 2B — —B —B
aras — aj 2048 |: ( 1 9 2+ 9 1) cic2

28 5 14
+ 2B3+532—Bl +BIBZ_331
32 B2 128
_ FB_? ) c‘l1 + 8Bjcic3 — 73163 :|
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By writing
56 56
dy = 8B, dzzzBlz—ng-i-EBl,
d; = 1283 d 2B;3 + 283 B? + BB 14B 323% (3.14)
3= 9 1s 4 = 3 9 2 1 1D2 9 1 9 Bl s .
2048’
we have
|a2a4 — a%‘ =T |a’26%C2+a'4C‘1t +djcic3 + d3C%| (3.15)

Similar as in Theorem 3.1, it follows from (3.6) and (3.8) that

¢t (di +2dy + ds + 4dy) + 2xc* (4 — ¢2) (di + da + d3)

) T
a2a4—a3‘ :Z

— (4 — c2) xzdlc2 + (4 — c2)2x2d3 + 2d;c (4 — 02) (1 — |x|2) Z

Replacing |x| by i and substituting the values of di, d3, d3 and d4 from (3.14) yield

128 B
“14B;B, + 8B — — -2

56
2 4 — 2B+ B
9B+MC( )( 1+9|2|>
56 512

4 (4= ) (_3310 + T191) +16Bic (4 — ) (1 — ) ]

:T|:c4

1
+ 5‘“2 (4 —c?) (2312 + §|Bz|) + IBW (4—c?) (2 — o) (14c + 64) ]

9
= F(c, n)

2 T
a2a4—a3‘ < Z

2

32 B3 5
BiB> +2B; — 5B +4Bic (4 —¢”)
1

(3.16)

Again, differentiating F(c, i) in (3.16) partially with respect to u yields

o _r|(282+ 28y CZ( )+ ZBun (4 — ) 2 — ) (e + 64)
= — — —C C
m R A ot
(3.17)
oF
It is clear from (3.17) that ™ > 0. Thus F(c, i) is an increasing function of u for

0 < u < 1 and for any fixed ¢ with 0 < ¢ < 2. So the maximum of F(c, n) occurs at
u =1 and
max F(c,u) = F(c,1) = G(c).
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Now, note that

4
G(c):T[C—<
9

4 512
+ 5c2 (9B7 + 28|B,| — 46B;) + ~ B ]

B2
9B B, + 18B; — 323—2
1

—9B7 — 28| By| + 1431)

Let
1 B?
2 2
P = 5 ( 9B1B; + 18B3 — 32B— — 9By — 28| Bs| + 14Bl>
1
4
0 =5 (9B} +281B,| — 46B)) (3.18)
512
R="°B
9
Since
2 0 o
max (Pt°+ Qt+R)={16P+40+R, Q>=0,P>——o0rQ<0,P>——;
0<t<4 8 4
4PR — Q7
APR-O0° 50 p<-2.
4P 8
we have
B, 0 0
—all<—{16P+40+R >0 P>—_= <0.P>_2.
araa a3_2048 +40+R, Q0=>0,P> 8OrQ_ z =7
4PR — Q?
—Q’ Q > O’ P S _g;
4P 8
where P, Q, R are given by (3.18). This completes the proof of theorem. [

1
Remark 3.4. For the choice of ¢(z) = 1—+Z, Theorem 3.3 reduces to [[7], Theorem
—Z
3.2].
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