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Abstract
In this paper, we investigate some integral equations which are related to the
fermionic p-adic integral on Z,. From our investigation, we derive some iden-
tities of Frobenius-Euler polynomials.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C,, will denoted
by the ring of p-adic integers, the field of p-adic rational numbers and the completion

of algebraic closure of Q. The p-adic norm | - |, is normalized as |p|, = .

Let f(x) be continuous function on Z,. Then the fermionic p-adic integral on Z,

is defined by Kim to be o
pN-1

f fOdp() = lim Y fuitc+ pVZy)

Z, N—o00 =0 (1 1)

pN—1

= lim_ ; FO)(=D)*, (see [9, 5]).
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From (1.1), we note that

n—1

/Z Fa@)dp oy (x) + (=1 /Z f@dpx) =2 fOED" 1.2
4 P =0

where n € N and f,(x) = f(x 4+ n), (see [5-10]). In particular, if we take n = 1, then
we have

/Z £+ Ddp () + /Z FEdu_1(x) = 2£(0). (1.3)

Foru € C, with |1 —u|, < 1 and u # 1, the Frobenius-Euler polynomials are
defined by the generating function to be

1—u

=3 Hn(xlu)%, (see [1-4]). (1.4)

P e
e —u
n=0

When x = 0, H,,(O|lu) = H, (1) are called the Frobenius-Euler numbers.
Forr € N, the higher-order Frobenius-Euler polynomials are given by the generating
function to be

( L u ) =3 H,f’)(xlu);—,:, (see [6-14]). (1.5)

t
e u
n=0

Whenx = 0, H,Sr) Olu) = H,Er)(u) are called the higher-order Frobenius-Euler numbers.
The multiple Frobenius-Euler polynomials are defined by Kim to be

1—u1 1—u2 l—ur Xt
X X --+ X e
el —u el —uy el — u,

00 o (1.6)
=Y H"(xluy, ua, ... up)—, (see[8, 10]).
= n!
When x = 0, H,Er) (Oluy, us, ..., u,) are called multiple Frobenius-Euler numbers.
From (1.3), we can derive the following equation:
1 X _xt 1 - —1 1" 1
= du_ = = H,(— _ 1.7
Z/qu e dp-1() qge' +1 nX:(:) (g )n!(1+q_1)q a-»
and
1 1 - "1
— YeX N gy = e’ = H,(x| —qg H— , 1.8
Zfzpq 1) = oy g LI ey prm: (1.8)

where g € C, with [1 —¢|, <l and g # 1.
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By (1.8), we get

1 n _ 1 1
E/quy(x +y)du—i(y) = T a +an(XI g ), (n=0). (1.9)

In this paper, we consider the multivariate fermionic p-adic integral on Z, and
investigate some equations of those integrals. From our investigation, we derive new
and interesting identities for the Frobenius-Euler numbers and polynomials.

2. Fermionic p-adic integral on Z, associated with Frobenius-Euler
polynomials

In this section, we assume that ¢;(i =0, 1,2,...) € C, with |1 —¢g;[, < 1. Now we
consider the following multivariate fermionic p-adic integral on Z,: forr € N

1
! ZE/ / q'qy* g e (e dper (). (24)
ZP ZP

From (1.3), we note that

1
I = e
(qre’ + 1)(gae’ +1) -+ (gre’ + 1)

(Mt ) (Lt ...(lw“) !
e +qr' ) \et+4q5! e +g ) @+ D@+ (g +1)

r 1 o tn
_ (r) -1 -1 e N
_<HQI+1)’§Hn @l =gy =gy =4 )

=1

Xt

(2.2)
Thus, by (2.1) and (2.2), we obtain the following theorem.
Theorem 2.1. Forn > 0 and r € N, we have

1 r
?[ / oM +x2+ - +x +0)"dp 1 (1) - dp—1(x,)
Zp Zp 1=

.
1 - il —
N (H q + 1) H Gl =qr' =gy =g ).

=1

Let x = 0 in Theorem 2.1. Then, we have

_ _ n . _
HOO gt ... =g = § <11 l)| |H1[(0| —q ).
y s by i=1

h+-+l=n
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It is easy to show that

r— 1/ / (HQXI> eI T Gy () - d e (xy)
Z, Z,

. . . (2.3)
= Z/ ql’:kexktdu,_ﬂxk) 1_[ (1 — q—J> e
k=1"2%p j=1,j#k Ik
Now, we observe that
1 1+ 1
_/ g eS| () = tqk xt -
2 Zp T 1 I+ dk
1 2.4)
= ( 1 ) 1 + qk ext
ak+1) \e +q;! .
From (1.4), (2.2), (2.3) and (2.4), we have
HOG =g =g —a7 )=
n=0 n! =1 q +1 ,
Sy A (o)
Hy (x| =g ) (1——J) —
n=0 ak + 1 j=1,j#k Ik n!

By comparing the coefficients on the both sides of (2.5), we obtain the following theorem.
Theorem 2.2. Forn > 0 and r € N, we have

1
(@1 +D@+1D-- (qr 9]

_ZH(xI . ﬁ (l_ﬂ)_l_

gk+1 =1k qdk

-1 ~1 -1
Hygr)(x|_q] ,_Q2 ’---a_Qr )

It is easy to show that

1
(qoe’ — )(qre’ — 1) ---(gr—1e' — 1)

1 r—1 /i—1 (]let r—1 1 (26)
 qoq1- 4y 16”—12(; o qe' — 1 ll._[ qe' —1)°

=i+1
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Thus, by (2.6), we get

-1 -1 -1
H"Olgy " gy - g, )

r—1
qoq1---qi—1(qi — 1) ( n ) I; ~1
= r''Hp(llgy ) - -
Z Z lo, Iy, ..., L1 ot o

iz d09t---dr-1— 1 lo+114++1_1=n
x Hy,_,(11¢; ) H;,Olgy g7 " -+ q; ' ) Hyy, Olg)) -+ Hi,_ (Olg, ).

2.7)

where r €e Nand n € NU {0}.
We observe that

r—1
Qr—I/ ce / (l_[ qlxl) e(x0+x1+...+xr71+x+1)zdu_1(xO) coedp_y (xy)
z, Jz, \|_p
r—1
+/ / (1_[ g ) OO L G dp () (28)
Zp Zp \1=0

r—2
= / - / (1_[ qlxl) e(x0+x1+...+xr72+x)td’u_l (x0) - - -dp—1(x,—2).
ZLp Zp 1=0

From (2.8), we have

G Bt —qp ' =gy g )+ B =g gy =g
2 - - — —
- mH,f’ Dixl =gy =gy —a, ).
(2.9)

where r € N and n € N U {0}. Therefore, by (2.9), we obtain the following theorem.

Theorem 2.3. Forn € NU {0} and r € N, we have

G HO o+ 1 —q =g =g D+ HO el — g5 a7 =g
-1 -1 -1 -1
= mHér )(X| —4qy >—491 s---> —qr_z)-
It is not difficult to show that
r—1 i—1
qoq1 - qr1e” = 1= (qie' =) [ [ as¢' | (2.10)
i=0 j=0

where quet = 1.
J=0 i=0
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We observe that

i—1 r—1 r—1
1 1 1
el — 1= , 2.11

[=i+1

where i € N.
Thus, by (2.10) and (2.11), we get

r—1

1 r—1 — qlet r—1 1
= . (2.12)
ll;[)%et—l qo0q1 - - 16” 12( qle’—1> < HH q;ef—l)

1

From (2.12), we can derive the following equations:

H"(0lg, ", q;l, gD

i-1(gi — 1 -
_ 4041 4i 1(qi ) Z Z (Z)<m>H(z)(r|qO ,m,ql._ll) (2.13)

qoq1 - qr—1 — 1

—i—1 -1 — - —
X Hy D 01gis1s - s gro1) HaemOlgg gy - gt rm™

where n > 0.
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