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Abstract 

 
In this paper, we introduce the concept of (i) the total vertex semientire block 
graph and (ii) the total pathos vertex semientire block graph of a graph. We 
obtain some properties of these graphs. We study the characterization of graphs 
whose total vertex semientire block graph and the total pathos vertex semientire 
block graphs are planar, outer planar, Eulerian and Hamiltonian. 
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1. Introduction 
All graphs considered here are finite, undirected without loops or multiple edges. Any 
undefined term or notation in this paper may be found in Harary [2]. 
For a graph G(p, q) if B = { u1, u2, u3, · · ·,ur; r ≥2} is a block of G, then we say that 
point u1 and block B are incident with each other, as are u2 and B and so on. If two 
distinct blocks B1 and B2 are incident with a common cut vertex then they are called 
adjacent blocks. 
By a plane graph G we mean embedded in the plane as opposed to a planar graph. In a 
plane graph G let e1=uv be an edge. We say e1 is adjacent to the vertices u and v, which 
are also adjacent to each other. Also an edge e1 is adjacent to the edge e2 =uw. A region 
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of G is adjacent to the vertices and edges which are on its boundary, and two regions 
of G are adjacent if their boundaries share a common vertex. 
 
The crossing number c(G) of G is the least number of intersection of pairs of edges in 
any embedding of G in the plane. Obviously G is planar if and only if c(G)=0. 
 
The edgedegree of an edge e = {a, b} is the sum of degrees of the end vertices a and b. 
Degree of a block is the number of vertices lies on a block. Blockdegee Bv of a vertex v 
is the number of blocks in which v lies. Blockpath is a path in which each edge in a path 
becomes a block. If two paths p1 and p2contain a common cutvertex then they are 
adjacent paths and the pathdegree Pv of a vertex v is the number of paths in which v 
lies. Degree of a region is the number of vertices lies on a region. The regiondegree Rv 
of a vertex v is the number of regions in which the vertex v lies. Pendant pathos is a 
path pi of pathos having unit length. 
 
The inner vertex number i(G) of a planar graph G is the minimum number of vertices 
not belonging to the boundary of the exterior region in any embedding of G in the plane. 
A graph G is said to be minimally non-outerplanar if i(G) = 1. 
 
A new concept of a graph valued functions called the vertex semientire block graph 
evb(G) of a plane graph G was introduced by Venkanagouda in[8] and is defined as the 
graph whose vertex set is the union of the set of vertices, blocks and regions of a graph 
G in which two vertices are adjacent if and only if they are adjacent vertices, vertices 
lie on the blocks and vertices lie on the regions. 
 
The pathos vertex semientire block graph of a tree T denoted by Pvb(T) is the graph 
whose vertex set is the union of the vertices, regions, blocks and path of pathos of T in 
which two vertices are adjacent if and only if they are adjacent vertices of T or vertices 
lie on the blocks of T or vertices lie on the regions of Torthe adjacent blocks of T and 
the vertices lies on the path of pathos of T. Clearly the number of regions in a tree is 
one. This concept was introduced by Venkanagouda in [7]. 
 
The block graph B(G) of a graph G is the graph whose vertex set is the set of blocks of 
G in which two vertices are adjacent if the corresponding blocks are adjacent. This 
graph was studied in [2]. 
 
The path graph P(T) of a tree is the graph whose vertex set is the set of path of pathos 
of T in which two vertices of P(T) are adjacent if the corresponding path of pathos have 
a common vertex. 
 
Let v1,v2,v3 be the pendant vertices of K1,3. The graph K1,3(Pn) is obtained from K1,3 by 
attaching 1 time to any one pendant vertex of K1,3 as shown in figure 1.1. 
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The following will be useful in the proof of our results. 
 
Theorem 1 [4]. If G be a connected plane graph then the vertex semientire graph ev(G)is 
planar if and only if G is a tree. 
 

Theorem 2 [3]. Every maximal outerplanar graph G with p vertices has 2p – 3 edges. 
Theorem 3 [8]. For any ( p, q ) graph G with b blocks andr regions, vertex semientire 
block graph evb(G) has (p + b +r)vertices and  
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the block degree of a blockbi and d(rj) is the degree of a region rj. 
 

Theorem 4 [8]. For any ( p, q ) graph G, evb(G) is always nonseparable. 
 

Theorem 5 [8]. For tree T, vertex semientire block graph evb(T) is always planar. 
 

Theorem 6 [7] For any tree T, pathos vertex semientire block graph Pvb(T)isplanar. 
 

Theorem 7 [7].  For any ( p, q ) graph T with b blocks and r regions, pathos vertex 

semientire block graph Pvb(T) has (2p +k)vertices and 
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v(pi) be the number of vertices lies on the path pi. 
 

Theorem 8 [2]. A connected graph G is eulerian if and only if each vertex in G has 
even degree. 
 

Theorem 9 [2]. A nontrivial graph is bipartite if and only if all its cycles are even. 
 
 
2.  Total Vertex Semientire Block Graph 
We now define the following graph valued function. 
Definition 2.1. The total vertex semientire block graph Te(G) of a plane graph G is the 
graph whose vertex set is the union of the set of vertices, blocks and regions of a graph 
G in which two vertices are adjacent if the corresponding vertices or blocks of G are 
adjacent or one corresponding to the vertex v of G and other to a blocks b of G and v is 
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in b or one corresponds to the vertex v of G and other the region r of G and v lies on 
the region r. 
In Figure 2.2, a graph G and its total vertex semientire block graph are shown. 

 
 

Remark 1. For any graph G, ).(T)( GGeG evb   
 

Remark 2. For any graph G,𝑇𝑒(𝐺) =  𝑒𝑣𝑏(𝐺) ∪ 𝐵(𝐺). 
 

Remark 3. For every edge ei of a tree T, the corresponding sub graph in Te(G) is a 
graph g1 as shown in figure 2.3. 

 

 
Figure 2.3 

 
We now establish a result which determines the number of vertices and edges in total 
vertex semientire block graph. 
 

Theorem 10. If G is a (p,q) connected graph whose vertices have degree𝑑𝑖 and if 𝑏𝑖 is 
number of blocks to which vertex 𝑣𝑖  belongs in G, then 𝑇𝑒(G) has1 + 𝑟 +  ∑ 𝑏𝑖

𝑝
𝑗=1  

vertices and 𝑞 + ∑ (
𝑏𝑖

2
)𝑝

𝑖=1 + ∑ 𝑑(𝑟𝑖 
𝑝
𝑖=1 ) + ∑ 𝑑(𝑏𝑖)

𝑝
𝑖=1  edges, where r be the number of 

regions in G, 𝑑(𝑟𝑖 )the number of vertices lies on the region 𝑟𝑖 and 𝑑(𝑏𝑖) be the number 
of vertices lies on the block𝑏𝑖. 
 

Proof. By Remark 1, 𝑒𝑣𝑏(𝐺) 𝑖𝑠 𝑎 spanning subgraph of 𝑇𝑒(G). Thus the number of 
vertices of 𝑇𝑒(G) equals to the number of vertices of𝑒𝑣𝑏(𝐺). By Theorem 3,𝑒𝑣𝑏(𝐺)has 
𝑝 + 𝑏 +  𝑟 =  1 + 𝑟 +  ∑ 𝑑(𝑏𝑖)

𝑝
𝑖=1  vertices. Hence the number of vertices in total 

vertex semientire block graph is the number of vertices of vertex semientire block 
graph. Thus𝑇𝑒(G)  = 1 + 𝑟 +  ∑ 𝑑(𝑏𝑗)𝑝

𝑗=1 . 
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Further, by Remark 2, the number of edges in 𝑇𝑒(G) is the sum of the number of edges 
in 𝑒𝑣𝑏(𝐺)and number of edges in a block graph B(G) of a graph G. By Theorem 
3,𝑒𝑣𝑏(𝐺) ℎ𝑎𝑠q + ∑ 𝑑(𝑟𝑖 ) + ∑ 𝑑(𝑏𝑗 ) edges, Also the number of edges in a block graph 

is ∑ (
𝑏𝑖

2
)𝑝

𝑖=1 . 

Thus the number of edges in 𝑇𝑒(G) =  𝑞 + ∑ (
𝑏𝑖

2
)𝑝

𝑖=1 + ∑ 𝑟𝑖 
𝑝
𝑖=1 + ∑ 𝑑(𝑏𝑗)𝑝

𝑗=1 . 
 

Theorem 11. For any graph G, 𝑇𝑒(G) is always nonseparable. 
 

Proof. By Remark 1,𝑒𝑣𝑏(𝐺) is a spanning sub graph of 𝑇𝑒(G).Also by Remark 2, 
𝑇𝑒(G) =𝑒𝑣𝑏(𝐺) ∪ 𝐵(𝐺),clearly it follows that 𝑇𝑒(G) is nonseparable. 
We characterize the graph whose vertex semientire block graph and total vertex 
semientire block graphs are isomorphic. 
 

Theorem 12. Let G be a nontrivial connected graph. The graphs 𝑒𝑣𝑏(𝐺) 𝑎𝑛𝑑 𝑇𝑒(G) are 
isomorphic if and only if G is a block. 
 

Proof. Let G be a (p, q) graph and be a block. The graphs 𝑒𝑣𝑏(𝐺) 𝑎𝑛𝑑 𝑇𝑒(G)have the 
same number of vertices. Since G is a block and B(G) has no edges, it implies by 
definitions, that 𝑒𝑣𝑏(𝐺) 𝑎𝑛𝑑 𝑇𝑒(G)are isomorphic. 
Conversely suppose G is a nontrivial connected graph and𝑇𝑒(G) =𝑒𝑣𝑏(𝐺). We now 
prove that G is a block. On contrary, assume that G has at least two blocks. By Remark 
2, it is clear that the number of edges in Te(G) is the sum of the number of edges in 
evb(G) and the number of edges in a block graph B(G). Since G has at least two blocks, 
it implies that B(G) has at least one edge. Thus the number of edges in evb(G) is less 
than the number edges in Te(G). Hence Te(G) and evb(G) are not isomorphic, which is 
a contradiction. Thus G has no two or more blocks and hence G is a block. 
 
Theorem 13. If G is a graph without isolated vertices, then Te(G) is not a bipartite 
graph. 
 

Proof. Let G be a graph without isolated vertices then G has a block b. Let u and v be 
the vertices lies on the block b. Since the blockvertex b is incident with the vertices u 
and v, it follows that the corresponding vertices b, u, v form a cycle C3 in Te(G), By 
Theorem 9,Te(G) is not a bipartite graph. 
 
Theorem 14. Let 𝑣𝑖 ∈ 𝐺 𝑎𝑛𝑑 deg(𝑣𝑖) = 𝑛. 𝑇ℎ𝑒𝑛 𝑖𝑛 𝑇𝑒(G),deg(𝑣𝑖) = 2𝑛 + 1. 
 

Proof. By the definition of Te(G), each vertex of G lies in Te(G). Also each vertex is 
lies on the block and region of G. Hence if𝑣𝑖 ∈ 𝐺 𝑎𝑛𝑑 deg(𝑣𝑖) =
𝑛, 𝑡ℎ𝑒𝑛 𝑖𝑛 𝑇𝑒(G),deg(𝑣𝑖) = 2𝑛 + 1. 
We next give a characterization of graph whose total vertex semientire block graph is 
planar. 
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Theorem 15. For any graph G,Te(G)Planar if and only if G is a path. 
 

Proof. Suppose 𝑇𝑒(G) is planar. Assume that Gis not a path. We have following cases. 
 

Case 1. Let G be the star 𝐾1,3 such that deg(v)=3. Let b1=e1,b2=e2 and b3=e3 be the 
blocks of K1,3, By Theorem 5,𝑒𝑣𝑏(𝐺) is planar and all these block vertices lies in the 
different regions. In 𝑇𝑒(G), joining of these three blockverticesto form a subgraph K3 
and the edges of K3 crosses the edges already drawn. This gives a non-planargraph, a 
contradiction. 
 

Case 2. Let G be any graph which contains at least one cycle. By Theorem 5, 𝑒𝑣𝑏(𝐺)is 
non planar and then 𝑇𝑣𝑏(G) is also non-planar, a contradiction. 
Conversely, suppose G be any path. By Theorem 5, 𝑒𝑣𝑏(𝐺) is planar. 
Let𝑏1,, 𝑏2,𝑏3……𝑏𝑛 be the blocks corresponds to the edges of G such that 𝑏𝑖 is adjacent 
to 𝑏𝑗 for all i > 𝑗 = 1,2,3, … 𝑛 in 𝑇𝑒(G). Since all the vertices 𝑏1,, 𝑏2,𝑏3……𝑏𝑛lies 
outside the region. The edges between 𝑏𝑖&𝑏𝑗does not cross over the edges already 
drawn. Hence 𝑇𝑒(G) is planar. 
We next give a characterization of graph whose total vertex semientire block graph is 
minimally nonouterplanar. 
 

Theorem 16. For any graph G,𝑇𝑣𝑏(G) is minimallynonouterplanar if and only ifG is a 
path 𝑃3. 
 

Proof. Suppose 𝑇𝑒(G) is minimally nonouterplanar. Assume that T is not 𝑃3. Suppose 
T is 𝑃𝑛 𝑓𝑜𝑟 𝑛 ≥ 4.For sake of simplicity we consider T= P4. By the definition of 𝑒𝑣𝑏(G), 
each edge 𝑒𝑖 of G corresponds K4–x in 𝑒𝑣𝑏(𝐺).For a path𝑃4,there is 3K4 –x in 𝑒𝑣𝑏(𝐺)as 
shown in figure 2.4. 
 

 
Figure 2.4 

 

 

Let𝑏1, = 𝑒1, 𝑏2 = 𝑒2,𝑏3 = 𝑒3be the three blocks of G. By the definition of block 
graph, 𝐵(𝑃𝑛) =  𝑃3.By Remark2, 𝑇𝑒(G) is union of 𝑒𝑣𝑏(𝐺) 𝑎𝑛𝑑 𝐵(𝑃4). Hence 𝑇𝑒(G) 
contain two inner vertices, a contradiction. 
Conversely suppose G be path 𝑃3 and 𝑏1,, 𝑏2,𝑣1, 𝑣2,𝑣3 be corresponding blocks and 
vertices of G. By the definition of 𝑒𝑣𝑏(𝐺),𝑒𝑣𝑏(𝑃3) = 2𝐾4 − 𝑥. In 𝑒𝑣𝑏(𝐺) both block 
vertices adjacent to form a graph which contain one inner vertex 𝑣2. Hence 𝑇𝑒(G) is 
minimally nonouter planar. 
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Theorem 17. For any graph G,𝑇𝑒(G) always noneulerian. 
 

Proof. Let G be any graph and let 𝑣𝑖 ∈ G with deg( 𝑣𝑖) = 𝑛. By Theorem 3, the degree 
of  𝑣𝑖 in 𝑇𝑣𝑏(G)becomes 2n+1.For any n∈ 𝑁, degree of viin 𝑇𝑒(G) is odd. Hence by 
Theorem 8, 𝑇𝑒(G) is noneulerian. 
In the next Theorem we give graph whose total vertex semientire block graph is the 
Hamiltonian. 
 
Theorem 18. For any graph G,𝑇𝑒(G) is always Hamiltonian. 
 

Proof. Consider a graph G. We have the following cases. 
Case 1. Suppose G be path with{𝑢1,𝑢2,𝑢3 … … 𝑢𝑛} ∈ 𝑉(𝐺)and, 𝑏2,𝑏3…𝑏𝑚 be the 
blocks of G such that m = n-1 and 𝑟1  be the region of G. Now the vertex set of 
𝑇𝑣𝑏(G), 𝑉[𝑇𝑒(𝐺)] =  {𝑢1,𝑢2,𝑢3 … … 𝑢𝑛} ∪ {𝑏1,,  𝑏2, 𝑏3 … … 𝑏𝑚} ∪ 𝑟1. Since given graph 
is a path, then in𝑇𝑣𝑏(G), b1 = e1,  𝑏2 = 𝑒2, … … 𝑏𝑚 = 𝑒𝑚 such 
that{𝑏1,,  𝑏2, 𝑏3 … … 𝑏𝑚} ⊂ 𝑉 [𝑇𝑒(𝐺)]. Then by the definition of 
Te(G),{𝑢1,𝑢2,𝑢3 … 𝑢𝑚−1𝑢𝑛} ∪ {𝑏1,,  𝑏2, 𝑏3 … 𝑏𝑚−1,bm} ∪

{𝑏1𝑢1, 𝑏2𝑢2, … … 𝑏𝑚−1𝑢𝑛−1,,𝑏𝑚𝑢𝑛} ∪ {𝑟1𝑢1, 𝑟1𝑢2 … … 𝑟1𝑢𝑛} forms edge set of𝑇𝑒(G), as 
shown in the figure 2.5. 
 

 
 
In 𝑇𝑒(G), the Hamiltonian cycle 𝑟1𝑢1𝑏1𝑢2𝑏2𝑢3𝑏3 … … . . 𝑢𝑛−1𝑏𝑚𝑢𝑛𝑟1 will exists. 
Clearly the total vertex semientire block graph of a path is Hamiltonian. 
 

Case 2. Suppose G is a star K1,n.  

Let[𝑇𝑒(𝐺)]  = {𝑢1,𝑢2,𝑢3 … … 𝑢𝑛} ∪ {𝑏1,,  𝑏2, 𝑏3 … … 𝑏𝑛−1}  ∪ 𝑟1.By the definition of 
𝑇𝑒(G), the Hamiltanian cycle 𝑟1𝑢1𝑏1𝑏2𝑢2𝑢3𝑏3 … … … . 𝑢𝑛𝑟1 will exists. Hence,𝑇𝑒(G) is 
Hamiltonian. 
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Case 3. Suppose G be any graph which contains at least one cycle. Let 
𝑉[𝑇𝑒(𝐺)]={𝑢1,𝑢2,𝑢3 … … 𝑢𝑛} ∪ {𝑏1,,  𝑏2, 𝑏3 … … 𝑏𝑛−1} ∪ {𝑟1, 𝑟2, … 𝑟𝑗}. For the vertex of 
𝑇𝑒(G), it always exist cycle as 𝑟1, u1, u2, b1, u3, r2, , … … . . bi, un−1, rj, u1, r1.Hence𝑇𝑒(G) 
is a Hamiltonian. 
 

Theorem 19. For any graph G, 𝑇𝑒(G)never has crossing number one. 
 

Proof. We consider the following cases. 
Case 1. Suppose G is a tree. If G is a path, then by Theorem 15, 𝑇𝑒(G)has crossing 
number zero, while if it is not a path, then it contains K1,3 as a subgraph and by Theorem 
5, vertex semientire block graph evb(T) of a tree T is always planar. Let b1, b2 and b3be 
the block vertices in evb(T) and let b1 and b2 lies in the exterior region and b3 lies in the 
interior region. In 𝑇𝑒(G), there are the edges between the vertices b1 and b2 with the 
vertex b3, which gives crossing number at least two. 
 

Case 2. Suppose G contains a cycle and it has at least two blocks. By Theorem 15, the 
vertex semientire block graph of a cycle C3 is nonplanar and has crossing number 
one.Letb1 and b2 be the vertices lies in the different regions. In 𝑇𝑒(G), there is an edge 
between the block vertices b1 and b2, which gives 𝑇𝑒(G) with at least three crossings. 
We now deduce a necessary and sufficient condition for entire graphs with crossing 
number two. 
 

Theorem 20. For any graph G, 𝑇𝑒(G) has crossing number two if and only if the 
maximum degree∆(𝐺) ≤ 2 and G is a tree with exactly one vertex of degree 3. 
 

Proof. Suppose𝑇𝑣𝑏(G) has crossing number two. Then it is a nonplanar. By Theorem 
6, we have deg(u) ≥ 3 for some u∈ 𝐺. We now consider the following cases. 
 

Case 1. Assume that G is a graph which contains at least one cycle and there exists a 
vertex vi such that blockdegree of vi is at least two. Let 𝑏1 =

𝑢𝑢1𝑢2 … 𝑢𝑛−1𝑢,  𝑏2={𝑣1,𝑣2,𝑣3 … … 𝑣𝑛−1, 𝑢 } 𝑏e the two blocks incident to a cut vertex 
ui. 
By definition of vertex semientire block graph, for every cycle 𝐶𝑛, there corresponds a 
crossing number one, shown in the figure2.6. 
 

 
Figure 2.6 
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Since blockvertex 𝑏2 is adjacent to the vertices 𝑣1, 𝑣2, 𝑢 which lies in the internal 
region. These two block vertices lies on two different regions. Clearly the crossing 
number is at least two. Also in 𝑇𝑒(G) there is an edge between two vertices 𝑏1 and 𝑏2 
and lies in different regions. Hence crossing number is at least 3, a contradiction. 
 

Case 2. Assume that G is a tree and there exist a vertex u of degree 4.SupposeG 
=𝐾1,4.By definition of𝑒𝑣𝑏(𝐺), 𝑒𝑣𝑏(𝐾1,4) is planar. In 𝑇𝑒(𝐺), all the blockvertices 
adjacent to each other to form a sub graph 𝐾4 which crosses the edges of 𝑒𝑣𝑏(𝐺) such 
that cr[𝑇𝑣𝑏(𝐺)] ≥ 6, a contradiction. 
 

Case 3. Assume that G is a tree with two vertices 𝑢1, 𝑢2, such that deg(𝑢1) =deg(𝑢2) =
3.So, G is a bi-star K1,3. By the definition of evb(G), evb(K1,3) is planar and the 
vertices 𝑏1,, 𝑏2 lies in any one interior region ri. The vertices 𝑏3,, 𝑏4 lies in another 
interior region rj. In 𝑇𝑒(𝐺), we join the vertices 𝑏1,, 𝑏2, 𝑏3 through the edges 
{ 𝑏1,,  𝑏3,}&{ 𝑏2,,  𝑏3,} which gives crossing number 4, a contradiction. 
Conversely, suppose G is a tree with ∆(𝐺) ≤ 2 and there exist a unique vertex of degree 
3. Consider G be a 𝐾1,3.By Theorem 5, 𝑒𝑣𝑏(𝐺) is planar. In𝑇𝑒(𝐺), the 
vertices 𝑏1,,  𝑏3, and  𝑏2,,  𝑏3, are adjacent. To join an edges{ 𝑏1,,  𝑏3 } and{ 𝑏2,,  𝑏3 }this 
gives the crossing number two.Then crossing number in 𝑇𝑣𝑏(𝐺) is two. 
 
 
3. Total Pathos Vertex Semientire Block Graph 
We now define the following graph valued function. 
Definition 3.1. The total pathos vertex semientire graph of a tree T denoted by 𝑇𝑝𝑣(𝑇)is 
the graph whose vertex set is the union of the set of vertices, blocks, regions and the 
path of pathos of a tree T in whichtwo vertices are adjacentif the corresponding vertices 
of T are adjacent or one corresponding to the vertex v of T and other to a block b of T 
and v is in b or one corresponds to the vertex v of T and other the region r of T and v 
lies in the region r in T or one corresponds the vertex v of T and the other the path of 
pathos p of T and v lies on p or both are the path of pathos pi and pj and have a common 
vertex in T. The total pathos vertex semientire block graph is defined only when the 
tree contains at least two paths. In Figure 3.2, a graph T and its total pathos vertex 
semientire block graph𝑇𝑝𝑣(𝑇)are shown. Since the path of pathos are not unique, the 
corresponding total pathos vertex semientire graph of a tree is also not unique. 
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Remark 4. For any graph G, ).()(P)( TTTGeG pvvbvb   
 

Remark 5. Let T be a tree with a vertex vi, blockdegree 𝐵𝑣𝑖
, path degree 𝑃𝑣𝑖

, 
regiondegree 𝑅𝑣𝑖

 and the degree of a vertex deg(vi), the degree of a corresponding 
vertex vi in 𝑇𝑝𝑣(𝑇)is𝐵𝑣𝑖

+ 𝑃𝑣𝑖
+ 𝑅𝑣𝑖

+deg(vi). 
  

Remark 6. If 𝑃𝑣𝑖
 be the path degree of a vertex vi, then the number of edges corresponds 

to 𝑃𝑣𝑖
in 𝑇𝑝𝑣(𝑇)) is

𝑃𝑣𝑖(𝑃𝑣𝑖
−1)

2
. 

 

Remark 7. For any graph G, 𝑇𝑝𝑣(𝑇) =  𝑃𝑣𝑏(𝐺) ∪ 𝑃(𝐺). 
We now establish a result which determines the number of vertices and edges in total 
pathos vertex semientire block graph. 
 

Theorem 21. For any (𝑝, 𝑞) graph 𝑇 with b-blocks and r-regions, the total pathos vertex 
semientire block graph 𝑇𝑝𝑣(𝑇)has 2𝑝 + 𝑘 vertices and 4𝑝 − 3 + Σ𝑣(𝑝𝑖)  +

 
1

2
Σ𝑝𝑣𝑖

(𝑝𝑣𝑖
− 1)edges where 𝑣(𝑝𝑖) be the number of vertices lies on a path 𝑝𝑖 and 𝑝𝑣𝑖

 
be the pathdegree of the vertex𝑣𝑖. 
 

Proof. By the Remark 3, the total pathos vertex semientire block graph 𝑇𝑝𝑣(𝑇)is a 
spanning subgraph of pathos vertex semientire block graph. Thus the number of vertices 
in𝑇𝑝𝑣(𝑇) equals the number of vertices of 𝑃𝑣𝑏(𝑇). By the Theorem 4, 𝑇𝑝𝑣(𝑇)has 2𝑝 +

𝑘 vertices. Further by the Theorem 4, the number of edges in𝑃𝑣𝑏(𝑇) has4𝑝 − 3 +
Σ𝑣(𝑃𝑖).Also the number of edges in 𝑇𝑝𝑣(𝑇) is the sum of the edges in 𝑃𝑣𝑏(𝑇) and the 
edges obtained from paths which is equivalent to the pathdegree. By the Remark 5, it 
follows that the number of edges in 𝑇𝑝𝑣(𝑇) 𝑖𝑠 4𝑝 − 3 + Σ𝑉(𝑝𝑖)  +  

1

2
Σ∆𝑝𝑖(∆𝑝𝑖 − 1). 

 

Theorem 22. For any tree T, total pathos vertex semientire block graph 𝑇𝑝𝑣(𝑇) is 
always nonseparable. 
 

Proof. Let T be any tree. We know that in a tree T, all the internal vertices are the cut 
vertices 𝑐𝑖 and these cut vertices lies on the region as well as on at least two blocks. By 
the definition of𝑇𝑝𝑣(𝑇), 𝑐𝑖 become non-cut vertex. Also the Pathos vertex 𝑃𝑖 is adjacent 
to all the vertices of 𝑣𝑖 which becomes non-cut vertex. Hence 𝑇𝑝𝑣(𝑇)is always 
nonseparable. 
We characterize the graph whose pathos vertex semientire block graph and total pathos 
vertex semientire block graphs are isomorphic. 
 

Theorem 23. Let Tbe a nontrivial connected tree. The graphs 𝑃𝑣𝑏(𝑇) 𝑎𝑛𝑑 𝑇𝑝𝑣(T) are 
isomorphic if and only if G is a path Pn. 
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Proof. Let Tbe path Pn. The graphs 𝑃𝑣𝑏(𝑇) 𝑎𝑛𝑑 𝑇𝑝𝑣(T) have the same number of 
vertices. Since T is a path, the path graph P(T) has no edges, it implies by definitions, 
that 𝑃𝑣𝑏(𝑇) 𝑎𝑛𝑑 𝑇𝑝𝑣(T) are isomorphic. 
Conversely suppose T is a nontrivial connected tree and 𝑃𝑣𝑏(𝑇) 𝑎𝑛𝑑 𝑇𝑝𝑣(T). We now 
prove that T is a path. On contrary, assume that T is not a path and it contains a star 
K1,n. It has at least two path of pathos. By Remark7, it is clear that the number of edges 
in 𝑇𝑝𝑣(T) is the sum of the number of edges in 𝑃𝑣𝑏(𝑇) and the number of edges in a 
path graph P(T). Since G has at least two path of pathos, it implies that P(T) has at least 
one edge. Thus the number of edges in 𝑃𝑣𝑏(𝑇)) is less than the number edges in 𝑇𝑝𝑣(T). 
Hence 𝑃𝑣𝑏(𝑇) 𝑎𝑛𝑑 𝑇𝑝𝑣(T) are not isomorphic, which is a contradiction. Thus G has no 
two or more path of pathos and hence T is a path. 
 

Theorem 24. If T is a tree without isolated vertices, then 𝑇𝑝𝑣(T) is not a bipartite graph. 
 

Proof. Let T is a tree without isolated vertices. Then T has a block b, Let u and v is the 
vertices lies on the block b. Since the blockvertex b is incident with the vertices u and 
v, it follows that the corresponding vertices b, u, v form a cycle C3 in 𝑇𝑝𝑣(T), By 
Theorem 9, Te(G) is not a bipartite graph. 
 

Theorem 25. For any tree T, the total pathos vertex semientire block graph𝑇𝑝𝑣(𝑇) 
always nonplanar. 
 

Proof. Suppose a graph 𝑇 be a tree. For each edge of a tree, there is 𝐾4 − 𝑒 in 
𝑒𝑣𝑏(𝑇).In 𝑃𝑣𝑏(𝑇) the pathos vertices are adjacent to the vertex𝑣1,𝑣2,  ⋯ 𝑣𝑘  these lies 
on 𝑝𝑖. 
Further in 𝑇𝑝𝑣(𝑇), at least two pathos have a common vertex 𝑣𝑗  these two vertices are 
adjacent to the pathos vertices 𝑝𝑖  and𝑝𝑗 . Further in 𝑇𝑝𝑣(𝑇), 𝑝𝑖  and 𝑝𝑗 have an edge with 
crossover the edges already drawn. Hence 𝑇𝑝𝑣(𝑇) is nonplanar. 
 

Theorem 26. For any tree T, 𝑇𝑝𝑣(𝑇) is always noneulerian. 
 

Proof. Consider a tree T. We have the following cases. 
 

Case 1. Let T be a star 𝐾1,𝑛 if n is even, and then the degree of the region vertex in 
𝑇𝑝𝑣(𝑇) is odd. Hence 𝑇𝑝𝑣(𝑇) is noneulerian. 
 



1128 Rajanna N. E. and Venkanagouda M. Goudar 

Case 2. Let n be an odd, since in𝐾1,𝑛, there are 𝑛+1

2
 path of pathos, then there is exactly 

one pendent pathos with two vertices and each non pendent pathos contains three 
vertices. 
 

Sub Case 2.1. Suppose the path of pathos𝑛+1

2
is odd. In T, the pendent pathos 𝑝𝑖 is 

adjacent to two vertices and 𝑝𝑖 is adjacent to both pathose vertex 𝑝𝑖and 𝑝𝑗. So degree 
of 𝑝𝑖 is even. Further the nonpendent pathos vertex 𝑝𝑗 is adjacent to three vertices 
(𝑢𝑗1

, 𝑢𝑗2
, 𝑢𝑗3

) and also 𝑝𝑗 is adjacent to 𝑝𝑖and 𝑝𝑘, clearely degree of 𝑝𝑗 becomes odd 
and𝑇𝑝𝑣(𝑇) is noneulerian. 
 

Sub Case 2.2. Suppose the number of pathos 𝑛+1

2
 is even. Clearly it contains only one 

pendent pathos 𝑝𝑖 = {vi1,
vi2

} and odd number of nonpendent pathos {𝑝𝑗 , 𝑝𝑘 ⋯ }.By the 
definition of 𝑇𝑣𝑏(𝑇), 𝑝𝑖 is adjacent to vi1 ,vi2

 and all nonpendent pathos to form a graph 
with degree of 𝑃𝑖 is odd. Hence 𝑇𝑝𝑣(𝑇)is noneulerian. 
 

Case 3. Suppose G be a tree which is non-star. If T contains odd number of vertices, 
then in 𝑇𝑝𝑣(𝑇),the degree of region vertex becomes odd. So 𝑇𝑝𝑣(𝑇)is noneulerian. 
Consider Tbe tree with even number of vertices, we have the following cases 
 

Case 3.1. If any one path of pathos 𝑝𝑖 contains even degree and its path degree is even. 
Then in𝑇𝑣𝑏(𝑇) the degree of the corresponding pathos vertex is odd. Hence 𝑇𝑝𝑣(𝑇)is 
noneulerian. 
 

Case 3.2. If path of pathos 𝑝𝑖 contains odd degree and its path degree is even. By 
definition, the corresponding pathos vertex 𝑝𝑖 in 𝑇𝑝𝑣(𝑇)is even, but in G at least one 
path of pathos is a other then 𝑝𝑗 other than𝑝𝑖 is even. In𝑇𝑝𝑣(𝑇), degree of 𝑝𝑗 is odd, a 
noneulerian. Hence 𝑇𝑝𝑣(𝑇)is always noneulerian. 
In the next theorem we characterize the graph whose 𝑇𝑝𝑣(𝑇) is Hamiltonian. 
 

Theorem 27. For any tree T, 𝑇𝑝𝑣(𝑇) is always nonhamiltonian. 
 

Proof. Since for each edge, there corresponds to a graph g1 shown in figure 2.4. Clearly 
g1 is nonhamiltonian. Hence𝑇𝑝𝑣(𝑇) is nonhamiltonian. 
 

Theorem 28. For any tree T,𝑇𝑝𝑣(𝑇) has crossing number one if and only if T is K1,3or 
K1,3(Pn). 
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Proof. Suppose that 𝑇𝑝𝑣(𝑇)has crossing number one.Then it is nonplanar. By Theorem 
25, T be a tree. We now consider the following cases. 
 

Case 1. Assume that T is a star K1,4. Clearly K1,4 contains two path of pathos and the 
corresponding vertices pi and pj lies in the interior region of 𝑃𝑣𝑏(𝑇). In 𝑇𝑝𝑣(𝑇), these 
two vertices pi and pj have joined by an edge and gives crossing number is two, which 
is a contradiction. 
 

Case 2. Assume that T be a graph =𝐾1,3(𝑃𝑛, 𝑃𝑛). By Theorem6, 𝑃𝑣𝑏(𝑇) is planar. 
Clearly a tree  contains two path of pathos and the corresponding vertices lies in the 
interior region of 𝑃𝑣𝑏(𝑇). In 𝑇𝑝𝑣(𝑇), these two verticespi and pj have joined by an edge 
gives crossing number is two, which is a contradiction. 
Conversely suppose T is K1,3(Pn). By the Theorem 25, K1,3(Pn) is planar. Clearly 
K1,3(Pn) contains two path of pathos which corresponds two vertices pi and pjin which 
one vertex pi lies in the interior region and the other lies in exterior region. In 
𝑇𝑝𝑣(𝑇),these two vertices are joined by an edge and gives crossing number one. Hence 
𝑇𝑝𝑣(𝑇) has crossing number one. 
 

 

Conclusion 

In this paper, we introduced the concept of the total vertex semientire block graph and 
the total pathos vertex semientire block graph of a graph. We characterized the graphs 
whose total vertex semientire block graph and the total pathos vertex semientire block 
graphs are planar, Eulerian and Hamiltonian and crossing number one and two. 
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