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ABSTRACT

This paper deals with a deterministic production inventory model for buyer-
manufacturer with quantity discount for fixed life time product. Shortages are
allowed in each cycle and backlogged them completely. The models with and
without coordination are studied. The objective of the study is to find
optimum multiples of order (m*,n*) so that the optimal savings percentage is
maximized. In addition, the centralized decision-making model is determining
the effectiveness of the proposed coordination quantity discount model. The
model reveals that the benefit for the manufacturer is more than the benefit of
the buyer with coordination strategy. It is proved that the quantity discount is
the best strategy to achieve system optimization and win-win outcome.
Finally, a numerical example is discussed to test the model which is illustrated
graphically also.

KEY WORDS Production, Inventory, Quantity discount, completely
backlogged shortages, Coordination, Fixed life time products
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1. INTRODUCTION

The inventory strategies and cost benefits do vary with different business situations.
The decision on inventory is very complicated in case of products with limited shelf
life such as food products, medicines etc., A business scenario of a buyer purchasing
fixed life time products from manufacturer is the focus of the research. Strategic
decision making is vital to the business organizations as it involves huge cost and
time. The decisions also affect the image of the organization. The optimum inventory
strategy is a type of production strategy that is helpful for the manufacturers and
buyer to improve their benefit position and used to derive an inventory plan. The
competitive position of both the manufacturer and buyer improves the model
suggested in the paper is followed.

Liu and Shi [15] classified perishability and deteriorating inventory models into two
major categories namely decay models and finite life time models. The first model
deals with the inventory that deteriorates and reduces in quantity continuously in
proportion with time. The second model assumes a limited life time for each item. It
is further classified into two subcategories namely fixed finite lifetime model and
random finite lifetime model. Fixed life time items model deals with the perishable
items while random life time model deals with probability distribution such as
exponential and Erlang distribution. Fries [5] developed optimal order policies for a
perishable commodity with fixed life time. Nandakumar and Morton [18] analyzed
near myopic heuristic for the fixed life perishability problem. Liu and Lian [14]
considered (s,S) inventory model with fixed life time. Lian and Liu [13] developed
single stage inventory models for fixed life time perishable problem. An optimal and
issuing policy for a two-stage inventory system for perishable products was
performed by Fujiwara et al. [6]. Kanchana and Anulark [11] developed an
approximate periodic model for fixed-life perishable product in a two-echelon
inventory distribution system.

Manufacturer and buyer can cooperate by adopting new purchasing schemes when
manufacturer is offering discount to the buyer. So in a coordination strategy quantity
discount mechanisms are necessary to maximize the profit of the manufacturer. Goyal
and Gupta [7] studied integrated inventory model for buyer-vendor coordination.
Single supplier multiple cooperative retailers inventory model with quantity discount
and permissible delay in payments was performed Saoussen Krichen et al. [20].
Mahdi Tajbakhsh et al. [17] developed an inventory model with random discount
offering. Hung-Chi Chang [10] reviewed a comprehensive note on an economic order
quantity with imperfect quality and quantity discounts.

Taft [22] was the first proposer who gave economic production quantity inventory
model for a single product-single stage manufacturing system. The multi products-
single manufacturing system was researched and derived by FEilon [4] and Rogers
[19]. Bomberger [3], Madigan [16], Stankard and Gupta [21], Hodgson [9] and Baker
[1] are the pioneers who handle the problems deal with multi products on a single a
machine. In recent years, many researchers have investigated on economic production
quantity inventory models. Kaj-Mikael Bjork [12] analyzed a multi item fuzzy
economic production quantity problem with a finite production rate. Biswajit Sarkar
and Ilkyeong Moon [2] had researched an EPQ model with inflation in an imperfect
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production system. Gede Agus widyadana and Hui Ming Wee [8] developed optimal
deteriorating items production inventory models with random machine breakdown
and stochastic repair time.

The proposed model deals with a deterministic production inventory model for buyer
and manufacturer with the quantity discount and completely backlogged shortages for
fixed life time products. If we ignore production and shortage then we get the model
by Yongrui et al. [23] which is considered a particular case in our model. In the
coordination strategy, the buyers cost is stagnant while manufacturer’s cost is able to
reduce. If buyer is benefited not only with quantity discount but also some percentage
of shares from manufacturer’s total cost. In order to help the buyer decision maker
can involve in centralized model to share the profit between the manufacturer and the
buyer.

The detailed description of this paper is as follows. In section 2, notations,
assumptions, decentralized models with and without coordination and centralized
models are given. Analytically easily understandable solutions are obtained in these
models. It is proved that the quantity discount is the best strategy to achieve system
optimization and win-win outcome. In section 3 a numerical example is given in
detail to illustrate the models. Finally conclusion and summary are presented.

2. MODEL FORMULATION

In this section, decentralized models with coordination and without coordination are
analyzed. In the coordination model quantity discount is offered by the manufacturer
and a centralized decision-making scenario is also formulated. The following
assumptions and notations are used throughout this paper to develop the proposed
model.

2.1 Notations

D -Annual demand of the buyer
L -Life time of product
P -Production rate for manufacturer (P > D)

ki, ko -Manufacturer and buyer’s setup costs per order, respectively

hj, h, -Manufacturer and buyer’s holding costs, respectively

p1,p2 -Delivered unit price paid by the manufacturer and the buyer respectively
S1, 82 -Manufacturer and the buyer’s shortage costs, respectively

Q1 -Amount remains in the inventory after satisfying the shortage demand

Q, -Amount which is immediately taken to satisfy unfilled demand (Shortage
period)

Qo -Buyer’s EOQ such that @, = Q; + Q,

a -Manufacturer and buyer’ negotiation percentage

m -Manufacturer order multiple in the absence of any coordination

n -Manufacturer order multiple under coordination

K -Buyer’s order multiple under coordination. KQ, buyer’s new order quantity

d(K) -Denotes the per unit dollar discount to the buyer if he orders KQ, every time
tq -The time during which items are drawn from the inventory as needed
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t, -The time during which demands are being accumulated but not filled (i.e.,
Shortage period)
t -The total time period such thatt = t; + t,

2.2 Assumptions

(1) Demand is constant

(2) Shortages are allowed and completely backlogged for both the manufacturer
and buyer

3) Manufacturer produces the product continuously until the buyer shortage
completes, s, = 5

4) Production rate is greater than demand, P > D

(5) All items ordered by the manufacturer arrive fresh and new. i.e., their age
equals zero.

(6) The buyer’s holding cost is higher than (%) times of manufacturer holding

o P ..
cost and the buyer’s shortage cost is higher than (n) times of manufacturer

shortage cost. i.e., h, > (%) h;ands, > (%) S;
2.3 Model formulation for the system without coordination

In the model without coordination, the buyer’s annual average inventory holding cost

. h, Q% . 2 .
is ZZTQl and the annual shortage cost is SZZQQZ."[herefore the buyer’s total annual cost is
0 0

defined as
Dk h,Q? s,0Q3

2 M2 Q1 4 22 Q3
mQy 2Q, 2Q,
Dk, h, Q2 s2 (Qo—01)?

— + + Sil’]CG (} - (} _U
QO

Differentiate partially with respect to Q; and Q, we get Q; = hSZT
2 2
Qo = 2Dk, |22
292
Hence, the buyer’s optimum annual cost TC; =,/2Dk;h, /hsﬁ and order
2 2

. h . .
quantity Qo = /2Dk, hZ;SSZ The manufacturer order size is mQ,, since he faced
292

. . ,2k ,h
with a constant demand at fixed intervals t, = QO/ D= D—hz %
2 2

(m-1)Q;+(m-2)Q1+ ...+ Q1+ 0Qy

TC, =

and

In this case, the manufacturer’s average inventory is

- . . . -1)h;Q?/ P
= M, the annual average inventory holding cost is %(ﬁ) and the
5 _
(m-1)s; Q3 ( P )
2Qo P-D/°
Therefore the total annual cost for the manufacturer is defined as

annual shortage cost is
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TC (m)_Dk1 _l_(m_l)th%( P )+(m_1)51Q%( P )
VT mQ, 2Q, P-D 2Q, P-D

_ Dy . (555)m=-1)(s5Qo / (ho+s5)) 2hy . (555)m=1)s4 (h3Qo / (hy+s))
m,/2Dk; /hh%s; 2Qo 2Q,
: Q

(since Q; = h2+so and Q; = Qo — Q1)

_ ki Dh,s, +(m—1)( P )hls§+slh§ Dk, (h, +5;)
m 2k2 (hz + Sz) P - D (hz + SZ )2 2h252

Now the manufacturer’s problem without coordination can be formulated as follows
min TC,(m)
mty < L,
t{ m =1, (1)
here mt, < L indicates that items are not overdue before they are sold up by the
buyer.

Theorem 1
Let m*be the optimum of (1), m*>1. If L[?>

D
m* _ mln k1 (I—F)(SZ h%-i—hz SZ) 1
k2 (h1 S%'{'Sl h%) 4

2k2 (hz +5S;, )
Dh2$2

then

1‘ |\J 2\

- where [x]| is the least
2 2kp h2+52“

Dh

integer greater than or equal to x.

Proof
. . . d?Tcv(m) 2k; | 2Dhys, .
=21 | =727 -
TC,(m) is strictly convex in m because e o P 0. Let m; be

the optimum of min TC,(m), then m; = max {mg,1}
where m3; = min {m| TC,(m) < TC,(m+ 1)}

D
Ky (1 - ﬁ) h,s; (hy +52)
kz(hy s3+s; h3)

=min{m|m(m+1) >

| D
_| [k (2-p)@hirhosh) 1
B | Kz (hys3+s; h3) 4

Now m; = max {ms,1}

D
B “ ki (1= 75)(s2h3+h,s3)
U ky (hy s3+s; h3)
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=>1(sincem=1)

D
_ \/kl (1—3)(52 h%'{'hz S%) 1

2 2 +-—
ky (hys3+s1h3)

4
2Kk, [hp+s, . 2k, [hg+

Now putty, = ’—2 ’ﬁlnto mty < L we get, m ’ﬁ /ZS—SZS L.
S2 2 2

. 2k, (hy+s
Take mj = ———=> 1, since L > Zkp (hptsy)

2k2 h2+52 ’ - Dhys,
Dhy

Here TC,(m) is a convex function. If mj < mjthen m* = mj else m* = mj.

. 2k, (hy+s
Hence if L > M, then
DhZSZ

D
. i kq (I—F)(SZ h% +h, S%) 1
m = min + -

1 L
2 2 Y E (2)
k; (hy s5+s4 h3) 4 2 2kz |[ha+sp
Dhy S2

Remark 1: Without coordination strategy the manufacturer’s optimized total cost is

N | =

D m*,/2Dk, %
TC,(m*), and place ———————=orders each year with an interval
m*/2Dk; |2¥52 D
2 hys»
. . * h2+52
Manufacturer order size is m*,/ 2Dk, —
292

2.4 Model formulation for system with coordination

The model formulation is similar to Yongrui et al. [23] which is considered as a
particular case in our model. If we ignore production and shortage in proposed model
then we get the model by Yongrui et al. [23]. Based on quantity discount coordination
strategy, the manufacturer asks the buyer to change his lot size by KQ,, (K > 0). If
the buyer’s new order is KQ, then the manufacturer offers quantity discount at a
discount factor d(K), then manufacturer order quantity is nKQ,, where n > 0.

(n-1)(555)hy KQZ n-1)(555)s1 KQ3

(
, the shortage

0 0

inventory holding cost and the buyer’s

(n-1) (5= )hy KQZ
quantity discount Dd(K)p,.Thus TC,(n) = Dka (=p)h K4 +

( P ) ) nKQo 2Qo
(n-1)(5=p)s1KQ

T+ PzDd(K) 3)
The Manufacturer problem with coordination can be developed as follows

min TC,(n)
nKt, < L,

subject to % + K:éQl KSZQZ — /2Dk; h, ’h < p,Dd(K), 4)
0 0

n=>1,
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The first constraint of equation (4) indicates that, items are not overdue before they
are sold and the second constraint indicates that, the total cost will be reduced to the
coordination scheme.

Theorem 2
Let m* be the optimum of (1), and n* be the optimum of (4), then we have
TC,(n*) < TC,(m") (5)

Proof

The quantity discount factor p,Dd(K) is just the compensation to the buyer by the
manufacturer which is a part of the manufacturer costs. p,Dd(K) takes smallest value
only the second constraint of (4) is an equation. If the total cost of manufacturer under
coordination is minimized, the above inequality must be an equation.

Dkz Khz Q1 KSZQZ
L —= + + 2Dk,h = p,Dd(K
e’KQo 2Qo — 2Nz i = p,Dd(K)
Dk, , KhzQ? KsZQZ_
KQo * 200 2Qo 2Qo v ZDkZhZ\I h2+52

p2D

,/ZDkZhZ/ 2_ _ [2Dk,h, /5—2
IfK =1,thend(1) = hz“; . hatsz _
2

Thus, it K =1, then (4) and (1) are same. i.e., (1) is special case of (4). Hence
TC,(n") < TC,(m")

d(K) = (6)

Remark 2: The above theorem concludes that the optimum total cost under
coordination is less in comparison with absence of coordination, so the manufacturer
will gain, if the buyer orders KQ, every time.

Now replace the value of d(K) in TC,(n)

P P
n—1)(s—=)h, KQ? n—1)(s5—=)s, KQ? Kh, 02 Ks,02
TCV(n)Z Dk, + ( )(P—D) 1 Q1+ ( )(P_ D) 1 Qz_'_Dk2 + , QF + s,Q3 — J2Dk,h, S,
nKQ, 2Q, 2Q, KQ, 2Q, 2Q, h, +s,

_ D (k K (n_l)(%)S%Qo}H s3Qoh, (n— 1)( )hz QoS1 h2Q,s, S,
KQO( * k2)+5< (ot (nytsy)? *3 2 (h, +s2)2 F sy ) TV 2Dkah, h, +s, 0
Cv(n) =0

Let K* be the minimum of TC,(n). For optimality —=——

h, +s, 2D(XL4k,) ®
Qo (%)(n_l)(s%'%h%) + hysy(hy+s;)

P
(n-1)(555 ) (hy s3+51 h3) + hys,(hy+s3)
2(h2 +52)2

2(h— (- 2(s. (-
Take g(n) — _kZ n2+ <(%) (%))M — k1>n +% <Sz(hz (p—D)h1)+hz(Sz (P—D)Sl)> > 0 (9)

(hy+s,)? (h;+s,)?

Therefore K*(n) =

Now nKt, < L we have, (k?l+ kz) n? < L’D

Substitute K*(n) in equation (7) we get

Dy te) 2Dh,k
- [ [ ) e+ ] [ o

Hence equation (4) is equivalent to




3590 M. Ravithammal et al

kg
3 ZD(T-'- kz ) P _ 2 2 _ 2Dh2k2$2
min TC, (n) J—(hzﬂz)z [(55) (= Dt s 1) + hasy o+ )] = et
g(n) = 0,

subject to{ > 1 (11)
. p(Elt ky) P
Now (11) becomes, minTC,(n) = (h’21+52) [ (P_D) (n—1)(h, s2+s, h3) +
hysa(hy + 52)]
subject to {g(:ll)>21 0. (12)

Since V/x is a strictly increasing function for x > 0.
—_—~ P ) |
Here g(n) is strictly concave and TC,(n) is convex because TC, (n) =

2Dk |53 (h, —(%)h1)+h% (s2 —(PP%D)SO ]
n3

F5) w522 (5)

Proposition 1
Let n} be the minimum of TC,(n) for n > 1, then n} is equal to

{([ J(l-%)kl [0 ~(pp)m 3 -(pp)0] | 1 1| (Rl tre-Gpmie G | _

>0 and g"(n) = -2k, <0 when h,>

k2 (hq % +s1 h3) 4 2|’ k3 (hq % +s1 h3)

(13)
k 1, otherwise
Proof

TC,(n;) < min {TC,(n; — 1),TC,(n; + 1)} holds for n>1, since nj is the
minimum of TC, (n).

~Dikey [(ha 3+55 13) —(5p )y s3+51 1) | .

ny(m;-1)

Now TC,(n}) —TC,(ni —1) <0, we have

(555) Dkz (hy s3+s,h3) <0
. «  1\2 (1—%)"1 5%(hz—(ﬁ)hﬂ*'h%(sz—(;j)sﬂ] 1
Le., (n1 B 5) = Ky (hy s2+s; h2) *a (14)

Similarly, TC,(n}) — TC,(n; + 1) <0, we have
« . 1\2 (1—%)"1 [5§(h2—(ﬁ)hﬂ*'h%(sz—(;j)%)] 1
(n1 * 5) = Ky (hy s2+s; h2) *+3 (15)
(1—%)"1 s3 (hz—(ﬁ)hﬂ*'h% (s2 —(PP%D)&)]
ky (hy s3+s1 h3)
given n, hence nj = 1.
” (1—%)"1 [s% (hz—(PP%D)hD*'h% (&‘(%)51) ]
ky (hy s5+s1 h3)

If

+ i< 0 then TC,(n}) < TCy(n} +1) for

+ 22 0,by (14) & 15)
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*

(-p)ks st~ (g hotin = (pp)o] 11,

ky (hy s2+s1 h3)

(=B [0 (g it (pE )] 1,

- ky (hys2+s; h3) 4 2

AR

N | =

_[ |68 e oo,
Hence,ny = \/ ky (hy s3+s1 h3) ’

(1—%)"1 s5(hy —(%)’H)*'h% (s2 —(%)51) ]
ky (hy s5+s1 h3)

If0 < < 2,n; =1, Hence (13) holds.

Proposition 2
Let N3(;y and N,y be solution of (9) then the following are true.

D If (D_LZ ( P )(h1 s3+sihd) k1)2 + 2012k, s%(hz—(%)hl)m%(sz—(%)sl)l <0.or

2 P-D (hz +$2)2 (hZ +SZ)2
P 2 P
DI? ( P \(hyis3+s1h3) 2 " 53 (hy (55 1) +hE (s2~(505)51)
( 2 (P—D) (hy+55)? kl) + 2DL k2 (hy+5,)? >0 and

N3y < 1,then g(n) <Oforn = 1.
P 2 P
DI2 [ P \(hisi+sihd) . \° 2y, [3ha=(525)n+h3s2~(55)s)
2) 1t (5 (5) i — ki) +2DL%k, T >0
and nyqy =1, then i) If ny, =1, g(n) =0 for [nz(z)] <n < [Nyl

11) If n;(z) < land n;(l) = 1, g(n) >0forl<n< [n;(l)]

Proof
If g(n) = 0, we have

DL2 ¢ P \(hys5+sih3) DLZ [ P \(sh+sihd) ) 2 [Bth2=(pop)h0+h3(s2-(pp)s1)
( ) ki )+ ( ) ki | +2DI%k,

" 2 \P=DJ/ (hz+s2) 2 \P=DJ (h2+s7) (ha+s2)?
N2(1)= 2k
Z P P
D_Lz( P )(hl s3+s1 h3) k) - D_LZ( P )(hl s5+s1h3) ki ) 42012k 5%(hz—(ﬁ)hﬂ*'h%(sz—(ﬁ)sﬂ
" 2 \P=DJ (hz+s3)? 1 2 \P=D/" (ha+s2)? 1 2 (ha+s2)?
N2(2) - 2k

Here g(n) is a quadratic function, hence

P 2 P
DIZ (P \(usitsihd) . \° N e o)V A G (o Y
1) If( - (P_D) s kl) + 2DI2k, " <0,

then g(n) <0 forn > 1.
2 2 2 2 2(h, — P h)+h2 (P )
) (5 (55) P — k) +2DL%k, s3(ra—(pop) ) i (pop)s lzo

2 \P-D/ (hy+s;)? (hp+s2)?
then N34y and Ny are real solutions of g(n) =0 forn > 1,
i) Ifny;y < 1,then g(n) <O forn = 1;
i)  Ifnj,) = 1then g(n) = 0 for [nj] < n < [Nh)]
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iii)  If Ny <1andny,y =1, then view of n is positive integer, g(n) > 0 for
1<n< [n;(l)]

Theorem 3

Ifhy 2 (5)hy, s, 2 (555) siand N3y = 1 then 1) If 1< nj < [n3], n* = nf
2) If nf > [Ny, n" = [n5p]:

Proof

Here TC,(n) = 0, hence it is a convex function. Since n} is the minimum of TC,(n)
forn > 1,if 1 < nj < [nyy] thenn® = ni. If nf > [Ny], then n® < [nyy]. In

this interval, TC,(n) is decreased. Hence 2) holds.

Remark 3: Here TC,(n) is strictly concave if the buyer unit holding cost and
. P . . .
shortage cost is lesser than (n) times of the manufacturer’s. We will not give

further discussion about this because this case is not common in practice.

Theorem 4
K*(n*) > 1,ifh, > (ﬁ) hyand's, > (%) s
Proof

h 2D (k—1+ k )
K (n) = 12252 n_~ ™

P
@ (m) (n — 1)(hy s3+s1h3) + hysa(hy + 52)

k
(52 h5+hy s3) (71 + k, )

P
o [(op) (1= D 53451 18) + (52 h+hy s9)

(1—%)"1 5%(hz—(ﬁ)hﬂ*'h%(sz—(%)&)]
Ky (hy s5+s1 h3)

D If > 2, then

k2 (h1 S%'{'Sl h%) 4 2|

N j(lmkl st~ (L] |1

Since x > 0, [ fx + i— %l < +x + 1holds, then K*(n) is a decreasing function of n.

To prove K* \/(1?),(1 N G +1|>1

ko (hq 55 +s1 h3)
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kq

(1-p)ka [Bra-(pEp)rn3ea~(5)0 ||
Ky (hy s3+s1 h2) N

(52 h%'{'hz S%)( +k2)

Le.,

P-D kg (hq s3+s1 h3)

D P P
(s h% +hy S%) <k1 + ky <\}(1_F)kl [S%(hz—(ﬁ)hl)‘*h%(sz—(ﬁ)q) ] 71>>

kz(h15%+51h%)

= >1 (16)
(1-D)icx[s3y— (55 ) h) + B (57 (32g)5D) | Py |(=p)ka[shera- (555 kn+h3es2-(5Ep)s0 | . .,

kzj A +1|| (5) PRI TS (hy s3+sy h3) + (sy W3 +hy s3)

_D 20 _(—P_ 2 (P
K, [( P )<\/(1 P)k1 [Sz(hz (P_D)h1)+h2(sz (P_D)s1)] (s s§+sl h%)+(52 h§+hzs§)]

_~

P-D

D P P
= (5, Rty sk, + | ey (5, ) Jl(l “p)h it _k(ZP(I; ?) fs);";(s ~(=p)*] )

D 5 _ P 2(c _ L _9 N _ P 2 _ P
> ke (5, hi+h, 52) (%)(1_$)k1 0. k(f(;;?g)f;);Z(% (G5 )0] P, j(l p)e [0 ,&P(;f;)f:;z“z =p) )

= (s2h3+hasP) > [s300 — (g ) h)+hCs2 — (55 ) 50 |

= s2h, +h3s; >0 (17)
(17) holds, when hy ,h;,s;,5, >0

1) If n* =nj = 1, then we have K*(1) = ’klk;kz Since k;,k, both are positive,
2

K*(1)>1.
I If n* = [n;(l)], when nj > [n;(l)]. K*(n) is a decreasing function so

From (1) to (I1), it h, > (Z25) hy, s, = (55) 1 then K*(n) > 1.

Remark 4: Theorem (4) ensures that the buyer’s order size is larger at coordination

. . P P
against the non-coordination, if h, > (E) h; ands, > (E) Sq.

2.5 Model formulation for system optimization

In this section, we analyzed the centralized system optimization model with a single
decision-maker.

In the coordination strategy, the buyers cost is stagnant while manufacturer’s cost is
able to reduce. If buyer is benefited not only with quantity discount but also some
percentage of shares from manufacturer’s total cost. If there is a common decision
maker for both the buyer and manufacturer, the profit sharing between manufacturer
and buyer is made possible. The decision maker balances the benefit of both
manufacturer and buyer. Otherwise manufacturer benefited more than the buyer. The
objective is to minimize the total cost of the system. The model formulation for
system optimization is similar to Yongrui et al. [23] which is considered as a
particular case in our model. Consider Q be the buyer’s order quantity, then the
manufacturer order nQ every time, where Q and n are decision variables. The system
optimization problem becomes
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P 2 P 2
. _ Dky (m) (n—1)h Q1 (m) (n—1)s1Q3 Dk, h,Q% 5,02
min TCs(n,Q) ; 0 + 20 + 20 + 0 + 20 + 30
subject to {nE =L (18)
n =1,

Theorem 5
The proposed quantity discount strategy can achieve system coordination.

Proof
Since TCg(n,Q)is convex in Q, Q* be the optimum of TCg(n,Q), by simple
calculation

P
[ 2@ lq@=0q" _( n Dkz) (Q*Z) * 2(hy+s2)? (hy sy+s hy) +
2 2\ —
2(hy+5;)? (hys3+s;h3) =0 (19)
Q) = (hy + 53) o) o0
(505) (n=1)(hy 53451 h3) + hy5y (i +5,)

Substitute Q*(n) into (18), we get

20( K1+ k)

. P
minTC,(m) = |~ | (o) (= Dl si+s 1) + hasa(hy +52)]
subject to
DLZ\ [ P (h, si+s, h2) Lz [s3h,~(E)h)+hais, - (5)s)
{_ Kz n2+<(7) (ﬁ) (hpts,? kl)“ 5 < (h, +5,)2 z 0, (21)
n=1,

Since V/x is a strictly increasing function for x > 0.
D(l%+ ky) [ ( P
(hz +$2) P-D

Now (21) becomes, minTCs(n) =

hys,y(hy + 52)]
subject to
DL\ [ P\ (h, si+s, h2) prz [s3,—(E)h)+hi (s, ~(E)sy)
{‘kz"“((ﬂ e T L e o ) ECTeYS

n=1,
Note that (22) is exactly the same as (12), so they have same optimum n*.

By (11) and (21), TCs(n*) = TC,(n*) + \/2Dk,h, / %2 (23)

hz +5S,

where ./2Dk,h, /h;z-sz is the buyer’s actual cost under coordination.

The Manufacturer optimal order quantity is equal in these two cases, ie.,
n'K*(n")Qo = n"Q*(n") (24)
By K*(n) and Q*(n), the buyer’s optimal order quantity under coordination is equal
to that under system optimization. i.e., K*(n*)Q, = Q*(n*) (25)

) (n = 1)(hy s3+s, h3) +
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From equation (23) to (25), we see that the quantity discount contract can achieve
system coordination.

3. NUMERICAL EXAMPLE

In this section, numerical examples are presented to illustrate the performance of the
quantity discount strategy proposed in previous sections. The sensitivity analysis of
cost savings on parameters has been given. The buyer’s saving in percentage SP, =
100a(TC,(m*) — TC,(n*))/TC.(m*). The manufacturer’s saving in percentage
SPy1 = 100(1 — a)(TC,(m*) — TC,(n*))/TC,(m*). The manufacturer’s saving in
percentage if he does not share the saving with the buyer SPy, = 100(TC,(m*) —
TC,(n*))/TCy(m*). The system saving in percentage is SPs = 100(TC,(m") —
TC,(n*))/(TCy(m*) + TC.(m")).

Example Given P = 20,000 per year, D = 10,000 units per year, p, = 308 per unit, o =
0.5, L = 0.25 year, k; = 300$ per order, k, = 1008 per order. The different values of

hy, s1, hy, s and computational results are as specified in Table 1.

Table 1: Brief summary of the results for above example

hl hz S11S2 K*(n) d(K) SPb SPMl SPMZ SPS

3 (101050 2.0000 | 0.0034 1.6667 1.6129 3.2258 1.6393
411010 (50| 2.0000 | 0.0034 5.8333 5.2239 10.4478 5.5118
511010 |50| 2.0000 | 0.0034 | 25.0000 16.6667 33.0000 20.0000
3 (1015|150 2.0000 | 0.0034 2.5000 2.3810 4.7619 2.4390
4110120 (50| 2.0000 | 0.0034 7.5000 6.5217 13.0435 6.9767
5110125150 2.0000 | 0.0034 | 25.0000 16.6667 33.3333 20.0000
511112550 2.0000 | 0.0035 | 25.0000 16.6667 33.3333 20.0000
511212550 2.0000 | 0.0037 | 25.0000 16.6667 33.3333 20.0000
5(113125|50| 2.0000 | 0.0038 | 25.0000 16.6667 33.3333 20.0000
5114|2550 | 2.0000 | 0.0039 6.9196 6.0784 12.1569 6.4718
5115125150 | 2.0000 | 0.0040 6.0897 5.4286 10.8571 5.7402
5115125155 2.0000 | 0.0040 5.4654 4.9268 9.8537 5.1821
5115125160 | 2.0000 | 0.0041 5.0000 4.5455 9.0909 4.7619
5115125165 | 2.0000 | 0.0041 4.6474 42522 8.5044 44410
5115125170 | 2.0000 | 0.0041 4.3768 4.0245 8.0489 4.1932
511512575 2.0000 | 0.0042 4.1667 3.8462 7.6923 4.0000
5(11|25|55| 2.0000 | 0.0036 | 25.0000 16.6667 33.3333 20.0000
5112125|60| 2.0000 | 0.0037 | 25.0000 16.6667 33.3333 20.0000
5113125|65| 2.0000 | 0.0039 6.7308 5.9322 11.8644 6.3063
5114|2570 | 2.0000 | 0.0040 5.3571 4.8387 9.6774 5.0847
511512575 2.0000 | 0.0042 4.1667 3.8462 7.6923 4.0000
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The computational result highlights, the proposed model was solved for different
values of holding cost and shortage cost for manufacturer and buyer with fixed
demand and production rate. For each choice of holding cost and shortage cost of the
manufacture, the saving percentage was found to increase. In contrast, each choice of
holding cost and shortage cost of the buyer, the saving percentage was found to
decrease. Hence, in quantity discount coordination mechanism, if the buyer’s holding
cost is high, the manufacturer and buyer cannot gain more whereas if the
manufacture’s holding cost is high, the benefit is significant.
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CONCLUSION

In this paper we have developed inventory model in which quantity discount
coordination strategy with shortages for manufacturer and buyer supply chain of fixed
life time product. The goal is to find optimal multiples of orders so as to maximize the
saving percentage. The model dealt in this paper along with the numerical example
brings into light certain specific findings, i.e., in quantity discount coordination
mechanism, if the buyer’s holding cost is high, the manufacturer and buyer can
benefitted less whereas if the manufacture’s holding cost is high, the gain is
significant. A decision maker can be used to decide on the optimum percentage to be
shared by the manufacturer with the buyer from his increased saving percentage. The
proposed model concludes that both manufacturer and buyer are benefitted only when
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coordination strategy is adopted. It proves that the quantity discount strategy attains
system optimization. The system saving percentage aids to arrive at the decision.

The managerial implications are 1) The manufacturer and buyer can decide optimum
inventory level. It helps in making out production and inventory schedules ii) Increase
in profits for both manufacturer and buyer is possible. The current model deals with
single product. Future research is possible with multiple product and multi-supplier
scenario.
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