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ABSTRACT 

 
This paper deals with a deterministic production inventory model for buyer-
manufacturer with quantity discount for fixed life time product. Shortages are 
allowed in each cycle and backlogged them completely. The models with and 
without coordination are studied. The objective of the study is to find 
optimum multiples of order (݉∗,݊∗) so that the optimal savings percentage is 
maximized. In addition, the centralized decision-making model is determining 
the effectiveness of the proposed coordination quantity discount model. The 
model reveals that the benefit for the manufacturer is more than the benefit of 
the buyer with coordination strategy. It is proved that the quantity discount is 
the best strategy to achieve system optimization and win-win outcome. 
Finally, a numerical example is discussed to test the model which is illustrated 
graphically also. 
 
KEY WORDS Production, Inventory, Quantity discount, completely 
backlogged shortages, Coordination, Fixed life time products 
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1. INTRODUCTION 
The inventory strategies and cost benefits do vary with different business situations. 
The decision on inventory is very complicated in case of products with limited shelf 
life such as food products, medicines etc., A business scenario of a buyer purchasing 
fixed life time products from manufacturer is the focus of the research. Strategic 
decision making is vital to the business organizations as it involves huge cost and 
time. The decisions also affect the image of the organization. The optimum inventory 
strategy is a type of production strategy that is helpful for the manufacturers and 
buyer to improve their benefit position and used to derive an inventory plan. The 
competitive position of both the manufacturer and buyer improves the model 
suggested in the paper is followed. 
Liu and Shi [15] classified perishability and deteriorating inventory models into two 
major categories namely decay models and finite life time models. The first model 
deals with the inventory that deteriorates and reduces in quantity continuously in 
proportion with time. The second model assumes a limited life time for each item. It 
is further classified into two subcategories namely fixed finite lifetime model and 
random finite lifetime model. Fixed life time items model deals with the perishable 
items while random life time model deals with probability distribution such as 
exponential and Erlang distribution. Fries [5] developed optimal order policies for a 
perishable commodity with fixed life time. Nandakumar and Morton [18] analyzed 
near myopic heuristic for the fixed life perishability problem. Liu and Lian [14] 
considered (s,S) inventory model with fixed life time. Lian and Liu [13] developed 
single stage inventory models for fixed life time perishable problem. An optimal and 
issuing policy for a two-stage inventory system for perishable products was 
performed by Fujiwara et al. [6]. Kanchana and Anulark [11] developed an 
approximate periodic model for fixed-life perishable product in a two-echelon 
inventory distribution system. 
Manufacturer and buyer can cooperate by adopting new purchasing schemes when 
manufacturer is offering discount to the buyer. So in a coordination strategy quantity 
discount mechanisms are necessary to maximize the profit of the manufacturer. Goyal 
and Gupta [7] studied integrated inventory model for buyer-vendor coordination. 
Single supplier multiple cooperative retailers inventory model with quantity discount 
and permissible delay in payments was performed Saoussen Krichen et al. [20]. 
Mahdi Tajbakhsh et al. [17] developed an inventory model with random discount 
offering. Hung-Chi Chang [10] reviewed a comprehensive note on an economic order 
quantity with imperfect quality and quantity discounts. 
Taft [22] was the first proposer who gave economic production quantity inventory 
model for a single product-single stage manufacturing system. The multi products-
single manufacturing system was researched and derived by Eilon [4] and Rogers 
[19]. Bomberger [3], Madigan [16], Stankard and Gupta [21], Hodgson [9] and Baker 
[1] are the pioneers who handle the problems deal with multi products on a single a 
machine. In recent years, many researchers have investigated on economic production 
quantity inventory models. Kaj-Mikael Bjork [12] analyzed a multi item fuzzy 
economic production quantity problem with a finite production rate. Biswajit Sarkar 
and Ilkyeong Moon [2] had researched an EPQ model with inflation in an imperfect 
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production system. Gede Agus widyadana and Hui Ming Wee [8] developed optimal 
deteriorating items production inventory models with random machine breakdown 
and stochastic repair time. 
The proposed model deals with a deterministic production inventory model for buyer 
and manufacturer with the quantity discount and completely backlogged shortages for 
fixed life time products. If we ignore production and shortage then we get the model 
by Yongrui et al. [23] which is considered a particular case in our model. In the 
coordination strategy, the buyers cost is stagnant while manufacturer’s cost is able to 
reduce. If buyer is benefited not only with quantity discount but also some percentage 
of shares from manufacturer’s total cost. In order to help the buyer decision maker 
can involve in centralized model to share the profit between the manufacturer and the 
buyer. 
The detailed description of this paper is as follows. In section 2, notations, 
assumptions, decentralized models with and without coordination and centralized 
models are given. Analytically easily understandable solutions are obtained in these 
models. It is proved that the quantity discount is the best strategy to achieve system 
optimization and win-win outcome. In section 3 a numerical example is given in 
detail to illustrate the models. Finally conclusion and summary are presented. 
 
 
2. MODEL FORMULATION 
In this section, decentralized models with coordination and without coordination are 
analyzed. In the coordination model quantity discount is offered by the manufacturer 
and a centralized decision-making scenario is also formulated. The following 
assumptions and notations are used throughout this paper to develop the proposed 
model. 
 
2.1 Notations 
D -Annual demand of the buyer 
L -Life time of product 
P -Production rate for manufacturer (P > D) 
k1, k2 -Manufacturer and buyer’s setup costs per order, respectively 
h1, h2 -Manufacturer and buyer’s holding costs, respectively 
p1, p2 -Delivered unit price paid by the manufacturer and the buyer respectively 
s1, s2 -Manufacturer and the buyer’s shortage costs, respectively 
ଵܳ -Amount remains in the inventory after satisfying the shortage demand 
ܳଶ -Amount which is immediately taken to satisfy unfilled demand (Shortage  

period) 
ܳ଴ -Buyer’s EOQ such that ܳ ଴ = ଵܳ + ܳଶ 
 Manufacturer and buyer’ negotiation percentage- ߙ
݉ -Manufacturer order multiple in the absence of any coordination 
݊ -Manufacturer order multiple under coordination 
 ଴ buyer’s new order quantityܳܭ .Buyer’s order multiple under coordination- ܭ
 ଴ every timeܳܭ Denotes the per unit dollar discount to the buyer if he orders- (ܭ)݀
 ଵ -The time during which items are drawn from the inventory as neededݐ
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 ,.ଶ -The time during which demands are being accumulated but not filled (i.eݐ
Shortage period) 

ݐ The total time period such that- ݐ = ଵݐ +  ଶݐ
 
2.2 Assumptions 
(1)  Demand is constant 
(2)  Shortages are allowed and completely backlogged for both the manufacturer 

and buyer 
(3)  Manufacturer produces the product continuously until the buyer shortage 

completes, ݏଶ ≥  ଵݏ
(4)  Production rate is greater than demand, ܲ >  ܦ
(5)  All items ordered by the manufacturer arrive fresh and new. i.e., their age 

equals zero. 
(6)  The buyer’s holding cost is higher than ቀ ௉

௉ି஽ቁ times of manufacturer holding 

cost and the buyer’s shortage cost is higher than ቀ ௉
௉ି஽ቁ times of manufacturer 

shortage cost. i.e., hଶ ≥ ቀ ௉
௉ି஽ቁhଵand sଶ ≥  ቀ ௉

௉ି஽ቁ sଵ 
 
2.3 Model formulation for the system without coordination 
In the model without coordination, the buyer’s annual average inventory holding cost 
is ୦మ ୕భమ

ଶ୕బ
 and the annual shortage cost is ୱమ ୕మమ

ଶ୕బ
.Therefore the buyer’s total annual cost is 

defined as 

TC୰  =  
Dkଶ 

mQ଴
 + 

hଶ Qଵ
ଶ

2Q଴
+ 

sଶ Qଶ
ଶ

2Q଴
 

        =  ୈ୩మ 
୫୕బ

 + ୦మ ୕భమ

ଶ୕బ
+  ୱమ (ொబିொభ)మ

ଶ୕బ
 (since ܳଶ = ܳ଴ − ଵܳ) 

Differentiate partially with respect to Qଵ and Q଴ we get Qଵ = ୱమ୕బ 
୦మାୱమ 

 and                 

Q଴ = ඥ2Dkଶට
୦మାୱమ
୦మୱమ

. 

Hence, the buyer’s optimum annual cost TC୰∗ = ඥ2Dkଶhଶට
ୱమ

୦మାୱమ
 and order 

quantity Q଴ = ඥ2Dkଶට
୦మାୱమ
୦మୱమ

. The manufacturer order size is ݉ܳ଴, since he faced 

with a constant demand at fixed intervals  ݐ଴ = ܳ଴
ൗܦ = ටଶ୩మ

ୈ୦మ
ට୦మାୱమ

ୱమ
. 

In this case, the manufacturer’s average inventory is (௠ିଵ)ொభା(௠ିଶ)ொభା ….ା ொభା ଴ொభ 
௠

 

= (௠ିଵ)ொభ
ଶ

, the annual average inventory holding cost is (୫ିଵ)୦భ ୕భమ

ଶ୕బ
ቀ ୔
୔ିୈቁ and the 

annual shortage cost is (୫ିଵ)ୱభ ୕మమ

ଶ୕బ
 ቀ ୔
୔ିୈቁ. 

Therefore the total annual cost for the manufacturer is defined as 
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TC୴(m)  =  
Dkଵ 

mQ଴
 +  

(m − 1)hଵ Qଵ
ଶ

2Q଴
൬

P
P − D

൰+  
(m − 1)sଵ Qଶ

ଶ

2Q଴
൬

P
P− D

൰ 

= ୈ୩భ 

୫ඥଶୈ୩మට
౞మశ౩మ
౞మ౩మ

 + 
ቀ ౌ
ౌషీቁ(୫ିଵ)(ୱమ୕బ  / (୦మାୱమ )) మ୦భ 

ଶ୕బ
 +  

ቀ ౌ
ౌషీቁ(୫ିଵ)ୱభ (୦మ୕బ  / (୦మାୱమ )) మ

ଶ୕బ
 

(since Qଵ = ୱమ୕బ 
୦మାୱమ 

 and ܳଶ = ܳ଴ − ଵܳ) 

=
kଵ
m
ඨ

Dhଶsଶ 

2kଶ (hଶ + sଶ )
 +  (m− 1) ൬

P
P − D

൰
hଵ sଶଶ + sଵ hଶଶ

(hଶ + sଶ )ଶ
 ඨ

Dkଶ (hଶ + sଶ )
2hଶsଶ 

 

Now the manufacturer’s problem without coordination can be formulated as follows 
 (݉)௩ܥܶ ݊݅݉
s.t ൜݉ݐ଴ ≤ ܮ,

݉ ≥ 1,   (1) 

here ݉ݐ଴ ≤ ܮ indicates that items are not overdue before they are sold up by the 
buyer. 
 
Theorem 1 
Let ݉∗ be the optimum of (1), ݉∗  ≥ 1. If ܮଶ ≥ ଶ௞మ (௛మା௦మ )

஽௛మ௦మ 
 then 

݉∗ = minቐቦඨ
୩భ ቀଵି

ీ
ౌቁ(ୱమ ୦మ

మା୦మ ୱమ
మ) 

୩మ (୦భ ୱమమାୱభ ୦మమ) 
+ ଵ

ସ
− ଵ

ଶ
ቧ , ቦ ୐

ටమౡమ
ీ౞మ

ට౞మశ౩మ౩మ

ቧቑ where ⌈ݔ⌉ is the least 

integer greater than or equal to ݔ. 
 
Proof 

௩(݉) is strictly convex in m because ௗܥܶ 
మ்஼௩(௠)
ௗ௠మ  = ଶ௞భ

௠య ට
ଶ஽௛మ௦మ 

௞మ (௛మା௦మ )
> 0. Let ݉ଵ

∗ be 

the optimum of  ݉݅݊ ܶܥ௩(݉), then ݉ଵ
∗ =  max {݉ଷ, 1} 

where ݉ଷ = min {m | TC୴(m)  ≤  TC୴(m + 1)} 

= min {m | m(m + 1)  ≥
kଵ ቀ1 − D

Pቁhଶsଶ (hଶ + sଶ ) 

kଶ(hଵ sଶଶ+sଵ hଶଶ) 
} 

=

⎢
⎢
⎢
⎢
⎡
ඩkଵ ቀ1 − D

Pቁ (sଶ hଶଶ+hଶ sଶଶ) 

kଶ (hଵ sଶଶ+sଵ hଶଶ) 
+

1
4
−

1
2
⎥
⎥
⎥
⎥
⎤
 

Now ݉ଵ
∗ =  max {݉ଷ, 1} 

=

⎩
⎪
⎨

⎪
⎧

⎢
⎢
⎢
⎢
⎡
ඩkଵ ቀ1− D

Pቁ (sଶ hଶଶ+hଶ sଶଶ) 

kଶ (hଵ sଶଶ+sଵ hଶଶ) 
+

1
4
−

1
2
⎥
⎥
⎥
⎥
⎤

, 1

⎭
⎪
⎬

⎪
⎫
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= ቦඨ
୩భ ቀଵି

ీ
ౌቁ(ୱమ ୦మ

మା୦మ ୱమ
మ) 

୩మ (୦భ ୱమమାୱభ ୦మమ) 
+ ଵ

ସ
− ଵ

ଶ
ቧ ≥ 1 (since ݉ ≥ 1 ) 

Now put t଴ = ටଶ୩మ
ୈ୦మ

ට୦మାୱమ
ୱమ

 into ݉ݐ଴ ≤ ܮ we get, ݉ටଶ୩మ
ୈ୦మ

ට୦మାୱమ
ୱమ

≤ L. 

Take ݉ଶ
∗ = ୐

ටమౡమ
ీ౞మ

ට౞మశ౩మ౩మ

≥ 1, since Lଶ  ≥  ଶ௞మ (௛మା௦మ )
஽௛మ௦మ 

. 

Here  ܶܥ௩(݉) is a convex function. If ݉ଵ
∗ ≤ ݉ଶ

∗ then  ݉∗ = ݉ଵ
∗  else  ݉∗ = ݉ଶ

∗ . 
Hence if Lଶ  ≥  ଶ୩మ (୦మାୱమ )

ୈ୦మୱమ 
, then  

݉∗ = ݉݅݊ቐቦඨ
୩భ ቀଵି

ీ
ౌቁ(ୱమ ୦మ

మା୦మ ୱమ
మ) 

୩మ (୦భ ୱమమାୱభ ୦మమ) 
+ ଵ

ସ
− ଵ

ଶ
ቧ , ቦ ୐

ටమౡమ
ీ౞మ

ට౞మశ౩మ౩మ

ቧቑ  (2) 

 
Remark 1: Without coordination strategy the manufacturer’s optimized total cost is 

௩(݉∗), and place ஽ܥܶ 

୫∗ඥଶୈ୩మට
౞మశ౩మ
౞మ౩మ

 orders each year with an interval 
୫∗ඥଶୈ୩మට

౞మశ౩మ
౞మ౩మ

ୈ
. 

Manufacturer order size is m∗ඥ2Dkଶට
୦మାୱమ
୦మୱమ

. 

 
2.4 Model formulation for system with coordination 
The model formulation is similar to Yongrui et al. [23] which is considered as a 
particular case in our model. If we ignore production and shortage in proposed model 
then we get the model by Yongrui et al. [23]. Based on quantity discount coordination 
strategy, the manufacturer asks the buyer to change his lot size by ܳܭ଴, ܭ) > 0). If 
the buyer’s new order is ܳܭ଴ then the manufacturer offers quantity discount at a 
discount factor ݀(ܭ), then manufacturer order quantity is ݊ܳܭ଴, where n > 0. 
The total cost  ܶܥ௩(݊) of the manufacturer contains the ordering cost ୈ୩భ 

୬୏୕బ
, the 

inventory holding cost 
(୬ିଵ)ቀ ౌ

ౌషీቁ୦భ ୏୕భమ

ଶ୕బ
, the shortage 

(୬ିଵ)ቀ ౌ
ౌషీቁୱభ ୏୕మమ

ଶ୕బ
 and the buyer’s 

quantity discount Dd(K)pଶ.Thus  ܶܥ௩(݊)  =  ୈ୩భ 
୬୏୕బ

 +  
(୬ିଵ)ቀ ౌ

ౌషీቁ୦భ ୏୕భమ

ଶ୕బ
 +

 
(୬ିଵ)ቀ ౌ

ౌషీቁୱభ ୏୕మమ

ଶ୕బ
+ pଶDd(K)  (3) 

The Manufacturer problem with coordination can be developed as follows 
 (݊)௩ܥܶ ݊݅݉

subject to ൞

nKt଴ ≤ L,
ୈ୩మ 
୏୕బ

 + ୏୦మ ୕భమ

ଶ୕బ
 +  ୏ୱమ୕మ

మ

ଶ୕బ
− ඥ2Dkଶ hଶට

ୱమ
୦మାୱమ

 ≤  pଶDd(K)

n ≥ 1,

,  (4) 
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The first constraint of equation (4) indicates that, items are not overdue before they 
are sold and the second constraint indicates that, the total cost will be reduced to the 
coordination scheme. 
 
Theorem 2 
Let ݉∗ be the optimum of (1), and ݊∗ be the optimum of (4), then we have  
(∗݊)௩ܥܶ ≤  ௩(݉∗)       (5)ܥܶ
 
Proof 
The quantity discount factor pଶDd(K) is just the compensation to the buyer by the 
manufacturer which is a part of the manufacturer costs. pଶDd(K) takes smallest value 
only the second constraint of (4) is an equation. If the total cost of manufacturer under 
coordination is minimized, the above inequality must be an equation. 

i.e., ୈ୩మ 
୏୕బ

 +  ୏୦మ ୕భమ

ଶ୕బ
 +  ୏ୱమ୕మ

మ

ଶ୕బ
− ඥ2Dkଶhଶට

ୱమ
୦మାୱమ

=  pଶDd(K) 

(ܭ)݀ =
ీౡమ 
ే్బ

 ା ే౞మ ్భ
మ

మ్బ
 ା ే౩మ్మ

మ

మ్బ
 ିඥଶୈ୩మ୦మට

౩మ
౞మశ౩మ

୮మ ୈ
        (6) 

If ܭ = 1, then ݀(1) =
ඥଶୈ୩మ୦మට

౩మ
౞మశ౩మ

 ି ඥଶୈ୩మ୦మට
౩మ

౞మశ౩మ

୮మ ୈ
 = 0 

Thus, if ܭ = 1, then (4) and (1) are same. i.e., (1) is special case of (4). Hence 
(∗݊)௩ܥܶ ≤  (∗݉)௩ܥܶ
 
Remark 2: The above theorem concludes that the optimum total cost under 
coordination is less in comparison with absence of coordination, so the manufacturer 
will gain, if the buyer orders ܳܭ଴ every time. 
Now replace the value of ݀(ܭ) in ܶܥ௩(݊) 

(݊)௩ܥܶ  =
Dkଵ 

nKQ଴
+ 

(n− 1)ቀ P
P−Dቁhଵ KQଵ

ଶ

2Q଴
+ 

(n− 1) ቀ P
P− Dቁsଵ KQଶ

ଶ

2Q଴
+

Dkଶ 

KQ଴
 + 

Khଶ Qଵ
ଶ

2Q଴
 + 

KsଶQଶ
ଶ

2Q଴
 −ඥ2Dkଶhଶඨ

sଶ
hଶ + sଶ

 

= ୈ
୏୕బ

ቀ୩భ 

୬
+ kଶ ቁ+ ୏

ଶ
ቆ

(୬ିଵ)ቀ ౌ
ౌషీ

ቁୱమమ୕బ୦భ 

(୦మାୱమ)మ
+ ୱమమ୕బ୦మ 

(୦మାୱమ)మ
ቇ+ ୏

ଶ
ቆ

(୬ିଵ)ቀ ౌ
ౌషీ

ቁ୦మమ୕బୱభ 

(୦మାୱమ)మ
+ ୦మమ୕బୱమ 

(୦మାୱమ)మ
ቇ−ඥ2Dkଶhଶට

ୱమ
୦మାୱమ

        (7)  

Let ܭ∗ be the minimum of  ܶܥ௩(݊). For optimality ௗ்஼ೡ(௡)
ௗ௄

= 0 

Therefore ܭ∗(݊)  =  ୦మାୱమ
୕బ

ඨ
ଶୈ( ౡభ 

౤ ା ୩మ )

ቀ ౌ
ౌషీቁ(୬ିଵ)(ୱమమାୱభ ୦మమ) ା ୦మୱమ(୦మାୱమ) 

       (8) 

Now nKt଴ ≤ L we have, ቀ ୩భ 
୬

+ kଶ ቁ  nଶ ≤ LଶD ቆ
(୬ିଵ)ቀ ౌ

ౌషీቁ(୦భ ୱమమାୱభ ୦మమ) ା ୦మୱమ(୦మାୱమ)

ଶ(୦మାୱమ)మ
ቇ 

Take ݃(݊) = −kଶ nଶ+ ቆቀୈ୐
మ

ଶ
ቁ ቀ ୔

୔ିୈ
ቁ (୦భ ୱమమାୱభ ୦మమ) 

(୦మାୱమ)మ
 −  kଵ ቇn + ୈ୐మ

ଶ
 ቆ
ୱమమ(୦మିቀ

ౌ
ౌషీ

ቁ୦భ)ା୦మమ(ୱమିቀ
ౌ

ౌషీ
ቁୱభ) 

(୦మାୱమ)మ
ቇ ≥ 0  (9) 

Substitute ܭ∗(݊) in equation (7) we get 

= ඨଶୈ( ౡభ 
౤ ା ୩మ )

(௛మା௦మ)మ
 ቂ ቀ ௉

௉ି஽
ቁ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) + ℎଶݏଶ(ℎଶ + ଶ)ቃݏ −  ටଶ஽௛మ௞మ௦మ

(௛మା௦మ)
       (10) 

Hence equation (4) is equivalent to 
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௩(݊) ඨܥܶ ݊݅݉ 
ଶୈ( ౡభ 

౤ ା ୩మ )
(௛మା௦మ)మ

 ቂ ቀ ௉
௉ି஽

ቁ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) +  ℎଶݏଶ(ℎଶ + −ଶ)ቃݏ  ටଶ஽௛మ௞మ௦మ
(௛మା௦మ)

 

subject to ቄ݃(݊) ≥ 0,
݊ ≥ 1   (11) 

Now (11) becomes, ݉݅݊ ܶܥ௩෪ (݊) =
஽( ೖభ 

೙ ା ௞మ )

(௛మା௦మ)
 ቂ ቀ ௉

௉ି஽ቁ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) +

 ℎଶݏଶ(ℎଶ +  ଶ)ቃݏ

subject to ቄ݃(݊) ≥ 0,
݊ ≥ 1   (12) 

Since √ݔ is a strictly increasing function for ݔ ≥ 0. 
Here ݃(݊) is strictly concave and ܶܥ௩෪ (݊) is convex because  ܶܥ௩෫ᇱᇱ(݊) =

 
ଶ஽௞భ ቂ௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) ቃ

௡య
> 0 and ݃ᇱᇱ(݊) =  −2݇ଶ < 0 when hଶ ≥

ቀ ௉
௉ି஽ቁ hଵ, sଶ ≥  ቀ ௉

௉ି஽ቁ sଵ. 
 
Proposition 1 
Let ݊ଵ∗  be the minimum of ܶ ௩෪ܥ (݊) for ݊ ≥ 1, then ݊ଵ∗ is equal to 

⎩
⎨

⎧
ቦඨ

ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మమ(௦మିቀ
ು

ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+  ଵ

ସ
 − ଵ

ଶ
ቧ ,

ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మమ(௦మିቀ
ು

ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
≥ 2 

1,  ݁ݏ݅ݓݎℎ݁ݐ݋

 (13) 

 
Proof 
௩෪ܥܶ (݊ଵ∗) ≤ ݉݅݊ ൛ܶܥ௩෪ (݊ଵ∗ − ௩෪ܥܶ,(1  (݊ଵ∗ + 1) ൟ holds for ݊ ≥ 1, since ݊ଵ∗ is the 
minimum of ܶܥ௩෪ (݊). 

Now ܶܥ௩෪ (݊ଵ∗) − ௩෪ܥܶ (݊ଵ∗ − 1) ≤ 0, we have 
ି஽௞భ ቂ(௛మ ௦మమା௦మ ௛మమ) ିቀ

ು
ುషವቁ(௛భ ௦మమା௦భ ௛మమ)  ቃ 

୬భ∗ (୬భ∗ିଵ)
+

ቀ ௉
௉ି஽ቁ  ଶ݇ܦ

(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) ≤ 0 

i.e., ቀ݊ଵ∗ −
ଵ
ଶቁ

ଶ
≤  

ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మమ(௦మିቀ
ು

ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+ ଵ

ସ
  (14) 

Similarly, ܶܥ௩෪ (݊ଵ∗) − ௩෪ܥܶ (݊ଵ∗ + 1)  ≤ 0, we have 

ቀ݊ଵ∗ + ଵ
ଶቁ

ଶ
≥  

ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మమ(௦మିቀ
ು

ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+ ଵ

ସ
  (15) 

If 
ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+  ଵ

ସ
< 0 then ܶܥ௩෪ (݊ଵ∗) ≤ ௩෪ܥܶ (݊ଵ∗ + 1) for 

given n, hence ݊ଵ∗ = 1. 

if 
ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+  ଵ

ସ
≥ 0, by (14) & 15) 
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ඩቀ1− D
Pቁ݇ଵ ቂݏଶଶ(ℎଶ− ቀ ܲ

ܲ ଶݏ)ቁℎଵ)+ℎଶଶܦ− − ቀ ܲ
ܲ  ଵ) ቃݏቁܦ−

݇ଶ (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) 
+  

1
4  −  

1
2  ≤ ݊ଵ∗  

≤ ඩቀ1 − D
Pቁ݇ଵ ቂݏଶଶ(ℎଶ− ቀ ܲ

ܲ −ଶݏ)ቁℎଵ)+ℎଶଶܦ− ቀ ܲ
ܲ −  ଵ) ቃݏቁܦ

݇ଶ (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) 
+  

1
4 +  

1
2 

Hence,݊ଵ∗  = ቦඨ
ቀଵିీౌቁ௞భ ቂ௦మ

మ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మ
మ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+  ଵ

ସ
 −  ଵ

ଶ
ቧ.                               

If 0 <  
ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
< 2, ݊ଵ∗ = 1, Hence (13) holds. 

 
Proposition 2 
Let nଶ(ଵ)

∗  and nଶ(ଶ)
∗  be solution of (9) then the following are true. 

1) If ቀ஽௅
మ

ଶ ቀ ௉
௉ି஽ቁ

(௛భ ௦మమା௦భ ௛మమ) 
(௛మା௦మ)మ

− ݇ଵ ቁ
ଶ

+ ଶ݇ଶܮܦ2 ቈ
௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) 

(௛మା௦మ)మ ቉ < 0, or 

ቀ஽௅
మ

ଶ ቀ ௉
௉ି஽ቁ

(௛భ ௦మమା௦భ ௛మమ) 
(௛మା௦మ)మ

 −  ݇ଵ ቁ
ଶ

+ ଶ݇ଶ ቈܮܦ2
௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) 

(௛మା௦మ)మ ቉ ≥ 0 and 

nଶ(ଵ)
∗ < 1, then ݃(݊) < 0 for ݊ ≥ 1. 

2) If ቀ஽௅
మ

ଶ
 ቀ ௉
௉ି஽ቁ

(௛భ ௦మమା௦భ ௛మమ) 
(௛మା௦మ)మ

 −  ݇ଵ ቁ
ଶ

+ ଶ݇ଶ ቈܮܦ2
௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) 

(௛మା௦మ)మ ቉ ≥ 0 

and nଶ(ଵ)
∗ ≥ 1, then i) If nଶ(ଶ)

∗ ≥ 1, ݃(݊) ≥ 0 for ඃ݊ଶ(ଶ)
∗ ඇ ≤ ݊ ≤ [nଶ(ଵ)

∗ ],                       
ii) If nଶ(ଶ)

∗ < 1 and nଶ(ଵ)
∗ ≥ 1, ݃(݊) ≥ 0 for 1 ≤ ݊ ≤ [nଶ(ଵ)

∗ ]. 
 
Proof 
If ݃(݊) = 0, we have 

nଶ(ଵ)
∗

 = 

ቆವಽ
మ

మ  ቀ ು
ುషವቁ

(೓భ ೞమ
మశೞభ ೓మ

మ) 
(೓మశೞమ)మ  ି ௞భ ቇ ା ඨቆವಽ

మ
మ  ቀ ು

ುషವቁ
(೓భ ೞమ

మశೞభ ೓మ
మ) 

(೓మశೞమ)మ  ି ௞భ ቇ
మ
ା ଶ஽௅మ௞మ ൥

ೞమ
మ(೓మషቀ

ು
ುషವቁ೓భ)శ೓మ

మ(ೞమషቀ
ು

ುషವቁೞభ) 
(೓మశೞమ)మ ൩

ଶ௞మ 
 

nଶ(ଶ)
∗  = 

ቆವಽ
మ

మ  ቀ ು
ುషವቁ

(೓భ ೞమ
మశೞభ ೓మ

మ) 
(೓మశೞమ)మ  ି ௞భ ቇ ି ඨቆವಽ

మ
మ  ቀ ು

ುషವቁ
(೓భ ೞమ

మశೞభ ೓మ
మ) 

(೓మశೞమ)మ  ି ௞భ ቇ
మ
ା ଶ஽௅మ௞మ ൥

ೞమ
మ(೓మషቀ

ು
ುషವቁ೓భ)శ೓మ

మ(ೞమషቀ
ು

ುషವቁೞభ) 
(೓మశೞమ)మ ൩

ଶ௞మ 
 

Here ݃(݊) is a quadratic function, hence 

1) If ቀ ஽௅
మ

ଶ
 ቀ ௉
௉ି஽ቁ

(௛భ ௦మమା௦భ ௛మమ) 
(௛మା௦మ)మ

 −  ݇ଵ ቁ
ଶ

+ ଶ݇ଶ ቈܮܦ2
௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) 

(௛మା௦మ)మ ቉ < 0, 

then ݃ (݊) < 0 for ݊ ≥ 1. 

2) If ቀ஽௅
మ

ଶ
 ቀ ௉
௉ି஽ቁ

(௛భ ௦మమା௦భ ௛మమ) 
(௛మା௦మ)మ

 −  ݇ଵ ቁ
ଶ

+ ଶ݇ଶ ቈܮܦ2
௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) 

(௛మା௦మ)మ ቉ ≥ 0 

then nଶ(ଵ)
∗  and nଶ(ଶ)

∗
 are real solutions of ݃(݊) = 0 for ݊ ≥ 1, 

i)  If nଶ(ଵ)
∗ < 1, then ݃(݊) < 0 for ݊ ≥ 1; 

ii)  If nଶ(ଶ)
∗ ≥ 1 then ݃ (݊) ≥ 0 for ඃ݊ଶ(ଶ)

∗ ඇ ≤ ݊ ≤ [nଶ(ଵ)
∗ ] 
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iii)  If nଶ(ଶ)
∗ < 1 and nଶ(ଵ)

∗ ≥ 1, then view of n is positive integer, ݃(݊) ≥ 0 for 
1 ≤ ݊ ≤ [nଶ(ଵ)

∗ ] 
 
Theorem 3 
If hଶ ≥ ቀ ௉

௉ି஽ቁhଵ, sଶ ≥  ቀ ௉
௉ି஽ቁ sଵand nଶ(ଶ)

∗  ≥ 1 then 1) If 1 ≤ nଵ∗ ≤ [nଶ(ଵ)
∗ ], ݊∗ = ݊ଵ∗ 

2) If ݊ଵ∗ > [nଶ(ଵ)
∗ ],݊∗ = [nଶ(ଵ)

∗ ]. 
Proof 
Here ܶܥ௩෪ (݊) ≥ 0, hence it is a convex function. Since ݊ଵ∗ is the minimum of ܶܥ௩෪ (݊) 
for ݊ ≥ 1, if 1 ≤ nଵ∗ ≤ [nଶ(ଵ)

∗ ] then ݊∗ =  ݊ଵ∗. If ݊ଵ∗  >  [nଶ(ଵ)
∗ ], then ݊∗  ≤  [nଶ(ଵ)

∗ ]. In 
this interval, ܶܥ௩෪ (݊) is decreased. Hence 2) holds. 
 
Remark 3: Here ܶܥ௩෪ (݊) is strictly concave if the buyer unit holding cost and 
shortage cost is lesser than ቀ ௉

௉ି஽ቁ times of the manufacturer’s. We will not give 
further discussion about this because this case is not common in practice. 
 
Theorem 4 
(∗݊)∗ܭ > 1, if hଶ ≥ ቀ ௉

௉ି஽ቁhଵand sଶ ≥  ቀ ௉
௉ି஽ቁ sଵ 

 
Proof 

(݊)∗ܭ  =  
ℎଶ + ଶݏ
ܳ଴

ඩ
 ቀ݇ଵ ܦ2

݊ +  ݇ଶ ቁ

ቀ ܲ
ܲ − ቁܦ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) +  ℎଶݏଶ(ℎଶ +  (ଶݏ

 

= ඩ
 ቀ݇ଵ (ଶଶݏ ଶ ℎଶଶ+ℎଶݏ)

݊ + ݇ଶ ቁ
 

݇ଶ ቂቀ
ܲ

ܲ − ቁܦ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) + ቃ (ଶଶݏ ଶ ℎଶଶ+ℎଶݏ) 
 

I) If 
ቀଵିీౌቁ௞భ ቂ௦మమ(௛మିቀ

ು
ುషವቁ௛భ)ା௛మమ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
≥ 2, then  

݊∗ = ݊ଵ∗ = ቦඨ
ቀଵିీౌቁ௞భ ቂ௦మ

మ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మ
మ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+ ଵ

ସ
− ଵ

ଶ
ቧ. 

Since ݔ ≥ 0, ቜටݔ + ଵ
ସ
− ଵ

ଶ
ቝ ≤ ݔ√ +  1 holds, then ܭ∗(݊) is a decreasing function of n. 

To prove ܭ∗ ቎ඨ
ቀଵିీౌቁ௞భ ቂ௦మ

మ(௛మିቀ
ು

ುషವቁ௛భ)ା௛మ
మ(௦మିቀ

ು
ುషವቁ௦భ) ቃ 

௞మ (௛భ ௦మమା௦భ ௛మమ) 
+ 1቏ > 1 
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i.e., 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ (௦మ ௛మ

మା௛మ ௦మ
మ)( ೖభ 

ඩቀభష
ీ
ౌቁೖభ ቂೞమ

మ(೓మషቀ
ು

ುషವቁ೓భ)శ೓మ
మ(ೞమషቀ

ು
ುషವቁೞభ) ቃ 

ೖమ (೓భ ೞమ
మశೞభ ೓మ

మ) 
శభ

ା ௞మ ) 

௞మ ቎ቀ
ು

ುషವቁቌඨ
ቀభషీౌቁೖభ ቂೞమ

మ(೓మషቀ
ು

ುషವቁ೓భ)శ೓మ
మ(ೞమషቀ

ು
ುషವቁೞభ) ቃ 

ೖమ (೓భ ೞమ
మశೞభ ೓మ

మ) 
ቍ(௛భ ௦మమା௦భ ௛మమ) ା (௦మ ௛మమା௛మ ௦మమ) ቏

 

=

(࢙૛ ࢎ૛
૛ାࢎ૛  ࢙૛

૛) ൮࢑૚  ା ࢑૛  ቌඨ
ቀ૚ష۲۾ቁ࢑૚  ቂ࢙૛

૛(ࢎ૛షቀ
ࡼ

૛ࢎ૚)శࢎቁࡰషࡼ
૛(࢙૛షቀ

ࡼ
 ቁ࢙૚) ቃࡰషࡼ

࢑૛ ૚ ࢙૛ࢎ) 
૛శ࢙૚ ࢎ૛

૛) 
ା૚ቍ൲

 

࢑૛  ඨ
ቀ૚ష۲۾ቁ࢑૚ቂ࢙૛

૛(ࢎ૛షቀ
ࡼ

૛ࢎ૚)శࢎቁࡰషࡼ
૛(࢙૛షቀ

ࡼ
 ቁ࢙૚) ቃࡰషࡼ

࢑૛ (ࢎ૚  ࢙૛
૛శ࢙૚ ࢎ૛

૛) 
ା૚ ൦൮ቀ ࡼ

ࡰషࡼ
ቁඨ

ቀ૚ష۲۾ቁ࢑૚ቂ࢙૛
૛(ࢎ૛షቀ

ࡼ
૛ࢎቁ࢑૚)శࡰషࡼ

૛(࢙૛షቀ
ࡼ

 ቁ࢙૚) ቃࡰషࡼ

࢑૛ ૚ ࢙૛ࢎ) 
૛శ࢙૚ ࢎ૛

૛) 
൲(ࢎ૚ ࢙૛

૛ା࢙૚ ࢎ૛
૛) ା  (࢙૛ ࢎ૛

૛ାࢎ૛ ࢙૛
૛) ൪

> 1  (16) 

⇒ (ଶଶݏ ଶ ℎଶଶ+ℎଶݏ)  ଵ݇ + 

⎝

⎜
⎛

 ݇ଶ (sଶ hଶ
ଶ+hଶ sଶଶ) 

ඩቀ1−D
Pቁ݇ଵ ቂݏଶଶ(ℎଶ−ቀ

ܲ
ܲ ଶ−ቀݏ)ቁℎଵ)+ℎଶଶܦ−

ܲ
ܲ ቁܦ−  ଵ) ቃݏ

݇ଶ (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) 

⎠

⎟
⎞

 

 

> ݇ଶ (ݏଵ ℎଶଶ+ℎଵ ݏଶଶ) ൬
ܲ

ܲ ܦ−
൰
ቀ1 −D

Pቁ݇ଵ ቂݏଶଶ(ℎଶ−ቀ
ܲ

ܲ ቁܦ− ℎଵ)+ℎଶଶ(ݏଶ−ቀ
ܲ

ܲ−  ଵ) ቃݏቁܦ

݇ଶ (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ)  

+݇ଶ (ݏଶ ℎଶଶ+ℎଶ ݏଶଶ) 
ඩቀ1− D

Pቁ݇ଵ ቂݏଶଶ(ℎଶ− ቀ ܲ
ܲ ଶ−ቀݏ)ቁℎଵ)+ℎଶଶܦ−

ܲ
ܲ  ଵ) ቃݏቁܦ−

݇ଶ (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) 
 

⇒ < (ଶଶݏ ଶ ℎଶଶ+ℎଶݏ)  ൤ݏଶଶ(ℎଶ− ൬
P

P − D
൰ℎଵ)+ℎଶଶ(ݏଶ− ൬

ܲ
ܲ − ܦ

൰ݏଵ) ൨ 

⇒ + ଶଶℎଵݏ ℎଶଶݏଵ > 0                                                                                            (17) 
(17) holds, when ℎଵ ,ℎଶ , , ଵݏ < ଶݏ 0 

II) If ݊∗ = ݊ଵ∗ = 1, then we have (1)∗ܭ = ට௞భ ା௞మ 
௞మ 

. Since ݇ଵ ,݇ଶ  both are positive, 

(1)∗ܭ > 1. 
III) If ݊∗ = ඃ݊ଶ(ଵ)

∗ ඇ, when ݊ଵ∗ > ඃ݊ଶ(ଵ)
∗ ඇ. ܭ∗(݊) is a decreasing function so 

ඃ݊ଶ(ଵ))∗ܭ
∗ ඇ) ≥ (∗ଵ݊)∗ܭ > 1. 

From (I) to (III), if hଶ ≥ ቀ ௉
௉ି஽ቁhଵ, sଶ ≥  ቀ ௉

௉ି஽ቁ sଵ then ܭ∗(݊) > 1. 
 
Remark 4: Theorem (4) ensures that the buyer’s order size is larger at coordination 
against the non-coordination, if hଶ ≥ ቀ ௉

௉ି஽ቁhଵ and sଶ ≥  ቀ ௉
௉ି஽ቁ sଵ . 

 
2.5 Model formulation for system optimization 
In this section, we analyzed the centralized system optimization model with a single 
decision-maker. 
In the coordination strategy, the buyers cost is stagnant while manufacturer’s cost is 
able to reduce. If buyer is benefited not only with quantity discount but also some 
percentage of shares from manufacturer’s total cost. If there is a common decision 
maker for both the buyer and manufacturer, the profit sharing between manufacturer 
and buyer is made possible. The decision maker balances the benefit of both 
manufacturer and buyer. Otherwise manufacturer benefited more than the buyer. The 
objective is to minimize the total cost of the system. The model formulation for 
system optimization is similar to Yongrui et al. [23] which is considered as a 
particular case in our model. Consider ܳ be the buyer’s order quantity, then the 
manufacturer order ݊ܳ every time, where ܳ and ݊ are decision variables. The system 
optimization problem becomes 
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min TCୱ(n, Q)  =  
 ଵ݇ܦ

݊ܳ +
ቀ ܲ
ܲ − ݊)ቁܦ − 1)ℎଵ ܳଵଶ

2ܳ +
ቀ ܲ
ܲ − ቁܦ (݊− ଵ ܳଶଶݏ(1

2ܳ +
 ଶ݇ܦ

ܳ +
ℎଶ ܳଵଶ

2ܳ +
ଶ ܳଶଶݏ

2ܳ  

subject to ቊ݊
ொ
஽
,ܮ ≥

݊ ≥ 1,
   (18) 

 
Theorem 5 
The proposed quantity discount strategy can achieve system coordination. 
 
Proof 
Since TCୱ(n, Q) is convex in Q, Q∗

 be the optimum of TCୱ(n, Q), by simple 
calculation 

ቂడ்஼ೞ(௡,ொ)
డொ ቃ

(୕ ୀ ୕∗)
= ቀ ஽௞భ 

௡
+ ଶ ቁ݇ܦ  ቀ

ିଵ
ொ∗మቁ+  

ቀ ౌ
ౌషీቁ(௡ିଵ)

ଶ(௛మା௦మ)మ
 (ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) +

 ଵ
ଶ(௛మା௦మ)మ

 (ℎଶ ݏଶଶ+ݏଶ ℎଶଶ) = 0   (19) 

Q∗(n) = (ℎଶ + ଶ)ඨݏ
ଶ஽ ቀೖభ 

೙ ା ௞మ ቁ

ቀ ು
ುషವቁ(௡ିଵ)(௛భ ௦మమା௦భ ௛మమ) ା ௛మ௦మ(௛మା௦మ) 

  (20) 

Substitute Q∗(n) into (18), we get 

min TCୱ(n)  = ඩ2D( kଵ 
n +  kଶ )

(ℎଶ + ଶ)ଶݏ  ൤ ൬
ܲ

ܲ − ൰ܦ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) + ℎଶݏଶ(ℎଶ +  ଶ)൨ݏ

subject to  

ቐ− kଶ nଶ + ቆቀୈ୐
మ

ଶ
ቁ ቀ ୔

୔ିୈ
ቁ (୦భ ୱమమାୱభ ୦మమ) 

(୦మାୱమ)మ
 −  kଵ ቇn + ୈ୐మ

ଶ
 ቆ
ୱమమ(୦మିቀ

ౌ
ౌషీ

ቁ୦భ)ା୦మమ(ୱమିቀ
ౌ

ౌషీ
ቁୱభ) 

(୦మାୱమ)మ
ቇ ≥ 0,

݊ ≥ 1,
  (21) 

Since √ݔ is a strictly increasing function for ݔ ≥ 0. 

Now (21) becomes, min ܶܥ௦෪ (݊)  =  
ୈ( ౡభ 

౤ ା ୩మ )

(௛మା௦మ)
 ቂ ቀ ௉

௉ି஽ቁ (݊ − 1)(ℎଵ ݏଶଶ+ݏଵ ℎଶଶ) +

 ℎଶݏଶ(ℎଶ +  ଶ)ቃݏ
subject to  

ቐ− kଶ nଶ + ቆቀୈ୐
మ

ଶ
ቁ ቀ ୔

୔ିୈ
ቁ (୦భ ୱమమାୱభ ୦మమ) 

(୦మାୱమ)మ
 −  kଵ ቇn + ୈ୐మ

ଶ
 ቆ
ୱమమ(୦మିቀ

ౌ
ౌషీ

ቁ୦భ)ା୦మమ(ୱమିቀ
ౌ

ౌషీ
ቁୱభ) 

(୦మାୱమ)మ
ቇ ≥ 0,

݊ ≥ 1,
  (22) 

Note that (22) is exactly the same as (12), so they have same optimum ݊ ∗. 

By (11) and (21), TCୱ(݊∗) = TC୴(݊∗) + ඥ2݇ܦଶℎଶට
௦మ

௛మା௦మ
  (23) 

where ඥ2݇ܦଶℎଶට
௦మ

௛మା௦మ
 is the buyer’s actual cost under coordination. 

The Manufacturer optimal order quantity is equal in these two cases, i.e., 
଴ܳ(∗݊)∗ܭ∗݊ =  ݊∗ܳ∗(݊∗)  (24) 
By ܭ∗(݊) and ܳ∗(݊), the buyer’s optimal order quantity under coordination is equal 
to that under system optimization. i.e., ܭ∗(݊∗)ܳ଴ =  ܳ∗(݊∗)  (25) 
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From equation (23) to (25), we see that the quantity discount contract can achieve 
system coordination. 
 
 
3. NUMERICAL EXAMPLE 
In this section, numerical examples are presented to illustrate the performance of the 
quantity discount strategy proposed in previous sections. The sensitivity analysis of 
cost savings on parameters has been given. The buyer’s saving in percentage SPୠ =
100α(TC୴(݉∗)− TC୴(݊∗))/TC୰(݉∗). The manufacturer’s saving in percentage 
SP୑ଵ = 100(1− α)(TC୴(݉∗) − TC୴(݊∗))/TC୴(݉∗). The manufacturer’s saving in 
percentage if he does not share the saving with the buyer SP୑ଶ = 100(TC୴(݉∗)−
TC୴(݊∗))/TC୴(݉∗). The system saving in percentage is SPୱ = 100൫TC୴(݉∗)−
TC୴(݊∗))/(TC୴(݉∗) + TC୰(݉∗)൯. 
 
Example Given P = 20,000 per year, D = 10,000 units per year, pଶ = 30$ per unit, α = 
0.5, L = 0.25 year, k1 = 300$ per order, k2 = 100$ per order. The different values of 
h1, s1, h2, s2 and computational results are as specified in Table 1. 
 

Table 1: Brief summary of the results for above example 
 

h1 h2 s1 s2 K*(n) d(K) SPb SPM1 SPM2 SPs 
3 10 10 50 2.0000 0.0034 1.6667 1.6129 3.2258 1.6393 
4 10 10 50 2.0000 0.0034 5.8333 5.2239 10.4478 5.5118 
5 10 10 50 2.0000 0.0034 25.0000 16.6667 33.0000 20.0000 
3 10 15 50 2.0000 0.0034 2.5000 2.3810 4.7619 2.4390 
4 10 20 50 2.0000 0.0034 7.5000 6.5217 13.0435 6.9767 
5 10 25 50 2.0000 0.0034 25.0000 16.6667 33.3333 20.0000 
5 11 25 50 2.0000 0.0035 25.0000 16.6667 33.3333 20.0000 
5 12 25 50 2.0000 0.0037 25.0000 16.6667 33.3333 20.0000 
5 13 25 50 2.0000 0.0038 25.0000 16.6667 33.3333 20.0000 
5 14 25 50 2.0000 0.0039 6.9196 6.0784 12.1569 6.4718 
5 15 25 50 2.0000 0.0040 6.0897 5.4286 10.8571 5.7402 
5 15 25 55 2.0000 0.0040 5.4654 4.9268 9.8537 5.1821 
5 15 25 60 2.0000 0.0041 5.0000 4.5455 9.0909 4.7619 
5 15 25 65 2.0000 0.0041 4.6474 4.2522 8.5044 4.4410 
5 15 25 70 2.0000 0.0041 4.3768 4.0245 8.0489 4.1932 
5 15 25 75 2.0000 0.0042 4.1667 3.8462 7.6923 4.0000 
5 11 25 55 2.0000 0.0036 25.0000 16.6667 33.3333 20.0000 
5 12 25 60 2.0000 0.0037 25.0000 16.6667 33.3333 20.0000 
5 13 25 65 2.0000 0.0039 6.7308 5.9322 11.8644 6.3063 
5 14 25 70 2.0000 0.0040 5.3571 4.8387 9.6774 5.0847 
5 15 25 75 2.0000 0.0042 4.1667 3.8462 7.6923 4.0000 
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The computational result highlights, the proposed model was solved for different 
values of holding cost and shortage cost for manufacturer and buyer with fixed 
demand and production rate. For each choice of holding cost and shortage cost of the 
manufacture, the saving percentage was found to increase. In contrast, each choice of 
holding cost and shortage cost of the buyer, the saving percentage was found to 
decrease. Hence, in quantity discount coordination mechanism, if the buyer’s holding 
cost is high, the manufacturer and buyer cannot gain more whereas if the 
manufacture’s holding cost is high, the benefit is significant. 

 

 
 

Fig 1: Effect of changes when s1 and h1 increases 
 

 
 

Fig 2: Effect of changes when h2 increases and s2 fixed 
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Fig 3: Effect of changes when h2 and s2 increases 
 

 
 

Fig 4: Effect of changes when h1 increases and s1 fixed 
 
 

CONCLUSION 
In this paper we have developed inventory model in which quantity discount 
coordination strategy with shortages for manufacturer and buyer supply chain of fixed 
life time product. The goal is to find optimal multiples of orders so as to maximize the 
saving percentage. The model dealt in this paper along with the numerical example 
brings into light certain specific findings, i.e., in quantity discount coordination 
mechanism, if the buyer’s holding cost is high, the manufacturer and buyer can 
benefitted less whereas if the manufacture’s holding cost is high, the gain is 
significant. A decision maker can be used to decide on the optimum percentage to be 
shared by the manufacturer with the buyer from his increased saving percentage. The 
proposed model concludes that both manufacturer and buyer are benefitted only when 
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coordination strategy is adopted. It proves that the quantity discount strategy attains 
system optimization. The system saving percentage aids to arrive at the decision. 
The managerial implications are i) The manufacturer and buyer can decide optimum 
inventory level. It helps in making out production and inventory schedules ii) Increase 
in profits for both manufacturer and buyer is possible. The current model deals with 
single product. Future research is possible with multiple product and multi-supplier 
scenario. 
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