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Abstract

In this paper, we introduce some properties of degenerate Bernoulli polynomials
and construct degenerate Hurwitz’s type zeta function which interpolates degener-
ate Bernoulli polynomials at negative integers.
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1. Introduction

It is well known that Bernoulli polynomials are given by the generating function to be

F(t,x) =

el —

! le” ngn(x);—!, (see [1-10]). (1.1

When x = 0, B, = B,,(0) are called Bernoulli numbers.
For s € C \ {1}, the Hurwitz’s type zeta function is defined as

o0

1
{(s,x):zm, (x #0,—1,-2,--). (1.2)

n=0

Note that ¢ (s, x) is analytic function in complex s-plane except for s = 1.
Let s = n € N. Then we see that

¢ =n,x)=—

B"n(x), (see [11]). (1.3)

For s € C with R(s) > 0, the gamma function is defined by improper integral to be

/OOtSIe’dt = T'(s), (see [11]). (1.4)
0

From (1.4), we have
F's+1) =sI's)andT'(n+1) =n!, (n € N). (1.5)

By (1.4), we get

e¢] te—x[

1 > s—2 1 s—2
— F(—t,x)t* 2dt = —— 157 2dt
I'(s) Jo I'Gs)Jo 1—e!

o)

1 00
— Z/ e—(n—i—x)tts—ldt
I'(s) = Jo

=0

- 1 00
= Z / e_yys_ldy
I'(s) (n+x)s Jo

n=0
1

(1.6)

o0

= Z—(n+x)V = ;(S,.X).

n=0

L. Carlitz introduced degenerate Bernoulli polynomials which are defined by the gener-
ating function to be

(1 A)F = Zﬁn(xl)»)t—', (see [3]). (1.7)
(1 +)\.I)X - 1 n=0 n:
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When x = 0, B,,(A) = B,(0|A) are called degenerate Bernoulli numbers.
Recently, Kim introduced degenerate gamma function which is given by

T(s|4) =/O (1 + r0)" 35" Vdr, (cf. [8]), (1.8)

where s € C with R(s) > 0and A € (0, 1). From (1.8), we note that

A 1 s+1
1—A>(1—k) ’ (1.9)

(n— 1!
(1—=1 =21 ---(1—nAr)’

I'(s +1|A) = s (s

and

['(n|A) = (1.10)

1
where L € [0, — ) andn € N.
n

In this paper, we study degenerate Hurwitz’s type zeta function which interpolates at
negative integers.

2. A note on A-zeta function

In this section, we assume that A € (0, 1). Let

x > t"
F(t,x]3) = ————(1+)% =) faxld)—. @1
(1+ 1) — 1 e n!
Thus, by (2.1), we get
o0 tn o0 tn
I;Oﬂnama —~ gﬂnma =1 (2.2)

From (2.2), we note that

Po(A) =1, Bu(L|A) — Bn(X) = 81,n,

where §, « 1s the Kronecker’s symbol.
Now, we observe that

Zﬂn(xmt—,:(—t - )(1+mx
—~ nt o\ 1+t —1
- (Z ﬁn(m%) (me%) 2.3)
n= ’ m=0 ’

0
> " (n t"
=> (E) (m><x|x>mﬁm (M) —
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where (x|A), = x(x —A)(x —2A)---(x — (m — 1)A) and (x|1)p = 1. By comparing
the coefficients on the both sides of (2.3), we have

n

mmmzij;ym%maLMzm. (2.4)

m=0

In the viewpoint of (1.6), we define degenerate Hurwitz’s type zeta function which is
given by

1

g(s, x|a) = TG

o0
/ F(—t, x| — Mt 2dt, (2.5)
0

where s € C~ {l}andx #0, —1, =2, - - -.
From (2.1) and (2.5), we have

1

C(S’XM):I‘(SM)

o0
/ F(—t,x| — n)dt
0

1 * 4 —% 52
= —(L+Ar) 27" 7dt
LA Jo 1—q+an7

1 o0 s n+x 1
= 1+At)” * 57 'dt
Iwmﬂiz(+)
n=0
1 [0, ]

(2.6)
1 o0 v\
— s—1
_r(sm;(nﬂ)s/o (1+n+xt) e
_i 1 F<S ﬁ)
St TGl
Thus, by (2.6), we get
<1 F(S nix)
;(s,xl)»)—z(n_i_x)s SO (2.7)

n=0

where s € C~ {l}andx #0, —1,—-2,....
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1
Lets =m eNand A € (O, —). Then, by (1.10) and (2.7), we have
m
o0

LT (i)
RIS S s

o0

_ Z 1 (m —1)!
n=0 (7 4 x)™ (1 - ﬁ) (1 - nz—ihx) T (1 - %) (2.8)
X ﬁ(l—k)(l—m)---(l—mk)
_Z 1=2)A=2%)---(1 —md)
(n—i—x)’”( HH)(]_%)...(l_%)'
Thus, (2.8), we get
£ x|V = Z 1 1= =21 ---(1 —md) (2.9)

5 1 ) (1 )+ (- 28)

1
where m € N and A € <0, —). From (2.1) and (2.5), we can derive the following
m

equation:

o0
L x|A) = F(—t, x| — M5 2dt
g(s, x[A) F(s|A)/ (=1, x| —2)
t(1+ At
= / (1 +40) 1 ts_zdf (2.10)
FUM) 1= +r)" ‘
n—+s—2
= " A)(—1
e M) Zﬂ (x| = M (=1)"
Let us take s = —m (m € N). Then, by Laurent series, we get
Bmr1(x[ —A) 1
m,x|h) = 2mi i Tyt 2.11
§(=m, x|2) m 1 D) (=1 -y (2.11)
Now, we observe that
2mi
L'(—m|A) = 7‘1()\ +DRA+1)---((m— DA+ DH(=D™. (2.12)
Therefore, by (2.11) and (2.12), we obtain the following equation:
(o, x13) = B (x] — 2y (— 1y e
—m, x ——— B (x —
3 (m+ 1)! i 2ni A+ 1DRA+1D)---((m— DA+ 1)
Buni (el =)
m—+1 '

(2.13)
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Remark 2.1. By (2.13), we get

lim ¢ (—m, x|1) = lim _Bmn&l =M\ B ()

=¢(—m,x), (m € N).
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