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Abstract

The purpose of this paper is to provide the new class of proximal contractions,
which are more general than a class of proximal contractions of the first and
second kinds, with the help of Mizoguchi-Takahashi function and by giving
the necessary conditions to have best proximity points and we also provide
example of our main result.

Keywords: Best proximity point, MT-proximal contraction mapping,
proximal contraction mapping.

AMS Subject Classification: 46T99, 47H10, 54H25

1.  Introduction:

The importance of fixed point theory comes from the fact that it provides a unified
treatment and is a huge tool for solving equations of the form T x=x where T is
self-mapping defined on a subset of a metric space or a normed linear space or some
suitable space. If T is nonself-mapping, then it is not possible everywhere that the
equation T x=x has solution. In that case best approximation theorems explore the
existence of an approximate solution that whereas best proximity point theorems
analyze the existence of an approximate solution that is optimal. One of the most
impressive results in this direction was introduced by Fan[3] and he gave that if A is
nonempty compact convex subset of a Hausdorff locally convex topological vector
space B and T: A — B is a continuous mapping, then there exists an element x in A
such that d(x, Tx)=d(Tx, A). Later than, motivating by this result many authors
including Prolla[4], Reich[5], Sehgal and Singh[7, 8] derived the extensions of Fan’s
theorem in many ways.



3240 Savita Rathee and , Kusum Dhingra

It is interesting to note that best proximity point theorems appear as a natural
generalization of fixed point theorems and best proximity point theorem can be boils
down to fixed point theorem when the mapping under consideration is a self-mapping.
In this paper, we generalized the definition of proximal contractions of the first and
second kinds by using the MT-function  which satisfies Mizoguchi-Takahashi’s
condition (i.e. limg_,+supB(s) <1 for all t € [0,0)) and provide best proximity
point theorems for proximal contractions.

2. Preliminaries:

To establish our results of this section, we consider the following definitions and

notations:

Let (X, d) be a metric space. Then for given nonempty subsets A and B, we define
A, and B, as follows

d(A, B)=inf{d(x,y):x e Aand y € B},

A, ={xeA: d(x, y)=d(A, B) for somey € B},

By={y € B: d(x, y)=d(A, B) for some xeA}.

If A nB # @, then A, and B, are nonempty. It is also interesting to note that if A and

B are closed subsets of normed linear space such that d(A, B) > 0 then A, and B, are

contained in the boundaries of A and B respectively.

Definition 2.1[6] A mapping T: A — B is called a proximal contraction of first kind
if there exists k € [0, 1) such that

d(u,Tx) = d(A,B)
d(v,Ty) = d(A, B)} = du, V) =kdx,y)
forallu,v, x,y € A.

Definition 2.2[6] A mapping T: A — B is called a proximal contraction of second
kind if there exists k € [0, 1) such that

Zg‘;;;g - Z&'g%} = d(Tu, Tv) < kd(Tx, Ty)

forall x,y,u,v € A.

Definition 2.3 [11] Let S: A — B and T: B — A be two mappings. The pair (S, T) is
called proximal cyclic contraction pair if there exists k € [0, 1) such that

d(a,Sx) = d(A,B)
STy = B } = d(a by <kd(x, y) + (1—K)d(A, B)
foralla,x € Aand b,y € B.

Definition 2.4[4] A mapping g: A — A is an isometry if for any x, y € A one has
d(gx, gy)=d(x, y).

Definition 2.5[11] Let S: A — B be a mapping and g: A — A be an isometry. The
mapping S is said to preserve the isometry distance with respect to g if
d(Sgx, Sgy)=d(Sx, Sy) forallx,y € A.
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Definition 2.6[6] A point x € A is called a best proximity point of the mapping
S: A — B if it satisfies the condition

d(x, Sx)=d(A, B).

Fora € IR, we recall that

lim,_,q supf(x) = infs>05up0<|x—a|<£f(x)

and lim, .+ supf(x) = infeoSuUPocx—a<cF(X).

Definition 2.7[10] A function p:[0, «) — [0, 1) is said to be an
Mizoguchi-Takahashi function if it satisfies Mizoguchi-Takahashi’s condition
limg_,+ supfB(s) < 1forall t € [0, ).

Clearly, a non-increasing or a non-decreasing function B: [0,0c) — [0, 1) is
MT-function. So the set of MT-function is a rich class. But also note that there exist
some functions which are not MT-functions.

For example:

Let £: [0, «0) — [0, 1) be defined by

ﬂ(t)={

5 lf t € [0,00)
0, otherwise.
Since limg_, 5+ supB(s) = 1, B is not an MT-function.

3. Main Results:
Now, we derive a new class of proximal contraction mapping, that is, MT-proximal
contraction mappings and then prove best proximity point theorems for this new class.

Definition 3.1 A mapping T: A — B is called MT-proximal contraction of first kind if
there exists an M T-function £ such that

d(u,Tx) = d(A,B)

o Ty = dea ) = 4V = e Y. Y)

forall x,y,u,v € A.

Definition 3.2 A mapping T: A — B is called MT-proximal contraction of second
kind if there exists an MT-function g such that

Zg‘:;ﬁ - Z&:g%} = d(Tu, Tv) < B(d(Tx, Ty))d(Tx, Ty)

forall x,y,u,v € A.

Obviously if one can consider B (t)=k where k € [0, 1), then MT-proximal contraction
of first kind and MT-proximal contraction of second kind reduce to a proximal
contraction of first kind and a proximal contraction of second kind respectively.

We provide a best proximity point theorem for nonself-mappings which are
MT-proximal contractions of first kind.
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Theorem 3.3 Let (X, d) be a complete metric space and let A, B be two nonempty
closed subsets of X such that A, and B, are nonempty. Let S: A — B, T: B— A and
g: AUB — AUB satisfy the following conditions:

(1) Sand T are MT-proximal contraction of first kind;

(2) gisanisometry;

(3) thepair (S, T) is a proximal cyclic contraction;

(4) S(Ap) € By and T(By) < Ap;

() Ao €9(4o) and By S g(Bo).

Then there exists unique point X € A and there exists unique point y € B such that
d(gx, Sx)=d(gy, Ty)=d(x, y)=d(A, B). Moreover, for any fixed x, € A,, the sequence
{x,} defined by d(gx,,+1, Sx,)=d(A, B) converges to the element x. For any fixed
Yo € By, the sequence {y,} defined by d(gy,,+1, Ty, )=d(A, B) converges to the
elementy.
On the other hand, a sequence {p,,} in A converges to x if there exists a sequence of
positive numbers {&,} such that lim,,_,., £,=0, d(Pp+1, Gn+1) < &, Where g,.; € A
satisfies the condition that d(9q,,+ 1, Sp,)=d(A, B).
Proof: Suppose x, is a fixed element in A,. In view of the fact that S(4,) € B, and
Ay, S 9g(A4p), it implies that there exists an element x; € A, such that
d(gx;, Sx,)=d(A, B).
Again, by condition (4) and (5), there exists an element x, € A, such that
d(gx,, Sx;)=d(A, B). In the similar way, we can find x, € A, such that
d(gx,, Sx,—1)=d(A, B).

So, by the principle of mathematical induction, we can determine an element
X411 € Ap such that d(gx,,+, Sx,,)=d(A, B). (3.1)
Again S(A,) € By and A, € g(4,), S iIs MT-proximal contraction of first kind, g is an

isometry and by using MT-function g, it follows that for each n > 1,

d(xn+1! xn):d(gxn+l’ gxn) S :B(d(xn»xn—l))d(xnlxn—l) < d(xn'xn—l)l

which implies that the sequence {d(x,,+1,X,)} is non-increasing and bounded below.
Hence there exists r > 0 such that lim,,_,., d(x,+1,x,) =r. Let us suppose that
r> 0. We observe that

L2120) 2 ()

d(xXpXn—1)
Which implies that when n—oo then S(d(x,,, x,,—1)) =1 which contradicts that 8 is an
MT-function and hence lim,, ., d (x,, 1, X,,) =r=0. (3.2)

Now we shall prove that {x,,} is a Cauchy sequence. On the contrary, suppose that
{x,} is not a Cauchy sequence. Then there exists ¢ > 0 and subsequences{x,,, }, {xn, }

of {x,,} such that for any n, >m;, >k
Tk :d(xmernk) = & d(xmk'xnk_l) <e&

forany k € {1,2,3,.............}. Foreach n > 1, let a,, = d(x,,4+1,x,,). Then we have
e <1 < d(xmk,xnk_i) +d(xn, ) Xn,)
<&+ ay, (3.3)

and from equations (3.2) and (3.3), we have
limy,_,, 1, =€ (3.4)
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Notice that
e < %

= d(xmk’xmkﬂ) + d(xnk+1’xnk) + d(x7"-k+1’xnk+1)

= a?nk + ank +d(xmk+1»xnk+1)

< a?nk + ank + :B(d(xﬂlk’xnk)) d(xﬂlklxnk)

and so

Tk = ¥my, — O,
d(xnl}f‘xnk)k < B(d(my Xny))-

By taking limit k — oo and by using equations (3.2) and (3.4) which provide

contradiction since B is an MT function. So, we come to fact that {x,,} is a Cauchy

sequence. Hence {x,,} converges to some element x € A.

Similarly, by using conditions of (4) and (5), that is, T(B,) € A, and A, € g(4,), we

can conclude that there exists a sequence {y,,} such that it converges to some element

y € B. Since the pair (S, T) is proximal cyclic contraction and g is an isometry, we

have

A+ 1, Yn+1)=d(9%n 41, OYn+1) < kd (e yn) + (1 — k)d(4, B) (3.5)

Taking n — oo in equation (3.5) it follows that d(x, y)=d(A, B) (3.6)

and so x € A, and y € B,. Since S(4,) € B, and T(B,y) € Ay, there exists u € A and

Vv € B such that

d(u, Sx)=d(A, B)

d(v, Ty)=d(A, B). (3.7)

From equations (3.1), (3.7) and using S is MT-proximal contraction of first kind, we

get

d(u, gxni1) = B(d(x,xp)) d(x, xy) (3.8)

Letting n — oo, we get d(u, gx) < 0 and so u=gx.

Therefore, we have

d(gx, Sx)=d(A, B). (3.9
In the same way, we can prove that v=gy and so
d(gy, Ty)=d(A, B). (3.10)

From equations (3.6), (3.9) and (3.10), we get d(x, y)=d(gx, Sx)=d(gy, Ty)=d(A, B).
Uniqueness, suppose there exists x* € Aand y* € B with X # x™and y # y* such
that

d(gx*,Sx*)=d(A, B) and d(gy*, Sy *)=d(A, B).

Using isometry of g and S is MT-proximal contraction of first kind, it follows that
d(x, x*)=d(gx, gx*) < B(d(x, x*)) d(x,x")

and hence

_d(xx") .
= < B(d(x,x")) < 1.

which is contradiction. Thus we have x=x". Similarly, we can prove that y=y*.
On the other hand, let {p,,} be a sequence in A and {&,,} be a sequence of positive real
numbers such thatlim,,_,., &, = 0,

d(pn+1' (Zn+1) = En- (3-11)
where g,,,1 € A satisfies the condition that

d(99n+1, SPn)=d(A, B). (3.12)
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By using equation (3.1), (3.12), S is MT-proximal contraction of first kind and g is an
isometry, we have

dCtns1 Gn1)=0d(gXn 11, 9Gn+1) S B(d (X0 Pn))d (s ).

Forany e > 0, choose a positive integer n such that ¢, < e foralln > N.

We observe that

d0n+1,Pn+1) < d(Xnt1Gnr1) + A(Qni1Pasr)

= ﬁ(d(xnrun))d(xn»un) + &

< d(x,,u,) + &

Since e > 0 is arbitrary, we can conclude that for all n > N the sequence {d(x,,, p»)}
is non-increasing and bounded below and hence converges to some non-negative real
number r'. Since the sequence {x,,} converges to x, we obtain

1iMy s, APy, %) = 1imyy, AP ) = 7 (3.13)
Suppose that r'> 0.Since

d@Pn+1,%) < d@Ppi1Xnr) + A1, X)

< (A, Pn))d (6 Pa) + & + d (x40, X). (3.14)

From inequalities (3.11), (3.13) and (3.14) we get

d®p41.0)—n —d(Xpi1.X)
d(xn-l’n) S B(d(xn' pn))
Since £ is MT-function. we observe that
lim,,,., d(pn, x) = lim,,.,d(p,,x,) = 0.
which is contradiction. Thus r'=0 and hence {p,,} is convergent to the point x.

Corollary 3.4 Let (X, d) be a complete metric space and let A, B be two nonempty
closed subsets of X such that A, and B, are nonempty. Let S: A — B, T: B— A and
g: AUB — AUB be the mappings satisfying the following conditions:

Sand T are MT-proximal contraction of first kind;

g is an identity map;

the pair (S, T) is a proximal cyclic contraction;

S(4p) € By and T(By)< Ap.

~wbhE

Then there exists unique point X €A and there exists unique point y € B such that
d(x, Sx)=d(y, Ty)=d(x, y)=d(A, B).
If we consider B(t) = k, where k € [0, 1), we obtain the following corollary:

Corollary 3.5 Let (X, d) be a complete metric space and let A, B be two nonempty
closed subsets of X such that A, and B, are nonempty. Let S: A — B, T: B— A and
g: AUB — AUB satisfy the following conditions:

Sand T are proximal contraction of first kind,;

g is an isometry;

the pair (S, T) is a proximal cyclic contraction;

S(4y) € By and T(By) <€ Ay;

Ay € 9(Ao) and By < 9(By).

ok~
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Then there exists unique point X €A and there exists unique point y € B such that

d(gx, Sx)=d(gy, Ty)=d(x, y)=d(A, B). Moreover, for any fixed x, € A,, the sequence

{x,} defined by d(gx,,+1, Sx,)=d(A, B) converges to the element x. For any fixed
x, € A, the sequence {x,,} defined by d(gx,;;, Ty,)=d(A, B) converges to the

elementy.

If in the above corollary g is an identity mapping, we obtain the following corollary:

Corollary 3.6 Let (X, d) be a complete metric space and let A, B be two nonempty
closed subsets of X such that A, and B, are nonempty. Let S: A — B, T: B— A and
g: AUB — AUB satisfy the following conditions:

1.  Sand T are proximal contraction of first kind;

2. thepair (S, T) is a proximal cyclic contraction;

3. S(AO) c BC’ and T(Bc)g AO'

Then there exists unique point X € A and there exists unique point y € B such that
d(x, Sx)=d(y, Ty)=d(x, y)=d(A, B).

4. Examples:

Now we give an example to show the difference between the definition of proximal
contraction of first kind and MT-proximal contraction of first kind. For this, firstly we
use some proposition:

Proposition 4.1[11] Let f: [0, oc0) — [0, <o) be a function defined by f(x)=log(1 + x).
Then we have to prove that
f(x)-fly) < f(|x —y|) forallx,y € [0, ).

Proposition 4.2[11]For each X, y € R, we have the following inequality
1 1

< :
UHxDU+YD T I+|x—yl ) . . . .
Now we presents an example which shows that MT-proximal contraction of first kind

need not be proximal contraction of first kind

Example 4.3 Consider the complete metric space R’ with metric defined by
d(@ b), (x, y)=lx —a| + 22 Let A={(0,x): x € R}and B={(3,y):y € R}. Then
d(A, B)=3. Define the mapping S: A — B as follows:

S((0,x))=(3,log 1 + |x])).

Solution: Firstly, we shall prove that S is MT-proximal contraction of first kind with
MT-function 3 defined by

1 —
=1 2=
B =910g(1+ 1)
—_—t> 0.
2

Let (0,x,),(0,x,),(0,a;) and (0, a,) be elements in A satisfying
d((0,a;)S(0,x;))=d(A, B)=3, d((0,a,)S(0, x,))=d(A, B)=3.
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Then we have a; =log(l + |x;|) and a, = log(I + |x;]|).If x; = x;, then nothing to

prove. Suppose that x; # x, by proposition 4.1 and the fact that log(Z + |x]|) is

increasing function, we have

dg(O, a;), (0, a;))=d((0,log(1 + Ile)} (0,log I + |x;]))

= llog(Z + |x;]) = log I + |x;)| < 5 [log(Z + |x;] = |x])]

_log (1+]x; =[x |
2|xj=x;|

=B(d((0,x,), (0, x2))) d((0,x,), (0, x;))

d((0.a,).(0,az)) = Bd((0,x,),(0,x,))) d((0,x,), (0, x,)).

This implies that S is MT-proximal contraction of first kind. Now we shall prove that
S is not proximal contraction of first kind. For this suppose that S is proximal
contraction of first kind, then for each (0,x;),(0,y,),(0,a;) and (0,b;) € A
satisfying

d((0,x;)S(0,a;))=d(A, B)=3, d((0,y,)S(0,b;))=d(A, B)=3. (4.1)
there exists k € [0, 1) such that

d((0, x,), (0,y1)) = kd((0,a;),(0,b;))

from equation (4.1), we observe that x; = log(1 + |a,|) and x, =log(1 + |b.]).
~[log(1 + lay|) —log(1 + b, ])[=d (0, x,), (0,x2))

< kd((0,a,),(0,b,))

— k|a1_b1

=k——.

Taking b, = 0

log(1+]ai) _ &

— x|

log(1+|a1|) < k < 1
laq] -

which is contradiction.
Hence S is not proximal contraction of first kind.
Now we give an example which satisfying our main result.

1=limg .,

Example 4.4 Consider the complete metric space R? with metric defined by
d(Ce, x2), V1, 32)) = [ = yil + 1o —yo| for all (xg, %), (01,y2) € R*  Let
A={(0,x):x € R} and B={(3,y):y € R}. Define two mappings
S:A— B, T:B— Aandg: AUB — AUB as follows:

5((0, X))=(3, —4—), T((3, ))=(0, —2—) and g((x, y))=(X,-Y).

2(1+|x]Y’ 2(1+|yD

Solution: Clearly d(A, B)=3, A, = A, B, = B and mapping g is an isometry.
Next, we shall prove that S and T are MT-proximal contraction of first kind with

MT-function g defined by B(t) = ~_forallt> 0.

Let (0,x),(0,x,),(0,a,) and (0, ;SJF& elements in A satisfying
d((0,a,)S(0, x,))=d(A, B)=3, d((0,a,)S(0, x,))=d(A, B)=3.

_ |24 _ |x2] _ -
Then we have a, = PRI da, = z(1+|x2|)'|f X; = X,, then nothing to prove.

Suppose that x; # x, then by proposition (4.2), we have




MT-Proximal Contractions and Best Proximity Point Theorems 3247

d((0, a,), (0,a2)) = d((0,—22y, (0, L2y

"2+ )N 214 )
_‘ EA
21+ [ 201+ |x20)
_| |1 | = |z
2(1+ x) (1 + |x2)
|, — x5

<
T 2(1 4+ X xp))
=B(d((0, x1), (0, x3))) d((0, x1), (0, x5)).
Thus S is MT-proximal contraction of the first kind.
Similarly, we can prove that T is MT-proximal contraction of the first kind. Now, we
show that the pair (S, T) is a proximal cyclic contraction. let (0, u), (0, X) € A and
(3, V), (3,y) € B be such that
d((0, u)S(0, x))=d(A, B)=3, d((3, v), T(3,y))=d(A, B)=3.
Then we get
Il _ vl
T20+x) T 20yl
The result is true for x=y. So suppose that x # y, then we observe
d(0,u), B,V))=lu—v|+3
:| X Iyl
2(1+x]) 2@ +[yD
:| x| =[yl |x—y|
2(+|xDa+lyD = 2@+ xD@+lyh
< k(|x —y| +3) +(1-k)3
=k d((0, X)(2, y)) +(1-k)d(A, B)
where k € [%, 1). This implies that (S, T) is a proximal cyclic contraction. Therefore

all the hypothesis of theorem 3.3 are satisfied. Next, it is clear to see that (0, 0) € A
and (3, 0) € B are the unique elements such that
d(g(0, 0), S(0, 0))=d(g(3, 0), T(3, 0))=d((0, 0)(3, 0))=d(A, B).

+3 < %lx—yl +3
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