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Abstract
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1. Introduction

Many mathematicians have studied some identities of symmetry for q-extension of
Bernoulli numbers and polynomials, Euler numbers and polynomials, Genocchi numbers
and polynomials, Tangent numbers and polynomials (see [1, 2, 3, 4, 6, 7, 8]). Recently,
Y. Hu investigated several identities of symmetry for Carlitz’s q-Bernoulli numbers and
polynomials in complex field (see [2]). D. Kim et al.[3] derived some identities of
symmetry for Carlitz’s q-Euler numbers and polynomials in complex field. J. Y. Kang
and C. S. Ryoo studied some identities of symmetry for q-Genocchi polynomials (see
[1]). In this paper, we obtaine some identities of symmetry for Carlitz’s (h, q)-tangent
polynomials associated with p-adic integral on Zp.

Throughout this paper we use the following notations. By Zp we denote the ring of
p-adic rational integers, Qp denotes the field of p-adic rational numbers, Cp denotes the
completion of algebraic closure of Qp, N denotes the set of natural numbers, Z denotes
the ring of rational integers, Q denotes the field of rational numbers, C denotes the set of
complex numbers, and Z+ = N ∪ {0}. Let νp be the normalized exponential valuation
of Cp with |p|p = p−νp(p) = p−1. When one talks of q-extension, q is considered
in many ways such as an indeterminate, a complex number q ∈ C, or p-adic number
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q ∈ Cp. If q ∈ C one normally assumes that |q| < 1. If q ∈ Cp, we normally assume

that |q − 1|p < p
− 1

p−1 so that qx = exp(x log q) for |x|p ≤ 1. Throughout this paper
we use the notation:

[x]q = 1 − qx

1 − q
(cf. [1, 2, 3, 4]) .

Hence, lim
q→1

[x] = x for any x with |x|p ≤ 1 in the present p-adic case. Let

g ∈ UD(Zp) = {g|g : Zp → Cp is uniformly differentiable function}.

For g ∈ UD(Zp), the p-adic invariant integral on Zp is defined by Kim to be

I−1(g) =
∫

Zp

g(x)dµ−1(x) = lim
N→∞

pN−1∑
x=0

g(x)(−1)x, see [5]. (1.1)

2. Symmetric identities for Carlitz’s (h, q)-tangent numbers
and polynomials

Our primary goal of this section is to obtain symmetric identities for Carlitz’s (h, q)-
tangent numbers T (h)

n,q and polynomials T (h)
n,q (x).

By using the similar method of [4, 7], expect for obvious modifications, we are going
to obtain the main results of Carlitz’s (h, q)-tangent numbers and polynomials.

For q ∈ Cp with |q − 1|p < 1, (h, q)-tangent polynomials T (h)
n,q (x) are defined by

T (h)
n,q (x) =

∫
Zp

qhy[x + 2y]nqdµ−1(y), see [9]. (2.1)

When x = 0, T (h)
n,q (0) = T (h)

n,q is called the n-th (h, q)-tangent numbers.
Let w1 and w2 be odd numbers. Then we have

∫
Zp

qw1hye

[
w2x+

2w2

w1
j+2y

]
qw1

[w1]q t

dµ−1(y)

= lim
N→∞

w2p
N−1∑

y=0

qw1hye[w1w2x+2w2j+2w1y]q t (−1)y

= lim
N→∞

w2−1∑
i=0

pN−1∑
y=0

qw1h(i+w2y)e[w1w2x+2w2j+2w1(i+w2y)]q t (−1)i+w2y

(2.2)
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From (2.2), we can derive the following equation (2.3):

w1−1∑
j=0

(−1)jqhw2j

∫
Zp

qw1hye

[
w2x+

2w2

w1
j+2y

]
qw1

[w1]q t

dµ−1(y)

= lim
N→∞

w1−1∑
j=0

w2−1∑
i=0

pN−1∑
y=0

(−1)i+j qw2hjqw1hiqw1w2hy

× e[w1w2x+2w2j+2w1i+2w1w2y]q t (−1)y

(2.3)

By the same method as (2.3), we have

w2−1∑
j=0

(−1)jqhw1j

∫
Zp

qw2hye

[
w1x+

2w1

w2
j+2y

]
qw2

[w2]q t

dµ−1(y)

= lim
N→∞

w2−1∑
j=0

w1−1∑
i=0

pN−1∑
y=0

(−1)i+j qw1hjqw2hiqw1w2hy

× e[w1w2x+2w1j+2w2i+2w1w2y]q t (−1)y

(2.4)

Therefore, by (2.3) and (2.4), we have the following theorem.

Theorem 2.1. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we have

w1−1∑
j=0

(−1)jqhw2j

∫
Zp

qw1hye

[
w2x+

2w2

w1
j+2y

]
qw1

[w1]q t

dµ−1(y)

=
w2−1∑
j=0

(−1)jqhw1j

∫
Zp

qw2hye

[
w1x+

2w1

w2
j+2y

]
qw2

[w2]q t

dµ−1(y).

(2.5)

By substituting Taylor series of ext into (2.5) and after calculations, we obtain the fol-
lowing corollary.

Corollary 2.2. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we have

[w1]nq
w1−1∑
j=0

(−1)jqhw2j

∫
Zp

qw1hy

[
w2x + 2w2

w1
j + 2y

]n

qw1

dµ−1(y)

= [w2]nq
w2−1∑
j=0

(−1)jqhw1j

∫
Zp

qw2hy

[
w1x + 2w1

w2
j + 2y

]n

qw2

dµ−1(y).

(2.6)
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By (2.1) and Corollary 2, we have the following theorem.

Theorem 2.3. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we have

[w1]nq
w1−1∑
j=0

(−1)jqhw2jT
(h)
n,qw1

(
w2x + 2w2

w1
j

)

= [w2]nq
w2−1∑
j=0

(−1)jqhw1jT
(h)
n,qw2

(
w1x + 2w1

w2
j

)
.

By (2.6), we can derive the following equation (2.7):∫
Zp

qw1hy

[
w2x + 2w2

w1
j + 2y

]n

qw1

dµ−1(y)

=
n∑

i=0

(
n

i

) ( [w2]q
[w1]q

)i

[2j ]iqw2 q
w2(n−i)j

∫
Zp

qw1hy [w2x + 2y]n−i
qw1 dµ−1(y)

=
n∑

i=0

(
n

i

) ( [w2]q
[w1]q

)i

[2j ]iqw2 q
w2(n−i)jT

(h)
n−i,qw1 (w2x) .

(2.7)

By (2.7), and Theorem 2.3, we have

[w1]nq
w1−1∑
j=0

(−1)jqhw2j

∫
Zp

qw1hy

[
w2x + 2w2

w1
j + 2y

]n

qw1

dµ−1(y)

=
w1−1∑
j=0

(−1)jqhw2j

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i

q [2j ]iqw2 q
w2(n−i)jT

(h)
n−i,qw1 (w2x)

=
n∑

i=0

(
n

i

)
[w2]iq[w1]n−i

q T
(h)
n−i,qw1 (w2x)

w1−1∑
j=0

(−1)jqw2(n−i+h)j [2j ]iqw2

=
n∑

i=0

(
n

i

)
[w2]iq[w1]n−i

q T
(h)
n−i,qw1 (w2x) S(h)

n,i (w1, q
w2),

(2.8)

where

S(h)
n,i (w1, q) =

w1−1∑
j=0

(−1)jq(n−i+h)j [2j ]iq .

By the same method as (2.8), we get

[w2]nq
w2−1∑
j=0

(−1)jqhw1j

∫
Zp

qw2hy

[
w1x + 2w1

w2
j + 2y

]n

qw2

dµ−1(y)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i

q T
(h)
n−i,qw2 ,ζw2 (w1x) S(h)

n,i (w2, q
w1).

(2.9)
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By (2.8) and (2.9), we have the following theorem.

Theorem 2.4. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we have

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i

q S(h)
n,i (w1, q

w2)T
(h)
n−i,qw1 (w2x)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i

q S(h)
n,i (w2, q

w1)T
(h)
n−i,qw2 (w1x) .

By Theorem 2.4, we obtain the interesting symmetric identity for Carlitz’s (h, q)-tangent
numbers.

Corollary 2.5. For w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2), we have

n∑
i=0

(
n

i

)
[w2]iq[w1]n−i

q T
(h)
n−i,qw1 S

(h)
n,i (w1, q

w2)

=
n∑

i=0

(
n

i

)
[w1]iq[w2]n−i

q T
(h)
n−i,qw2 S

(h)
n,i (w2, q

w1).
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