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Abstract

The (affine) development of a smooth curve in a smooth manifold M with respect to
an arbitrarily given affine connection in the bundle A(M) of affine frames over M
is well known (cf. S.Kobayashi and K.Nomizu, Foundations of Differential Geom-
etry, Vol.1). In this paper, we get the generalized affine development of a smooth
curve in M with respect to an arbitrarily given generalized affine connection in
A(M), and then investigate relationships among the covariant derivatives with re-
spect to an arbitrarily given linear connection w in the bundle L(M) (C A(M)) of
linear frames, the affine connection and a generalized affine connection in A(M)
which are related to the linear connection w.

AMS subject classification: 53C05, 53B05, 55R10, 55R65.
Keywords: (affine) development, generalized affine development, linear (affine,
generalized affine) connection, covariant derivative.

0. Introduction

Let L(M) and A(M) be the linear frame and the affine frame bundles over an n-
dimensional C* manifold M respectively. Let 7 : L(M) < A(M) be the (princi-
pal fiber bundle) homomorphism of L(M) into A(M) with the group homomorphism
y : GL(n; R) — A(n; R), w (resp. ¢) an arbitrarily given linear connection (resp. an
arbitrarily given tensorial 1-form of type (GL(n; R), R") ([2, p. 75])) which is defined
on L(M), and 6 the canonical 1-form on L(M). Let @ (resp. @) be the affine (resp. the
generalized affine) connection such that *® =: w + 0 (resp. y*® =: w + ¢) on L(M).

!This work was supported by the research grant of the Busan University of Foreign Studies in 2015.
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Lett = x,(0 <t < 1) beaC® curve in M, and 7| (resp. 7)) the affine (resp. the
generalized affine) parallel displacement of the affine tangent space A, (M) into A, (M)
with respect to @ (resp. @) in A(M). Then, the affine development C, = Tx)0 <t <
1) of the curve T = x;(0 <t < 1) in M into A, (M) is well known ([2, Proposition 4.1,
p. 131]).

First of all in this paper, we get the generalized affine development C, = T)(x;) of
the curve T = x; (0 <t < 1) in M into A,,(M) as follows.

Theorem 2.3. Let @ be an arbitrarily given generalized affine connection in A(M), and
let T = x;, 0 <t < 1, be a smooth curve in M. Let 7 be the parallel displacement of
Ay, (M) into Ay, (M) along T with respect to the generalized affine connection ( form) w.
Then the generalized affine development C, = fé (x) (0O <t <1)ofthecurve T =
x (0<t<1)in M into A,,(M) is given as follows:

C = fé(xt) = 7L_'6().%) - té()'ct) O=<r=<1,

where x; := dx,/dt and 7 is the linear parallel displacement along 7 from x; to xo
with respect to the linear connection w in L (M) which is corresponding to @ (y* (@) =
w+@on L(M))in A(M).

Let Y be a smooth cross section of M into the tangent bundle 7 M (or the affine
tangent bundle A(M) X o r) A") over M. Let VY, 6)’& Y and @jt Y be the covariant
derivatives of Y in the direction of the curve T = x;(0 < ¢t < 1) withrespecttow, @ and ®
respectively. Then we obtain the following results.

Theorem 2.2. Letw be an arbitrarily given linear connectionin L (M) and 6 the canonical
1-form on L(M). Let @ be the affine connection in A(M) such that 7*(®) = o + 6 on
L(M),andt = x;, (0 <t <1)aC%®curvein M. Let Y be a cross section of M into
TM (or A(M) X am:r) A"). Let Vy, (resp. @x,) be the covariant differentiation along
T with respect to w (resp. ). Then

- dc,
(Vi Y1)i=0 = (V;, Y + W)t:O,

where C ; 18 the affine development of T = x; (0 <t < 1) into Ay, (M).

Theorem 2.6. Letw be an arbitrarily given linear connectionin L (M) and ¢ an arbitrarily
given tensorial 1-form on L(M) of type (GL(n; R), R"). Let @ be the generalized affine
connection in A(M) such that p*(@) = w + ¢ on L(M),and 7t = x, (0 <t < 1) a
C curve in M. Let Y be a cross section of M into TM (or A(M) X atn:r) A"). Let
Vs, (resp. @x,) be the covariant differentiation along t with respect to @ (resp. ®).
Then

. dcC,
(Vi Y)i=0 = (Vy, Y + W)tzoa

where C; is the generalized affine development of T = x, (0 < ¢ < 1) into Ay (M).
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1. Preliminaries

In general, when we regard R" as an affine space, we denote it by A”". The group
A(n; R)(= GL(n; R) x R") of all affine transformations of A" is represented by the

group of all matrices of the form
- a
a= (0 %) , (1.1)

where a = (a;'.),-,j € GL(n; R)and & = (Si), & € R",is a column vector. The element

a in (1.1) maps a point n of A" into an + &. We have the following exact sequence (cf.
[2, p.125]):

0 R"<% A(n: R) -2 GL0: R) —> 1. (1.2)

The tangent space T (M) of an n-dimensional smooth manifold M at x (¢ M), regarded
as an affine space, is denoted by A, (M) and is called the affine tangent space. An affine
frame of the manifold M at x (¢ M) consists of a point p € A, (M) and a linear frame
(X1,..., Xp) atx;itis denoted by &t := (X1, ..., X;;; p). We denote by A(M) the set of
all affine frames of M and define the projection 7 : A(M) — M by setting 7 (i) = x
for every affine frame u at x. Then, A(M)(M, A(n; R), ) is a principal fiber bundle
over M with group A(n; R). We call A(M)(M, A(n; R), ) the bundle of affine frames
over M (cf. [1, 2]).

Let L(M) be the bundle of linear frames over M. Corresponding to the natural
group homomorphisms g : A(n; R) - GL(n; R) and y : GL(n; R) — A(n; R), we
have principal fiber bundle homomorphisms ,8~ c:AM) - L(M)and y : L(M) —
A(M). Namely, B : AMM) - L(M) maps (X1,...,X,; p) into (Xq,..., X,), and
y : L(M) — A(M) maps (X1, ..., X,) into (X1, ..., X,;; 0y), where 0, € A, (M) is
the point corresponding to the origin of 7, (M). In particular, L (M) can be considered
as a subbundle of A(M).

A generalized affine connection of M is a connection in the principal fiber bundle
A(M) of affine frames over M. We denote by R" the Lie algebra of the vector group
R". Corresponding to the exact sequence (1.2) of groups, we have the following exact
sequence of the Lie algebras (cf. [2, p.127]):

0 R" < a(n; R) —> gl(n; R) — 0. (1.3)
Therefore,
a(n; R) = gl(n; R) + R" (semidirect sum) (cf. [2, p.127]). (1.4)

Let @ be the connection form of a generalized affine connection of M. Then y*@ is an
a(n; R)-valued 1-form on L(M), where y*@ is the pull back of @ by . Let

7*® = w + ¢, (cf. [2, Proposition 3.1, p.127]), (1.5)
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be the decomposition corresponding to a(n; R) = gl(n; R) + R", so that wis a gl(n; R)-
valued 1-form on L(M) and ¢ is an R"-valued 1-form on L(M). Here ¢ is a tensorial
1-form on L(M) of type (GL(n; R), R") ([2, §5 of Chapter II]), and hence corresponds
to a tensor field of type (1,1) on M.

A generalized affine connection (form)  is called an affine connection (form) if, in
(1.5), the R"-valued 1-form ¢ is the canonical 1-form 6 on L(M), i.e.,

0(X) = u"'(m (X)) for X € T,(P), (ue L(M), P =(L(M)). (1.6)

From now on, we denote by @ and @ affine connections (forms) and generalized
affine connections (forms) in the principal fiber bundle A(M) of all affine frames over
M respectively.

For later use, we introduce the following lemmas.

Lemma 1.1 ([2, Proposition 3.1, p.127]). Let @ be a generalized affine connection
(form) on A(M) and let

7o =w+ g,

where w is gl(n; R)-valued and ¢ is R"-valued. Then

(1) The correspondence between the set of all generalized affine connection forms
on A(M) and the set of all pairs consisting of a connection form on L(M) and a
tensorial 1-form on L(M) of type (GL(n; R), R") givenby @ — (w, ¢)is1: 1.

(2) The homomorphism ,3 : A(M) — L(M) maps horizontal subspaces in A(M) into
horizontal subspaces in L(M).

The following lemma is an immediate consequence of Lemma 1.1.

Lemma 1.2 ([2, Theorem 3.3, p.129]). The principal fiber bundle homomorphism g :
A(M) — L(M) maps every affine connection on A(M) into a linear connection on
L(M). Moreover, the map, which is defined by (1) of Lemmal.1, between the set of all
affine connections in A(M) and the set of all linear connections in L (M) is a one-to-one
correspondence.

2. Connections in the bundle of affine frames

2.1. The bundle of affine frames over a C°° manifold

Let M be an n-dimensional C° manifold. For each x € M, an affine frame at x consists
of a point p € Ax(M) and a linear frame u = (X1, ..., X,,) at x; it will be denoted by
(u; p) = (X1, ..., Xu; p). We denote by A(M) the set of all affine frames of M. An
affine frame u = (u; p) € A,(M) is considered as a map of A" onto the affine tangent
space A, (M);

= u;p):A" 30— u() +p e A(M).
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We define an action of A(n; R) on A(M) by
ua:=uoa wmeAM),aec A(n;R)),

where # o a is the composite of the affine transformations a : A" — A" andu : A" —
Ay (M). Hence, we get
ua(= (u; p)(a; §)) = (ua; ué + p) € Ax(M) C A(M),

(2.1)
(ue L(M), pe Ay(M), ae GL(n; R), § € R").

We define the projection 7 : A(M) — M by setting 7 (u) = x for every affine frame

uat x. Let (U;xl,...,x") and (V; yl, ...y, UNYV # @, be local coordinate
neighborhoods of M. Since, for u = (u; p) € fr_l(U ny),

i = (u; p) = (3/0x" - 9/8x")a) §(p)]

= (@/3y" -+ 0/8y")b(w) n(p)].

(a(u),b(u) € GL(n; R); £(p), n(p) € R"), we getthe transition function ¢y on UNV
which is defined by

(2.2)

(x'/ay’);; 0

duv = [(3x'/dy)]ij = < 0 1) € A(n; R). (2.3)

Then, A(M)(M, A(n; R), w) becomes a principal fiber bundle over M with group
A(n; R). Such a principal fiber bundle A(M) is called the bundle of affine frames
over M.

Here, we define a fiber bundle associated with a principal fiber bundle as follows ([1,
2, 3]). Let P(M, G, i) be a principal fiber bundle and F a manifold on which G acts
on the left. On the product manifold P x F, we let G act on the right as follows: an
elementa € G maps (u, &) € P x F into (ua, a_lé) € P x F. The quotient space of
P x F by this group action is denoted by E = P xg F. We call E or more precisely
E(M, F, G, P) the fiber bundle over the base manifold M, with fiber F and structure
group G, which is associated with the principal fiber bundle P (M, G, 7).

Now, we define a map v between the affine tangent bundle and the tangent (vector)
bundle over the base manifold M by

v (AMM) Xam;ry A™) 3 [, n] —> un + p € (L(M) XGLw;r) R") =TM, (2.4)
(. = (u; p) € A(M), n € A™). This map v is well defined. In fact, if
[, n] = [v,¢] foru = (u; p) and v = (v; q) (T (u) = 7 (v)),
then there exists @ = (a; £) (@~ = (a~'; —a~'€)) € A(n; R) such that

[, nla = [v, ¢l (2.5)
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From (2.1) and (2.5), we have

ia = (ua;ué +p)=;q) =90, a'n=a'n-a'E=¢.  (2.6)

We get from (2.4) and (2.6)

v([u, n]) = un + p,

) B (2.7)
v([v, ¢]) = v([(ua; u&§ + p);a " (n—§)) =un+ p.

So, the map v is well defined.

The map v is bijective. In fact, v is evidently surjective. In order to show the fact
that v is injective, we assume that

v([u;n]) =v([v;¢D) @ = (u;p),v=_(v;q) € AM); n,¢ € A"). (2.8)

Then, since 77 (i) = 7 (v), there uniquely exists @ € GL(n; R) such that v = ua. From
this fact, (2.4) and (2.8), we get

ua=v, un+p=vi+q=ual+gq. (2.9)

From (2.9), we have
t=an+aul(p—q). (2.10)

Putting a = (a; u_l(q -p) @'=@"; —a_lu_l(q —p))) € A(n; R), then we have
from (2.1), (2.9) and (2.10),

(@;ma = @@aza~'n) = (ua; ¢);a”'n+a~u™ (p — q)) = @ 0)
So v is injective. Hence the map v is bijective.

Eventually, the total space (i.e., the bundle space) of the affine tangent bundle over M
is naturally homeomorphic with that of the tangent (vector) bundle over M ; the distinction
between the two is that the affine tangent bundle is associated with A(M) whereas the
tangent (vector) bundle is associated with L(M). Thus,

{Y|Y:M— TM = (L(M) XGLn:r) R")is a C™ cross section}
and

{Y|Y:M— AM) Xa@m:r) A" (the affine tangent bundle) is a C™ cross section}

are naturally 1:1 correspondent.
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2.2. Affine connections

Lett = x;,, 0 <t < 1, be a smooth curve in M. The affine parallel displacement
along 7 is an affine transformation of the affine tangent space A,,(M) at xo onto the
affine tangent space Ay, (M) at x; which is defined by the given affine connection in
A(M). Let 7! be the affine parallel displacement along the curve 7 from x; to x¢. A cross
section of M into the affine tangent bundle (associated with A(M)) is called a point field.
Let p be a point field defined along 7 so that p,, is an element of A, (M) for each z.
Then fé (px,) describes a curve in A, (M). We identify the curve T = x; with the trivial
point field along 7, that is, the point field corresponding to the zero vector field along 7.
Then the affine development (cf. [1, 2, 4]) of the curve T in M into the affine tangent
space Ay, (M) is the curve fé (x;) in Ay, (M), where fé is the affine parallel displacement
Ay, (M) — Ay,(M) along T (in the reversed direction) from x; to xo. The following
lemma is well known.

Lemma 2.1 ([2, Proposition 4.1, p.131]). Givenacurve t = x;, 0 <t < 1,1in M, set
Z; = t§(x;), where 7 is the parallel displacement with respect to an arbitrarily given
linear connection (form) w (y*® = w+ 0) along t from x; to x¢ and x; = dx;/dt. Let

C:, 0 <t <1, be the curve in Ay (M) starting from the origin (that is Cy = x¢) such
that dC; /dt = Z; for every t. Then C; is the affine development of 7 into A,,(M).

Proof. Let ug be any point in L (M) such that = (up) = xo, and u, the horizontal lift of
x; in L(M) with respect to the linear connection w. Let i; be the horizontal lift of x; in
A (M) with respect to the affine connection (form) @ such that ity = ug. Since, by virtue
of Lemma 1.1, the homomorphism B : AM) - L(M) = A(M)/R" maps i, into uy,
there is a curve d; in R" C A(n; R) such that it; = u;a, and ag is the identity. Then,
since a; € R" C A(n; R), we can put

- (L EO\ - (I, —E@®
a,—<0 1), a, _(O | ) (2.11)
for each ¢.

Here we shall find a necessary and sufficient condition for @, in order that iu; be
horizontal with respect to the affine connection (form) @. From Leibniz’s formula, we
get . .

Uy = UsQy + Urdy. (2.12)

We obtain by virtue of (2.12) and Lemma 1.1

o) = Ad(@a, Y (@@,)) +a; 'a
= Ad(a; Y (iy) +0G) +a, 'a (2.13)
= Ad(@a )0 +a 'a,,

since the curve u; in L(M) is a horizontal curve with respect to the linear connection
(form) w in L (M) by the above assumption. Thus, by virtue of (2.11) and (2.13), we get
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the fact that i, is horizontal with respect to the affine connection (form)  if and only if
0Gi) = —a, a7 = a, (dd,”"/dt) = da, ™" /dt. (2.14)

Now, in order to obtain the affine development, we assume that the curve u; = u;a; in
A(M) is horizontal with respect to the affine connection @. Then from (2.11) and (2.14),
we obtain

Z = th(%) = (uo o u, ) (&) = uo(0(iiy)) = —uo(dé (1) /d1). (2.15)
Since @, ' € A(n; R) and u, ' (x,) € A", we have from (2.11)
Cr = T (x) = fio (i ' (x1))
= uo(@; " (u, " () = uolu, ™" (x) — E(1)) = —uoE(1)).
By the help of (2.15) and (2.16), we obtain dC,/dt = t}(i;) = Z,. u

(2.16)

We investigate relationships between covariant differentiations with respect to a linear
connection w and the affine connection @ (y*(®) = w + 0) which is defined by w.

Let w be an arbitrarily given linear connection in the bundle L (M) of linear frames
over an n-dimensional C*> manifold M. Let @ be the affine connection in A(M) such
that

P*(@) =w+6 on L(M). (2.17)
Let Y bea C* cross section of M into T M (or A(M) X p(:yA")andt = x, (0 <t < 1)
a (piecewise) C™ curve in M. The covariant derivative (Vy,Y;);—0, (¥; := Yy,),of ¥
along t with respect to the linear connection (form) w is defined by

"(Y;) — Y,
(Vi Y)izo = lim w (2.18)
r—

where 1) is the linear parallel displacement with respect to the linear connection (form)

w along the curve 7 from x; to xo. Similarly the covariant derivative (65& Y));—g of Y
along t with respect to the affine connection (form) @ is defined by

(Y — Yo
l’ 9

(Vi, Y=o = lim (2.19)
—

where 7 is the affine parallel displacement with respect to the affine connection (form)
o along the curve 7 from x; to xg. Then, using the notations as in the course of the proof
of Lemma 2.1, we get from (2.11)

T = dio(;  (Y)) = dio(@, 'u Y (Y)) = wo(u,~ 1 (Y)) — E(2)), (2.20)
since @' € A(n; R) and u,;~'(¥;) € A™. From (2.19) and (2.20), we obtain

ot~ (¥y) — Yo — uo(€(2))
t .

(2.21)

(Vs,Y;)i=o = lim
t—0
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Since ap € A(n; R) is the identity, from (2.11) we have 5 (0) = 0(e R™). From this fact,
(2.18) and (2.21), we get

. dE
(Vi Yo = (vx,Yt — g (%)) . 2.22)
t=0

By the help of (2.16) and (2.22), we obtain

. dC
(Vi,Y)i—o = (vx,Yt + d—t’) . (2.23)
t=0

Therefore we get

Theorem 2.2. Let® be an arbitrarily given linear connectionin L (M) and 6 the canonical
1-form on L(M). Let @ be the affine connection in A(M) such that y*(®) = w + 6 on
LM),andt =x; (0 <t <1)aC*™ curve in M. Let Y be a cross section of M into
TM (or A(M) X am:r) A"). Let V;, (resp. V;,) be the covariant differentiation along
T with respect to w (resp. ). Then
- dC,
(Vi Y)i=0 = | Vi, Yr + I )
! =0

where C, is the affine development of T = x; (0 < < 1) into A,,(M).

2.3. Generalized affine connections

Asin the subsection2.2,lett = x;, 0 <t < 1, be asmooth curvein M. The generalized
affine parallel displacement along 7 is a generalized affine transformation of the affine
tangent space Ay, (M) at x( onto the affine tangent space Ay, (M) at x; which is defined
by a given generalized affine connection in A(M). Let 7! be the generalized affine
parallel displacement along the curve 7 from x; to x,. In particular, 7} is the generalized
affine parallel displacement A, (M) — A,,(M) along 7 (in the reversed direction) from
x; to xo. The generalized affine development of the curve T in M into the affine tangent
space A,,(M) is the curve fé (x:) in Ay, (M). Now we obtain the following theorem.

Theorem 2.3. Let w be an arbitrarily given generalized affine connection in A(M), and
lett =x;, 0 <t <1, be asmooth curve in M. Let fé be the parallel displacement of
Ay, (M) into Ay, (M) along T with respect to the generalized affine connection ( form) w.
Then the generalized affine development C, = fé (x;) (0 <t <1)ofthecurve T =
x (0 <t <1)in M into Ay,(M) is given as follows:

Cr = Th(x) = Th(Gi) — 5 (0 <t < 1),

where x; := dx,/dt and 7/, is the linear parallel displacement along t from x; to xo with
respect to the linear connection w in L (M) which is corresponding to & (7* (@) = w—+¢)
in A(M).
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Proof. For the generalized affine connection @ in A(M), 7*(®) = w + ¢, where w (resp.
@) is the linear connection (resp. R"-valued 1-form) on L(M) (cf. Lemma 1.1). Let
ug be a point in L(M) such that 7 (ug) = xo, and u, the horizontal lift of x; in L(M)
with respect to the linear connection w. Let u; be the horizontal lift of x; in A(M) with
respect to the generalized affine connection (form) @ such that gy = ug. Since, by virtue
of Lemma 1.1, the homomorphism 8 : A(M) — L(M) = A(M)/R" maps ii; into u;,
there exists a curve a; in R" C A(n; R) such that i, = u;a, and ay is the identity. Then,
since a; € R" C A(n; R), we can put

G = ({) 55”) . al= (gl _‘51(’)) (2.24)
for each ¢.

Here we shall find a necessary and sufficient condition for a; in order that u; be
horizontal with respect to the generalized affine connection (form) . From Leibniz’s
formula, we get

iy = ti,d; + udy. (2.25)

Since the curve u; in L(M) is a horizontal lift with respect to w, we obtain by virtue of
(2.25) and Lemma 1.1

@(ity) = Ad(a; ") (@) +a; 'a
= Ad(@ Yo (iy) + (i) + a7 'a, (2.26)
= Ad(@a; Y (p@i)) +a; ' a,.

Thus, by virtue of (2.24) and (2.26), we get the fact that u, is horizontal with respect to
the generalized affine connection (form) @ if and only if

oGi) = —a, a; ' = a, (da, "' )dr) = da, 1 dr. (2.27)

Now, in order to obtain the generalized affine development, we assume that the curve
u; = uza; in A(M) is horizontal with respect to the generalized affine connection w.
Then we get

T(k) = (g o it; ) (%) = (uo o, " ou, ")) (2.28)

Since u, "' (%) € A" and @, ' € A(n; R), we get from (2.24)
a G = u G — E). (2.29)
By virtue of (2.28) and (2.29), we obtain
(%) = 19 (x) — uo((1)). (2.30)
On the other hand, we have

Cr = T (xr) = ino(it; ' (x1)) = uo(@, ' (™" (%)) = uo(@, ' (0))), (2.31)
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since u,_l € L(M) C A(M) and x; = 0y, € Ty, (M). We get from (2.24) and (2.31)

Cr = —itg(E (1)) = —up(E@)). (2.32)

Therefore, by virtue of (2.30) and (2.32), the generalized affine development C, of a
curve T =x; (0 < ¢ < 1) in M into A,,(M) is given as follows:

Cr = 7)) — (%), (2.33)

where 7() and 7| are parallel displacements along t from x; to xo with respect to the
generalized affine and the linear connections respectively. |

From the course of the proof of Theorem 2.3, we get the following corollary.

Corollary 2.4. Let @ be an arbitrarily given generalized affine connection in A(M) such
that p*@w = w + ¢. Let 1 = x; (0 <t < 1) be a smooth curve in M, and u, a horizontal
lift of t = x; in L(M) with respect to w. Let u; be a smooth curve in A(M) such that
7 (uy) = x; and ug = ug. Then, i, is the horizontal lift of T = x; in A(M) with respect
to w if and only if, for each ¢,

i; =usa; (a; € R" C A(n; R)) and o¢(u;) = d[zt_l/dt.
Proof. This is clear from (2.27) and Lemma 1.1. [

The following corollary is an immediate consequence of Theorem 2.3.

Corollary 2.5. Let @ be an arbitrarily given generalized affine connection in A(M)
such that 7*@ = o + ¢. Let C; be the generalized affine development of a curve
T=x (0 <1t <1)in M into A,,(M). Then (i) if x; is parallel along T = x; with
respect to the generalized affine connection w in A(M), then C, = % li—0 — ré (x7), (id)
if x; is parallel along T = x; with respect to the linear connection w in L(M), then
Cr = (i) — Jtl—o-

Finally, we investigate relationships among covariant derivatives with respect to
connections in L(M)(C A(M)) and A(M).

Let w be an arbitrarily given linear connection in L(M)(C A(M)), ¢ an arbitrarily
given tensorial 1-form on L(M) of type (GL(n; R), R") (cf. [2, §5 of Chapter II). Let
o and o be the affine and the generalized affine connections in A(M) respectively such
that

7 (@) =w+6 and p*(@)=w+¢ onL(M). (2.34)

The covariant derivative (@x, Yi)i=0, (¥Y; := Yy, ), of a cross section Y along a curve
T = x; (0 <t < 1) with respect to the generalized affine connection (form)  is defined
by

75(Y;) — Yo

; (2.35)

(6)&, Yi)i=o = lim
t—0
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where 7} is the generalized affine parallel displacement with respect to the generalized
affine connection (form) ® along the curve t from x; to xo. Using the notations as in the
course of the proof of Theorem 2.3, we get from (2.24)

(V) = io G, (Yy) = dto(@; 'u, Y (Y0) = wo(u,~1 (V) — E(2)), (2.36)
since @, ! € A(n; R) and u;~'(Y;) € A". From (2.35) and (2.36), we obtain
uou, 1Y) — Yo — uo(E(t))

t .

Since ap € A(n; R) is the identity, from (2.24) we have £(0) = 0(e R"). From this fact,
(2.35) and (2.37), we get

(Vi Yi)i=0 = lim (2.37)
t—

_ dE (1)
(V)’c, Yi)i=0 = V)'c,Yt — Uug d . (2.38)
t =0
By virtue of (2.32) and (2.38), we get
_ dC,
(Vi Y=o = | Vi, Vi + — ) (2.39)
dt /o

Therefore we obtain

Theorem 2.6. Letw be an arbitrarily given linear connectionin L (M) and ¢ an arbitrarily
given tensorial 1-form on L(M) of type (GL(n; R), R"). Let @ be the generalized affine
connection in A(M) such that y*(®0) = o + 9o on L(M),and 7t = x, (0 <t < 1)a
C® curve in M. Let Y be a cross section of M into TM (or A(M) X am:r) A"). Let
Vi, (resp. @xl) be the covariant differentiation along t with respect to @ (resp. ®).
Then

. dc,
(Vi Y)i=0 = | Vi, Yr + — ,
dt Ji—o

where C; is the generalized affine development of T = x, (0 < ¢ < 1) into Ay (M).
By the help of Theorems 2.2 and 2.6, we get

Corollary 2.7. Let w be an arbitrarily given linear connection in L(M) and 6 the
canonical 1-form on L(M). Let ¢ be an arbitrarily given tensorial 1-form on L(M)
of type (GL(n; R), R"). Let @ (resp. @) be the affine (resp. the generalized af fine)
connection in A(M) such that y*(@) = w + 0 (resp. p*(®) = w + ¢) on L(M),
andt = x; (0 <t < 1)aC*®curve in M. Let Y be a cross section of M into
TM (or A(M) X am:r) A"). Let @xt (resp. @;Ct) be the covariant differentiation along
T with respect to @ (resp. ). Then

- - d(C, — C1)
(Vx,Yt)tzo = V)'ct Yz + T s
=0

where C; (resp. C;) is the affine (resp. the generalized affine) development of
T=x;(0=<t<1)into Ay,(M).



Connections in affine frame bundles 13

References
[1] C. Ehresmann, Les connexions infinitesimales dans un espace fibre differentiable,
Colloque de topologie, Bruxelles (1950), 623—637.

[2] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol.I, Wiley-
Interscience, New York, 1963.

[3] I. Mogi and M. Itoh, Differential Geometry and Gauge Theory (in Japanese), Ky-
oritsu Publ., 1986.

[4] K. Nomizu, Kinematics and differential geometry-Rolling a ball with a prescribed
locus of contact, Tohoku Math. J. 30 (1978), 623-637.






	a4 blank.pdf
	Page 1


