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1. INTRODUCTION
A positive sequence (an) is said to be almost increasing if there exists a positive

sequence (b, ) and two positive constants A and B such that

(1.1) Ab, <a, < Bb, , forall n.
The sequence (an) is said to be quasi- £ -power increasing, if there exists a constant
K depending upon £ with K >1 such that

(1.2) Kn’a, >m’a_,
for all n>m. In particular, if =0, then (a
sequence. It is clear that every almost increasing sequence is a quasi- /3 -power

n) is said to be quasi-increasing

increasing sequence for any non-negative £ . But the converse is not true as (n_ﬁ) is
quasi-  -power increasing but not almost increasing.
Let f=(f,) be a positive sequence of numbers. Then the positive sequence (a,) is

said to be quasi- f -power increasing, if there exists a constant K depending upon
f with K >1such that

(1.3)Kf,a, =2 f a,,

for n>m 21([7]). Clearly, if (an) is a quasi- f -power increasing sequence, then the
(an fn) iS a quasi- increasing sequence.

Let 5=(5,) be a positive sequence of numbers. Then a positive sequence (a, ) is
said to be ¢ - quasi monotone [1], if a, — 0, a, >0 ultimately and Ad, >— 5, where
Ad,=d —d ;.

Let Zan be an infinite series with sequence of partial sums{s,}. Let (p,) be a

sequence of positive numbers such that
n

= > p, >, as N>,
v=0

Then the sequence-to-sequence transformation

P

n

(1.4) T = Piz p,s,,P =0,

n v=0

defines the (ﬁ, pn)— mean of the sequence (Sn) generated by the sequence of

coefficients{pn}. The series Zan is said to be summable ‘N, Pa, k>11[2],if
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k-1
(1.5) Z(%J |Tn _Tn71|'< <0,
n=1 n

The series Zan is said to be summable ‘N, pn;é"k k>1,6>0, if

w P K+k-1
(1.6) z(p—j T, =T, [ <.
n=1 n

For any real number y, the series Zan is said to be summable by the summabilty

method ‘N, pn;é',y‘k k>162>0, if

. (P H(Sk+k-1)
(1.6) Z[—"J It, —t, .| <oo.
n=1 pn

For y =1, the summability method ‘N, pn;5,y‘k ,k>1,6>0, any real y, reduces to

the method [N, p,;8| ,k>1,6>0

2. KNOWN THEOREMS
Dealing with quasi- f -power increasing sequence Bor and Debnath [3] have
established the following theorem:

2.1. THEOREM
Let (X, )be a quasi- 3 -power increasing sequence for 0< B <1and (4,)be a real

sequence.
If the conditions

(2.1.1) Zm:% =0(P,),

(2.1.2) 4, X, =0(),
k
(2.1.3) Z%:oo(m),

k
(2.1.4) ZM =0(X,)
n=1 Pn
and

(2.1.5) Zm:nxn
n=1

are satisfied, where t is the (C,1) mean of the sequence (na,).Then the series

Zanln is summable ‘N, P, k,k >1.

<0

N2,
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Subsequently Leindler [4] established a similar result reducing certain condition of
Bor. He established:

2.2. THEOREM
Let the sequence (Xn)be a quasi- f# -power increasing sequence for 0 < <1 , and

the real sequence (4,) satisfies the conditions

(2.2.1) Zm:/in =0O(m)

and "

(2.2.2) Zm:|Mm| =0(m).

Further(;,:lsuppose the conditions (2.1.3), (2.1.4) and
(2.2.3) ilnxn (B)|AlaZ, |
hold, w;'mere X, (B) = max(nﬂXn,Iog n) .Then the series Zanin is summable
‘N, Pl - k>1.

Recently, extending the above results to quasi- f -power increasing sequence,
Sulaiman [8] have established the following theorem:

<o,

2.3. THEOREM

Let f =(f,) :(nﬂ log” n),0£ﬂ<1,;/20be a sequence. Let (X,)be a quasi-f -
power sequence and (ﬂ.n) a sequence of constants satisfying the conditions

(2.3.1) 4, >0asn—»> oo,

(2.3.2) inxn
n=1

(2.3.3) |4,|X, =0(1),

k

> 1
2.3.4 ——t | =0(X
( );nx:l|n| ( m)

A|AZ,|

< oo,

and

2.35 ———t,| =0(X

(235) 2 5 elal =0(%),

where t,is the (C,l) mean of the sequence (nan) .Then the series Zanin is

summable ‘N, P, k,k >1.

Very recently, Misra et al [5] established the following theorem:
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2.4. THEOREM

Let f =(f,)= (nﬂ(log n)y) be a sequence and (Xn)be a quasi- f -power sequence.

Let (,) a sequence of constants such that

(2.4.1) 4, >0,as n— o,

(2.4.2) > nX,
n=1

(2.4.3) |2,|X, =0(),

m P Sk-1 l P Sk-1
(2.4.4) Z(—”] P—zo(—"‘j ,

<o,

A|AZ,|

n=v+1 pn pm
Sk-1 k
m P t
2.4.5 o “—=0(X ),
( )Z(p] xis = Oln)
5k |tnk B

(P
(2.4.6) Z(p—"] X =0(X,)-

Then the series Zanin is summable ‘N, pn;5‘k k=1,6=0.

Using 0 - quasi monotone sequence, Misra et al [6] extended theorem-2.4,
establishing the following result:

2.5. THEOREM

Let f=(f)= (nﬂ(log n)y) be a sequence and (X, )be a quasi- f -power sequence.
Suppose also that there exists a sequence of numbers (An) such that itis 0 — quasi —
monotone with

(2.5.1) D ns, X, <o

(2.5.2) AA, <0, forall n.

Let (4,) a sequence of constants such that

(2.5.3) 4, >0,as n—> o,

(2.5.4) |1,|X, =0(),

and

(2.5.5) [AZ,| < |A,| forall n.

Then the series Zanln is summable ‘N, pn;a‘k k>1,0>0. if

m P ok-1 1 P ok-1 ’
(2.5.6) > E—] —=O( ] )
n=v+1 pn I:)n—l pv

./

ok-1
n( P
(2.5.7) ;(p—”j o= =0(X,,),

n
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ok k
(P) It

2.5.8 — =0(X,,),

(2.5.8) Z(p] i = On)

where (t, ) is the nth (C,l)mean of the sequence (na, ).

In what follows in this paper, using 6 - quasi monotone sequence, we prove the
following theorem.

3. THEOREM

Let f =(f,)= (nﬁ(log n)y) be a sequence and (X, )be a quasi- f -power sequence.
Suppose also that there exists a sequence of numbers (An) such that itis 0 — quasi —
monotone with

(3.5.1) D.ns, X, <o

(3.5.2) AA, <6, forall n.

Let (,) a sequence of constants such that

(3.53) 4, >0,as n—> o,

(3.5.4) |4,|X, =0(),

and

(3.5.5) [AZ,| <|A,] forall n.

Then the series Zanln is summable ‘N, P, 0, ,u‘k k>1,020. if

m P ok-1 1 P ok-1 ’
(3.5.6) Y. (—J —i)( ] )
n=v+1 pn Pnfl pv

m /1(0'k+k—l)—k k
(3.5.7) Z( h J |
n=1

P X

k—l:O(Xm)'
m P u(ok+k-1)-k+1 |t |k

3.5.8 -0 L =0(X.),
( )Z(p} i1 = O(%n)

where (t,) is the nth (C,l)mean of the sequence (na, ).
In order to prove the theorem we require the following lemma.

4. LEMMA

Let f=(f )= (nﬁ(log n)y),OS,b’<1 .7 >0 be a sequence and (X, ) be a quasi - f -
power increasing sequence. Let (An) be a sequence of numbers such that it is 0 —
quasi — monotone satisfying (3.1) and (3.2). then

(4.1) n X, |A,|=0(1)

and
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(4.2) an|An| < 00,as M—> o0,

n=1

4.1. PROOF OF THE LEMMA
As A, — 0 and n” (logn) X, is non-decreasing, we have

X, | =0 (ogn)” (v logn) X, [/ A,
—o@n™” (logn) nYv*(logv) X,|AA, |
—o@ Y v (logv)” v¥(logv) X,|AA |
=0(1)Ufn:v X,|AA, |.

—omYv x,|4, |

=0(Q)
This establishes (4.1).
Next

$ix, A =SSk A+l a (5]

n=1\ r=1 r=1

-0 33 (oar)” r*logr) X, |

n=1l\ r=1

m

+O(1)(Z r*(logr)” r’(logr) Xr)| A, |

r=1

:O(l)f(nﬂ (logn)’ )A|An |Zr #<(logr)” re

n=1

+0@m” X,| A, |(logm 7Zr‘ﬂ‘e (logr)” re,e<1-p.

= )ml( (logn)’ )A|A|n Iogn)yzn:rﬁe

=1 r=1

+0O@m” X,| A, |(log m) m*(logm)~”

>

r/-e

M=

I
UN

r

:O(l)inﬂ+€XnA| An |(jlu—ﬁ—édu]+o(1) mA+e Xm| Am |(Jm'u_ﬁ_eduJ

=O(l)ianA|An|+O(1)me|Am|
=0(1) .
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This establishes (4.2).

5. PROOF OF THE THEOREM

Let (T,) be the sequence of (ﬁ, pn) mean of the series ianﬂn,

n=1

Hence for n>1

Tn - Tn—l

Z P 7la‘v ﬂ“v

n nlu—l

P X (1
PnPn iy 1%
n-1

= (n—:l_l)%tnﬂn +LZ pv—ltvﬂ’v

n n'n1 v=l

S

-1 v=l

P.A

v-17""

v+1

V+l —Al

ZPt

n nlv—l

P F;
=T, +T,+T;+T, 4(say).
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then

In order to prove the theorem, using Minkowski’s inequality it is enough to show

4(ok+k-1)

that
o0 Pn
s

Applying H 0 Ider’s inequality, we have

T

nj < oo

,1=12,3,4.

m P u(ok+k-1) ) m P u(ok+k-1) n+1 D k
il T =3 Poy 2,
Z;( P, " Z;( an n R
m 4(ok+k-1)-k |t |k
—ow3 B Bkl ial
m P u(ok+k-1)-k |t |k
=01 _n n
)3 pnj Xt
mal n P p(ok+k-1)-k t k n(p u(ok+k-1)—k k
=0(1 —+ “— (A4 |+0(1 - ——
02 Zl[pj XV“J Al ()Uz_l(puj X"

m-1
<O X, |A[+0@) X |2,
n=1

[l



An Application of § - Quasi Monotone Sequence 2821

—0(D).
Next
m p(ok+k-1) m p(ok+k-1)
Z(&j TnZk :Z(&j val 14 VV_+1
= \_Pp =\ Pp P.7a
o p(okrk—1)—k 1 o A
:O(l)z i 1 Z pv—l tv ‘ X’v ‘ Z pV
n=1 pn Pn_l v=1 v=1 Pn—]_
m m 4(ok+k-1)—k
oWy p.. L f A Y [H :
v=l n=v+1 pn Pn—l
n p u(ok+k-1)-k
:0(1)2(-0 t |2/
v=1 pv
=0(1), asinthecaseof T, ;.
Next
ok+k-1 (o‘k+k—1) e 1 k
( J [ n ] Z Pt —V+ A,
n n -1 v=l

4( o‘k+k—1) k

—%)i[ J = ”ZP”;JIIMI(H_ U j

n-1 v=1

m P u(ok+k-1)—k 1 Nt k | |
<0(L =

n=1 v=1

k - p(ok+k 1) k L
—o@)> P’ ( j .
Z X k -1 |AJ| Z Pnk_l

n=v+1

n(p u(ok+k-1) k+l |t |
=0(1>;(D—VJ S xea (V1A
ok+k-1)-k+1

u(ok+k-1) k+l u(
m-1 v P t P 1 tr
S L B SN RTINS

1% r=1 r

0O (-[A, |+ (v +1)alA X, +0(mX ,[A,).

v=1

- omi X, |A |+ 0(1)Zn:va|AAU| +0(mX , |A,|)
v=l v=1

< 0(1)Zn: X,|A,| +0(1)Zn:v X,0, +0(mxm|Am|)

=0().
Finally
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m P 4(ok+k-1) m u(ok+k-1) p et 1 k
_n n n Pt v+l
Z;(pj le[pj PP“Z-;” v

n(p (ok-+k—1)-k o 1 p O\
=o<»;m SR (Zf)

n a v=l

4(ok+k-1)-
n
n= v+l pn

o, P
=0(1)27V t,
v=l

p(ok+k-1)-

m (P )
=0M2, ?j >|( (X014, )k |4,

m P 4(ok+k-1)-k+1 |t |k |ﬂ |
= 1 v v 14

O( ); pv j vakil

_O(l)mz_l i i p(ok+k-1)—k+1 |t |k ‘ O(l)z u(ok+k—1)—k+1 |tr|k
B v | =1\ Pr rX k2 r.er—l

v=l| r=1

ni( v (p p(ok+k-1)—k+1 |t |k n(p p(ok+k-1)—k+1 |t|
0¥ 3R] L |A\|+o<1>§(ﬂ LT

+OM) X | An]

=0().
This completes the proof of the theorem.
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