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Abstract

In this paper, we will study the initial-value problem for a nonlocal nonlinear
diffusion equation in a bounded smooth domain with Neumann boundary
conditions and an exponential reaction term. First we prove the existence,
uniqueness and the valid of a comparison principle for solutions of the above
problem. Then we will show that a nonnegative and nontrivial solution blows
up in finite time if k>0and obtain the blow-up rate. Moreover we obtain an
estimate for the life span and the blow-up set of solutions.
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1. Introduction and main results.

Let J:R"Y - R be a nonnegative, smooth, symmetric radially function with

LN J(x)dx=1. We are concerned with the following nonlocal nonlinear diffusion
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problem with Neumann boundary conditions and an exponential reaction term
inQx[0,T),

1-Na 1-Na ku(xt)
ut(x(l LU( t))u vy - [ I ot ))u (x,t)dy +e @y
) = Uy (X).

u(x,

Herek>0and Q — R"is a bounded connected and smooth domain.

Those years, much more attention has been placed to nonlocal diffusion equations in
the literature (see [1-3] and references therein). Equations of the form

U () =Jxu-u(xt)= [ I y)uly, ) -u(x )y, (L.2)
and variation of it has been widely used to model diffusion processes. Just as stated in

[6], ifu(x,t) is thought as a density at the point x at timet, and J(x—y)is thought as
the probability distribution of jumping from position y to position x
then (J *u)(x,t) is the rate at which individuals are arriving position x from all other

places and —u(x,t)=—LNJ(y—x)u(x,t)dy is the rate at which they are leaving
position x to travel to any other sites. To this consideration, in the existence of internal
sources, leads immediately to the fact that the densityu(x,t) satisfies the nonlocal

diffusion problem (1. 2), which is called nonlocal diffusion equation since the

diffusion of the densityu(x,t)at a point xand timet does not only depend onu(x,t),

but also on all the values ofu(x,t)in a neighborhood of x through the convolution

term J *u . More related works we refer readers to see [3, 7, 14].
Bogoya in [2] studied the following nonlocal nonlinear diffusion equations with
Neumann boundary conditions in a higher space dimensions,

u(et)= [ I Tou ™ (yndy - LJ( o (xtdy. (1.3)

u”(y t) x1)

In this model, the probability distribution of jumping from position y to position X is

given by
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J( i(_y . Nal for someg< o < L whenu(y,t)>0and 0 otherwise.
u”(y,t)” u™(y.t) N

The rate at which individuals are arriving position x from all other places is

X—Y \iNa
fe A Gl ey

and the rate at which individuals are leaving position x to all other places is
Y—X | 1-Na
—-u(x,t)=—| J(———— X, t)dy.
() == [ Ik

As before, the consideration, in the absence of external sources, leads immediately to
the fact that the density u will satisfy the equation (1. 3).

Motivated by these literatures, the purpose of this paper is to continue the study of the
problem (1. 3) with an exponential reaction term. We will analysis some properties of
the equation with Neumann boundary conditions.

Now we state our main results as follows.

Theorem 1. 1 For every nonnegative, nontrivial and bounded functionu, eC(Q),

there exists a time T >0and a unique solution ueC([0,T];C(Q)) for problem (1. 1).

If the maximal existence time of the solution T is finite, then the solution blows up

in L”(Q) -norm. That is limsupJu(.,t)
t->T~

@ =t More -over we have following

identity inQ,

Lu(x,t)dx = Luo(x)dx+ _E Iek”(x's)dxds.

Theorem 1. 2 Let u, e C(Q) be nonnegative and nontrivial. Then we can get the
_k_[luo(x)dx

(2]
following estimates for the blow-up timeT <

Theorem 1. 3 Letu be a solution of (1. 1) and blow-up at timeT . Then we obtain

im——=——
ot In[K(T -t)] kK
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Theoreml. 4 Let us consider the problem (1. 1) with k>1 inQ =B, ={|x| <R},

u(0,t)is bounded and u, eCl(B_R) be a radial nonnegative function, with a unique
maximum at the origin, that is
U, =U,(r) >0, u, (r)<0,if 0<r<R, ul(r)<0.

Then the blow-up set of the solution consists of the only pointx =0.

Theoreml. 5 (Blow-up sets: general case. ) Let us consider the problem (1. 1) in a

general domain Qwitha>1. Givenx, € Qand >0, there exists an initial condition

upsuch that B(u) < B, (x,) = {x € Q;||[x —x,| < £}.

2. Local existence and uniqueness.

This section is devoted to the proof of Theoreml. 1. Simultaneously, the comparison
principle for the solutions of problem (1. 1) is also proved. The existence and
uniqueness of the solution of problem (1. 1) will be obtained via Banach’s fixed point
theorem.

Fixt,>0and consider the Banach space X, = C([O,to];C((_2)) with the norm

Jlu = mex

0<t<t,

u

Q)
We will obtain that solution for problem (1. 1) as fixed point of the operator

T: X, = X, defined by

T, X =t,09 + [ LJ(%)ul‘N“(y, s)dyds - [ [ 3

The following lemma is considerable important to our study and will be main
ingredient of our proof.

o, s)dyds + [ € 0ds.
u“(x,s)

Lemma 2. 1 Letu,,V,nonnegative functions such thatu,,v, e C(Q), andu,ve X, ,

then there exists a positive constantC = C(k, lull, IV € such that

(2.1)

T, (W-T, (V)tho <uo = Vol &, +Ctfu—Vv| Xy
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Proof: First we check that T, maps X, to X, . For any (x,t) e ﬁx[o,to], we get

T, 00 -00 1 [ [ 3

1-Ne X_y
Pk (mﬁ@%kﬂﬁLJ%%X$m

N (x,S)dyds | +| [ e“ds |
<am[Qt]u], +te™ "

fo
< Ct(||u||xt0 + oM ).

Here C = max{2M |Q,I}and M =

L(RN) "

And we obtain that T, (u) is continuous att =0.

Now for any (x,t,), (x,t,) € (Q)x[0,t,],t,<t,,
we have

1T, @) T, @0t [ LJ(uf(_y " (y,s)dyds | +| [ LJ( X~y ool sy
+| fzek“(“)ds|
<aM(t, -t [l +(t, -t
klull,
<Cf(t, —tl)(||u||xt0 +e ).

Therefore, mapping T, (u) is continuous in time for any at e (0,t,].

Since the convolution in space with the function Jis also uniformly continuous,

T, (u) is continuous as a function of x. Then for anyu, e C(Q)andu e X,, » We can get
T, (U)e C([O,to];C(f_z)), which shows that T, (u) maps X, into X .
To get the estimate (2. 1) we argue as follows: for any (x,t) € Qx [0,t,], we have that

1T, @00 ~T, KD U~V 1 [ (€0 —em9)as

Y ovte(y, s)dyds |

Ry Rl TR R e

+ [ LJ(UZ(‘X SN0 = IS ()|

“()
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<||ug =V,

oo HRET U=V, 1L

where y = mexu], ], 3.

To study l,and 1,we proceed the way as stated in [1]. Let’s consider the following
sets

A"(s) ={y eQ|u(y,s)=v(y,s)} and A(s)={y eQ|u(y,s)<v(y.s)}.

And we apply Fubili’s theorem to get

I, < J: L|u(y,s) —V(y,s)|dyds.

Furthermore we have that I, < J; L|u(y, s)—V(y, s)|dyds <t|Q||u —v||X!O :

Similarly, we can get I, < J; L|u(x,s) —V(x, 5)|dyds <t|Qf|u —v||Xt0 .

Hence we obtain
T, (W) =T, ()l up —vq

L= () +ke't Hu _Vtho +2t ‘Q‘ Hu _VHx,O

<Jus -v,

k
+ (ke +2/Q))tu ‘Vtho ,

L*(Q
Lettingu, =v,and choosing a propert,such thatCt,<1, (2. 1) ensures thatT, is a

strict contraction
in the ball B(u,,2|u,

Lf,@)in X, - Furthermore, for anyuandvin such a ball, we

obtain || <C|u,

1 (@)
In other words, there exists a constant C that depends on only J and u,, such that

T @)-T@)]<CtJu-v, .

It is not difficult for us to chooset, such that Ct, <% to obtain a strict contraction in

the ball B(u,, 2]Ju,

~) . The proof is completed.

L(Q)

Next, we will prove Theorem 1. 1.
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Proof of Theorem 1. 1: As a consequence of Banah’s fixed point theorem and the

lemma aforementioned, we can get the existence and uniqueness of solution for
problem (1. 1).

Suppose there exists a positive S such that |u|, <S, and take it as initial
to

datumu(-,to)eC(ﬁ), we will find it possible to extend the solution up to some
interval[0,t,), of courset, > t, .

From the equations (1. 1),, we can obtain u verifies the identity as follow

u(x.) -ty =[ [ J (G X~ y UM (y, 5)dyds — J;LJ( )u1 e (x,s)dyds + [ €“ds.

Integrating in the variable x and applying Fubini ’s theorem, we can get

Lu(x,t)dx— Luo(x)dx = L Le"“(x's’dxds.

Remark 2. 1 uis a solution of (1. 1) if and only if u satisfies

J; ut*(y, s)dyds — LLJ )) utN (x, s)dyds+£ s

3. Blow-up and blow-up rates.
Proof of Theorem 1. 2

Since u,(x,t) = J( e )ul—Na(y t)dy — J( )ul‘N“(x f)dy +€9%0 e
L ( 1) L )
integrate in x e Q and apply Fubini ’s theorem and Jensen ’s inequality to get
kLu(x,t)dx

a u(x,
P Lu(x,t)dx: Lek “Odx = |Qfe ‘Q‘
Noting that Lu(x,t)dxis not global; thus u(x,t) cannot be global either. By Theorem1.

1, we have that the solution of the problem (1. 1) blows up inL*(Q)—norm.

Moreover, integrating the above inequality we obtain the following estimate for the
life span
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kLu(x,t)dx
(o

k

T<E

Proof of Theorem 1. 3: LetT <oois the maximal time of existence of a blowing up

solution and suppose x, e Q be such that max u(x,t) =u(x,,t). From equation (1. 1),
<t<t,

with this point, we can get

u (X t) LJ( 0 (y yt))ul—Na(y t)dy LJ( e O),/ )Ul_Na(XO,t)dy+eku(X°t) <eklon)

So integrating in (t,T) for the inequality, we obtain

T&xu(x,t)z-%ln[kﬂ -1)]. (3.1)
Noticing that for any (x,t) e (Q,t) it holds that

u, (X,t) > —u(x,t) +e“*v,

Since u(x,t) blows up, we can get for all >0, there exists a timet, such that
forte(t,,T)

U, (X,,t) > (L—g)e“*Y,

Similarly integrating in (t,T), it holds

maﬁxu(x,t) g—%ln[(l—g)k(l’ -] (3.2
Now lete — 0, combining (3. 1) and (3. 2), we obtain

im ”u("t) L*(Q) __1
T In[k(T =t)] k'

4. Blow-up sets.
In this section we give some results concerning the blow-up sets for the solution to the
problem (1. 1). We suppose thatuis a solution to (1. 1) blowing up at timeT and
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investigate the symmetric case. To simplify, we only consider the case in

one-dimension, that isQ = (—L, L), the radial case is analogous.

First, we prove a lemma that says if the initial condition has a unique maximum at the

origin, then the solution has a uniqgue maximum at this point for everyt € (0,t).

Lemma 4. 1 For anyk, under the hypothesis on the initial condition mentioned in

Theoreml. 4, we have that the solution is symmetric and such thatu, <0in (0, L]x(0,T) .

Proof: Notice that u(—x,t)is also a solution of the problem (1. 1), the symmetry

follows from the unigueness.

If we donate w(x,t) =u, (X,t), then w(x,t) verifies the equation

W(X t) f J ( i(( yt))ul (N+1)a(y’ ) J ( jz(( yt))ul (N+1)a(X t)dy

' LJ'(UZ(‘X,yt))a(x—y)vv(y,t)u*N“’“(y,t)dy

+ L J (uz’((—x,yt))(l_ Nea)u ™ (x, Hw(x, t)dy + ™ w(x,t) .

We will find it easy to obtain a contradiction from the equation. If we assume that

there exists a point (X,,t,) € (0, L)x(0,T) at whichw(x,,t,) =0. We use here thatJ"is

odd and the symmetry ofu to obtain  w(x,t) =u, (x,t)<0in (0, L) x(0, T) .
Now, time is right for us to prove Theorem 1. 4.
Proof of Theorem 1. 4. The proof consists of several steps, following the ideas of [12]

blow-up for a nonlocal diffusion problem with Neumann boundary conditions and a
reaction term.
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Step 1 First, we prove that the only blow-up point that verifies the blow-up estimate

isx=0. For a fixed x,>0, lety(t) =u(0,t)—u(x,,t) and employing the mean value

theorem and the way we processed before, then the function ¢(t) holds

ytNa -y 1-Na
y'(t)= f[ (= a( t)) (V) - I(—— (0 ))U (0,t)]dy

[Pk (. 2 )ul‘”“(y -3 a( y))ul‘”“(xo,t)]dy+aw(t)e“”‘>

,[L[ (U (y t) (UXO( )t/))] u" " (y,t)dy —[u(0,t) —u(x,, t)] + ey (t)e”®

>y (t) + ay(t)e” V.

where y(t) e [u(x,,t),u(0,t)] . Integrating the above inequality we have

In(w)(t) - In()(t,) > f “1+ e s, (4. 1)

1

Now we argue by contradiction. Assume that lim e (T —t)* =C_,
t—>T~

1

since u(x,,t) < 7(t) <u(0,t), we get lime’ V(T —t)« =C,
t>T"
Therefore we have y(t) > (C* —&)(T -t)™, ase —0".

Moreover, if u(0,t)is bounded, we can get

dsC

1+ e ®ds > af
-5

=—a(C —¢&)In(T —-t)-C. 4.2)
From (4. 1) and (4. 2), we can get

w(t) > Ce *C T — C(T —t)*ee,

Using this fact, we have

_ ImL< I C(T t) l+ae
T In[a(T —t)] =7 In[a(T - t)]
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a contradiction that proves our claim.

Step 2. We conclude by showing that the only possible blowing up point is the origin.
To this end, let us perform the following change of variables

Z(x,s) = "0 (T —t)*é, T-t)=¢". (4. 3)

u(x,t)—i L s l
Z (x,s)=¢e (T -t) “ue”——)
o

=z(x9)e([ [J(X( {))— oo y))]dy+e”“<“>) ~27(%9)

:z(x,s)e-Sf[J(X( y))— (X( i/))]dy——Z(x $)+Z°(x,59).

Note that the blow-up rate of u implies that Z(x,s)<C for every

(x,8) e[-L,L]x(=InT,+c0).

id h ny—xyd 32y, 2
Besides we have | [, [3(; =)= oodyis [ 130 -3l

< [ Ju(y.)-ux iy <2 [ u(x, tx.
Therefore, we can obtain that from lim u(x,t) = —lln[a(T -],
t->T" o
Z.(X,8)<Z(x,s)e” 2(—i In(ce™) 1 Z(X,8)+Z“"™(x,s)
o o
<Ce*+C,e® —EZ(X, ) +Z%(x, ). (4. 4)
o

At the same time, we notice that for anyx=0, Z(X,s) is bounded and doesn’t

1
converge toa #, so we can conclude that Z(x,s) > 0, ass — +oo.

Thus, for a giveng>0, using Z(x,s) — 0in (4. 4), we have

Z (x,5)<Ce*+C,5e”° — (i —£)Z(x,89).
o

By a comparison argument, it follows that
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~Eoeys
Z(x,5)<Ce*+C,(1+s)e"+C.e @ (4. 5)

Going back to the equation verified by Z(x,s), it holds

S S S

(e“Z(x,s)), =&~ iZ(x, s)+e“Z (X,)
(04

—e«[Z(x,5)-e"° fLJ(u"(;’-‘t/))—J(ux(;ty))dy+zk+1(x,s)]

S

<e*(Ce* +C,se° +Z*"(x,9)).

Integrating on (s,,s), we have

Z(x.s)<e C.+ [ e (C, +C.&) + egz“(x, £)3dé].

S

From (4. 5), we obtain e*Z**(x,s) — 0, asa — +o0 . While Z(x,s) is bounded, so we
get that

Z(x,5) < e_g (C,+ J: 1+ §)e_(1%)§C2d ).

Due toa>1, we have
S
Z(x,5)<Cpe “«.
This implies that e"*" verifies
S

0 _ o
e =Z(x,s)e* <C,.

Consequently we can getu(x,t) <C.

In other words, u(x,t)is bounded, so the theorem 1. 4 is proved.

Next, we are ready to seek blow-up set in a general domain Q with initial condition for
the problem (1. 1). We will find that blow-up set is localized around a given point

inQ.
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Proof of Theorem 1. 5 Givenx, e Q and &> 0, what we want to do is to construct an

initial condition u,such that

B(u) < B, (%) ={x € Q:[[x—x,|| < &}. (4. 6)
To this end we will consider u, concentrated near x,and small away from x; .

Letgbe a nonnegative smooth function such thatsupp(¢) = B, ,(X,) and ¢(x) >0 for

allxeB, ,(X,).
Now, let
Uy(X) = Ng(X)+ 0.

We will choose N large and 6 small in such a way that (4. 6) holds.
Taking N large enough, from the estimate in Theorem 1. 2, we have

70:Lu0(x,t)dx

=
T<® < lecw@ann

o o

Besides we can get some T as small as we need.

Now let £(x,t) =e"*" , using the upper bound for the blow-up rate

m@xu(x,t)S—iln[(l—g)aG -] <-ClIn[a(T -1)] ,
xeQ) o

1

and max e"™" <C(T —t) ¢, we can get the following conclusion for anyxeQ,
xeQ

&)=<l fL[J(X( - (¢ Sy el

1 —
<(T=1) “Cy e {=IIK(T =1+ (x,1). (4.7)
To this consideration, ¢(x,t) is a subsolution to the following equation,
— 1 -
O(x,t) = (T —t) “C;  o,{~IN[a(T =)} + 6 (x,1). (4. 8)

Hence, if we assume ¢'(x,0) < 6(0), we have
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£ (x,t) < O(t). (4.9)
Now we just have to prove that a solution & to (4. 8) beginning with

t=0(org(0) =€) remains bounded up tot=T, provided that sand T are small

enough. To get this we also use some ideas from [10].
1

Let z(s)=(T —-t)«0(t) and(T -t)=¢"".

We will find it easy to see that z(s) verifies

2'(s) = —i-e?e(t) +e -0, (t)-e* =Ce* (~In[a(T —1)]) IO 27%(s),
o o
1
andz(-InT)=T=e’. Whent=0, sand T are small enough, the following formula

a+l 1

istrue z'(—=InT)=T « e’ _Lyeer et In(aT) <0.
o

From this fact, we can easily prove thatz'(s) <0, for alls>—InT , and z(S) —» —0,

as s —oo. Going back to the equation verified by z(s) and step 2 of Theorem 1. 5, we

obtain that z(s)<Ce ¢, hence A(t)<C, for allt[0,T). It will not be difficult to

obtain that w(x,t)<@(t)<C from the fact that A(t) is bounded and (4.8),

sou(x,t) <Cfor any x e Q\B_(x,) . To this end, our proof is completed.
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