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Abstract 

 

In this paper, we will study the initial-value problem for a nonlocal nonlinear 

diffusion equation in a bounded smooth domain with Neumann boundary 

conditions and an exponential reaction term. First we prove the existence, 

uniqueness and the valid of a comparison principle for solutions of the above 

problem. Then we will show that a nonnegative and nontrivial solution blows 

up in finite time if k>0and obtain the blow-up rate. Moreover we obtain an 

estimate for the life span and the blow-up set of solutions. 
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1. Introduction and main results. 

Let : NJ R R be a nonnegative, smooth, symmetric radially function with 

( ) 1
NR

J x dx . We are concerned with the following nonlocal nonlinear diffusion 
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problem with Neumann boundary conditions and an exponential reaction term 

in [0, )T , 

1 1 ( , )

0

( , ) ( ) ( , ) ( ) ( , ) ,
( , ) ( , )

( ,0) ( ).

N N ku x t

t

x y x y
u x t J u y t dy J u x t dy e

u y t u x t

u x u x

   (1. 1) 

Here 0k＞ and NR is a bounded connected and smooth domain. 

Those years, much more attention has been placed to nonlocal diffusion equations in 

the literature (see [1-3] and references therein). Equations of the form 

( , ) ( , ) ( )( ( , ) ( , )) ,
Nt

R
u x t J u u x t J x y u y t u x t dy    (1. 2) 

and variation of it has been widely used to model diffusion processes. Just as stated in 

[6], if ( , )u x t is thought as a density at the point x at time t , and ( )J x y is thought as 

the probability distribution of jumping from position y to position x , 

then ( * )( , )J u x t is the rate at which individuals are arriving position x from all other 

places and ( , ) ( ) ( , )
NR

u x t J y x u x t dy  is the rate at which they are leaving 

position x to travel to any other sites. To this consideration, in the existence of internal 

sources, leads immediately to the fact that the density ( , )u x t satisfies the nonlocal 

diffusion problem (1. 2), which is called nonlocal diffusion equation since the 

diffusion of the density ( , )u x t at a point x and time t does not only depend on ( , )u x t , 

but also on all the values of ( , )u x t in a neighborhood of x through the convolution 

term *J u . More related works we refer readers to see [3, 7, 14]. 

Bogoya in [2] studied the following nonlocal nonlinear diffusion equations with 

Neumann boundary conditions in a higher space dimensions, 

1 1( , ) ( ) ( , ) ( ) ( , ) .
( , ) ( , )

N N

t

x y x y
u x t J u y t dy J u x t dy

u y t u x t
  (1. 3) 

In this model, the probability distribution of jumping from position y to position x is 

given by 
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1
( )

( , ) ( , )N

x y
J

u y t u y t
for some 1

0
N

＜ when ( , ) 0u y t ＞ and 0 otherwise. 

The rate at which individuals are arriving position x from all other places is 

1( ) ( , )
( , )

N

N

R

x y
J u y t dy

u y t
, 

and the rate at which individuals are leaving position x to all other places is 

1( , ) ( ) ( , )
( , )

N

N

R

y x
u x t J u x t dy

u x t
. 

As before, the consideration, in the absence of external sources, leads immediately to 

the fact that the densityu will satisfy the equation (1. 3). 

Motivated by these literatures, the purpose of this paper is to continue the study of the 

problem (1. 3) with an exponential reaction term. We will analysis some properties of 

the equation with Neumann boundary conditions. 

Now we state our main results as follows. 

 

Theorem 1. 1 For every nonnegative, nontrivial and bounded function 0 ( )u C , 

there exists a time 0T＞ and a unique solution ([0, ]; ( ))u C T C  for problem (1. 1). 

If the maximal existence time of the solution T is finite, then the solution blows up 

in ( )L -norm. That is
( )

lim sup (., )
Lt T

u t . More -over we have following 

identity in , 

( , )

0
0

( , ) ( ) .
t

ku x su x t dx u x dx e dxds  

 

Theorem 1. 2 Let 0 ( )u C be nonnegative and nontrivial. Then we can get the 

following estimates for the blow-up time

0 ( )k u x dx

e
T

k
. 

 

Theorem 1. 3 Letu be a solution of (1. 1) and blow-up at timeT . Then we obtain 

( )
(., ) 1

lim .
ln[ ( )]

L

t T

u t

k T t k
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Theorem1. 4 Let us consider the problem (1. 1) with k>1 in { }RB x R＜ , 

(0, )u t is bounded and 1

0 ( )Ru C B be a radial nonnegative function, with a unique 

maximum at the origin, that is 

0 0 0( ) 0, ( ) 0,u u r u r ＜ if 00 , ( ) 0.r R u r＜ ＜  

Then the blow-up set of the solution consists of the only point 0x . 

 

Theorem1. 5 (Blow-up sets: general case. ) Let us consider the problem (1. 1) in a 

general domain with 1＞ . Given 0x and 0＞ , there exists an initial condition 

0u such that 0( ) ( )B u B x 0{ ; }x x x ＜ . 

 

 

2. Local existence and uniqueness. 

This section is devoted to the proof of Theorem1. 1. Simultaneously, the comparison 

principle for the solutions of problem (1. 1) is also proved. The existence and 

uniqueness of the solution of problem (1. 1) will be obtained via Banach’s fixed point 

theorem. 

Fix 0 0t ＞ and consider the Banach space
0 0([0, ]; ( ))tX C t C  with the norm  

0
( )0

max
Lt t

u u . 

We will obtain that solution for problem (1. 1) as fixed point of the operator 

0 0
: t tT X X defined by 

0

1 1 ( , )

0
0 0 0

( )( , ) ( ) ( ) ( , ) ( ) ( , )
( , ) ( , )

t t t
N N ku x t

u

x y x y
T u x t u x J u y s dyds J u x s dyds e ds

u y s u x s
. 

The following lemma is considerable important to our study and will be main 

ingredient of our proof. 

 

Lemma 2. 1 Let 0 0,u v nonnegative functions such that
0 0, ( )u v C , and

0
, tu v X , 

then there exists a positive constant
0 0

( , , , )
t tX X

C C k u v , such that 

0 0
00

0 0 ( )
( ) ( ) .

tt
u v L XX

T u T v u v Ct u v    (2. 1) 
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Proof: First we check that 
0uT maps

0t
X to

0t
X . For any 0( , ) [0, ]x t t , we get 

0

1 1 ( , )

0
0 0 0

| ( )( , ) ( ) | | ( ) ( , ) | | ( ) ( , ) | | |
( , ) ( , )

t t t
N N ku x s

u

x y x y
T u x t u x J u y s dyds J u x s dyds e ds

u y s u x s
 

0

0

0

0

2

( ).

Xt

t

Xt

t

k u

X

k u

X

M t u te

Ct u e

 

Here max{2 ,1}C M and
( )NL R

M J . 

And we obtain that 
0
( )uT u is continuous at 0t .  

Now for any 1 2( , ), ( , )x t x t 0 1 2( ) [0, ], ,t t t＜  

we have 

2 2

0 0
1 1

1 1

2 1| ( )( , ) ( )( , ) | | ( ) ( , ) | | ( ) ( , ) |
( , ) ( , )

t t
N N

u u
t t

x y x y
T u x t T u x t J u y s dyds J u x s dyds

u y s u x s
 

2

1

( , )| |
t

ku x s

t
e ds  

0

0

0

0

2 1 2 1

2 1

2 ( ) ( )

( )( ).

Xt

t

Xt

t

k u

X

k u

X

M t t u t t e

C t t u e

 

Therefore, mapping 
0
( )uT u is continuous in time for any a 0(0, ].t t  

Since the convolution in space with the function J is also uniformly continuous, 

0
( )uT u is continuous as a function of x . Then for any 0 ( )u C and

0t
u X , we can get 

0 0( ) ([0, ]; ( ))uT u C t C , which shows that 
0
( )uT u maps

0t
X into

0t
X . 

To get the estimate (2. 1) we argue as follows: for any 0( , ) [0, ]x t t , we have that 

0 0

( , ) ( , )

0 0 ( ) 0
| ( )( , ) ( )( , ) | | ( ) |

t
ku x s kv x s

u v L
T u x t T v x t u v e e ds  

1 1

0
| ( ) ( , ) ( ) ( , ) |

( , ) ( , )

t
N Nx y x y

J u y s J v y s dyds
u y s v y s

 

1 1

0
| ( ) ( , ) ( ) ( , ) |

( , ) ( , )

t
N Nx y x y

J u x s J v x s dyds
u x s v x s

 



3916  Haijie Pei, Zhongping Li , Yang Li 

0
0 0 1 2( )

.
t

k

L X
u v ke t u v I I  

where
0 0

max{ , }
t tX X

u v . 

To study 1I and 2I we proceed the way as stated in [1]. Let’s consider the following 

sets 

( ) { | ( , ) ( , )}A s y u y s v y s  and ( ) { | ( , ) ( , )}A s y u y s v y s＜ . 

And we apply Fubili’s theorem to get 

1
0

( , ) ( , )
t

I u y s v y s dyds . 

Furthermore we have that
0

1
0

( , ) ( , ) .
t

t

X
I u y s v y s dyds t u v  

Similarly, we can get
0

2
0

( , ) ( , ) .
t

t

X
I u x s v x s dyds t u v  

Hence we obtain 

0 0
0 0

0 0 (( ))
||| ( )( , ) ( )( , ) ||| 2

t t

k

u v L X X
T u x t T v x t u v ke t u v t u v  

0
0 0 ( )

( 2 )
t

k

L X
u v ke t u v . 

Letting 0 0u v and choosing a proper 0t such that 0Ct ＜1, (2. 1) ensures that
0uT is a 

strict contraction 

in the ball 0 0 ( )
( , 2 )

L
B u u in

0t
X . Furthermore, for anyu and v in such a ball, we 

obtain 0 ( )L
C u  

In other words, there exists a constant C that depends on only J and 0u , such that 

0
0( ) ( )

tX
T u T v Ct u v . 

It is not difficult for us to choose 0t such that 0

1

2
Ct ＜  to obtain a strict contraction in 

the ball 0( ,B u  0 ( )
2 )

L
u . The proof is completed. 

Next, we will prove Theorem 1. 1. 
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Proof of Theorem 1. 1: As a consequence of Banah ’s fixed point theorem and the 

lemma aforementioned, we can get the existence and uniqueness of solution for 

problem (1. 1). 

Suppose there exists a positive S such that
0t

X
u S , and take it as initial 

datum 0( , ) ( )u t C , we will find it possible to extend the solution up to some 

interval 1[0, )t , of course 1 0t t＞ . 

From the equations (1. 1) 1 , we can obtain u verifies the identity as follow 

1 1 ( , )

0
0 0 0

( , ) ( ) ( ) ( , ) ( ) ( , ) .
( , ) ( , )

t t t
N N ku x sx y x y

u x t u x J u y s dyds J u x s dyds e ds
u y s u x s

 

Integrating in the variable x and applying Fubini ’s theorem, we can get 

( , )

0
0

( , ) ( )
t

ku x su x t dx u x dx e dxds . 

 

Remark 2. 1 u is a solution of (1. 1) if and only if u satisfies 

1 1 ( , )

0
0 0 0

( , ) ( ) ( ) ( , ) ( ) ( , )
( , ) ( , )

t t t
N N ku x tx y x y

u x t u x J u y s dyds J u x s dyds e ds
u y s u x s

. 

 

 

3. Blow-up and blow-up rates. 

Proof of Theorem 1. 2  

Since
1 1 ( , )( , ) ( ) ( , ) ( ) ( , )

( , ) ( , )

N N ku x t

t

x y x y
u x t J u y t dy J u x t dy e

u y t u x t
, we 

integrate in x and apply Fubini ’s theorem and Jensen ’s inequality to get 

( , )

( , )( , )

k u x t dx

ku x tu x t dx e dx e
t

. 

Noting that ( , )u x t dx is not global; thus ( , )u x t cannot be global either. By Theorem1. 

1, we have that the solution of the problem (1. 1) blows up in ( )L norm . 

Moreover, integrating the above inequality we obtain the following estimate for the 

life span 
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( , )k u x t dx

e
T

k
. 

 

Proof of Theorem 1. 3: LetT＜ is the maximal time of existence of a blowing up 

solution and suppose 0x  be such that
0

0
0
max ( , ) ( , )

t t
u x t u x t . From equation (1. 1)1  

with this point, we can get 

0 0( , ) ( , )1 1

0

0

( , ) ( ) ( , ) ( ) ( , )
( , ) ( , )

ku x t ku x tN N

t

x y x y
u x t J u y t dy J u x t dy e e

u y t u x t
. 

So integrating in ( , )t T for the inequality, we obtain 

1
max ( , ) ln[ ( )].

x
u x t k T t

k
   (3. 1) 

Noticing that for any ( , ) ( , )x t t  it holds that 

( , )( , ) ( , ) ku x t

tu x t u x t e . 

Since ( , )u x t blows up, we can get for all 0＞ , there exists a time 0t such that 

for 0( , )t t T  

0( , )

0( , ) (1 )
ku x t

tu x t e . 

Similarly integrating in ( , )t T , it holds 

1
max ( , ) ln[(1 ) ( )].

x
u x t k T t

k
   (3. 2) 

Now let 0 , combining (3. 1) and (3. 2), we obtain 

( )
(., ) 1

lim .
ln[ ( )]

L

t T

u t

k T t k
 

 

 

4. Blow-up sets. 

In this section we give some results concerning the blow-up sets for the solution to the 

problem (1. 1). We suppose thatu is a solution to (1. 1) blowing up at timeT and 
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investigate the symmetric case. To simplify, we only consider the case in 

one-dimension, that is ( , )L L , the radial case is analogous. 

First, we prove a lemma that says if the initial condition has a unique maximum at the 

origin, then the solution has a unique maximum at this point for every (0, )t t . 

 

Lemma 4. 1 For any k , under the hypothesis on the initial condition mentioned in 

Theorem1. 4, we have that the solution is symmetric and such that 0xu in (0, ] (0, )L T . 

 

Proof: Notice that ( , )u x t is also a solution of the problem (1. 1), the symmetry 

follows from the uniqueness. 

If we donate ( , ) ( , )xw x t u x t , then ( , )w x t verifies the equation 

1 ( 1) 1 ( 1)( , ) ( ) ( , ) ( ) ( , )
( , ) ( , )

L
N N

t
L

x y x y
w x t J u y t J u x t dy

u y t u x t
 

( 1)( ) ( ) ( , ) ( , )
( , )

Nx y
J x y w y t u y t dy

u x t
 

( , )( )(1 ) ( , ) ( , ) ( , )
( , )

N u x tx y
J N u x t w x t dy e w x t

u x t
. 

We will find it easy to obtain a contradiction from the equation. If we assume that 

there exists a point 0 0( , ) (0, ) (0, )x t L T at which 0 0( , ) 0w x t . We use here that J is 

odd and the symmetry ofu to obtain ( , ) ( , ) 0xw x t u x t ＜ in (0, ) (0, )L T . 

Now, time is right for us to prove Theorem 1. 4. 

 

Proof of Theorem 1. 4. The proof consists of several steps, following the ideas of [12] 

blow-up for a nonlocal diffusion problem with Neumann boundary conditions and a 

reaction term. 
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Step 1 First, we prove that the only blow-up point that verifies the blow-up estimate 

is 0x . For a fixed 0 0x ＞ , let 0( ) (0, ) ( , )t u t u x t and employing the mean value 

theorem and the way we processed before, then the function ( )t holds 

1 1( ) [ ( ) ( , ) ( ) (0, )]
( , ) (0, )

L
N N

L

y y
t J u y t J u t dy

u y t u t
 

1 1 ( )0 0
0

0

[ ( ) ( , ) ( ) ( , )] ( )
( , ) ( , )

N N tx y x y
J u y t J u x t dy t e

u y t u x t
 

1 ( )0
0[ ( ) ( )] ( , ) [ (0, ) ( , )] ( )

( , ) ( , )

L
N t

L

x yy
J J u y t dy u t u x t t e

u y t u y t
 

( )( ) ( ) tt t e . 

where 0( ) [ ( , ), (0, )]t u x t u t . Integrating the above inequality we have 

0

( )

0ln( )( ) ln( )( ) 1 .
t

s

t
t t e ds    (4. 1) 

Now we argue by contradiction. Assume that 0

1
( , )

lim ( ) ,
u x t

t T
e T t C  

since 0( , ) ( ) (0, )u x t t u t , we get 
1

( )lim ( ) .t

t T
e T t C   

Therefore we have 1( ) ( )( ) ,t C T t  as 0 . 

Moreover, if (0, )u t is bounded, we can get 

0

( )1
t

s

t

C
e ds ds C

T s
 

( ) ln( ) .C T t C    (4. 2) 

From (4. 1) and (4. 2), we can get 

( )ln( ) 1( ) ( ) .
C T t

t Ce C T t  

Using this fact, we have 

1( ) ( )
0 lim lim ,

ln[ ( )] ln[ ( )]t T t T

t C T t

T t T t
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a contradiction that proves our claim. 

 

Step 2. We conclude by showing that the only possible blowing up point is the origin. 

To this end, let us perform the following change of variables 

1

( , )( , ) ( ) , ( ) .u x t sZ x s e T t T t e    (4. 3) 

1
( , ) 1

( , ) ( ) ( )
s

u x t
s

s tZ x s e T t u e  

( , ) 1
( , ) ( [ ( ) ( )] ) ( , )

( , ) ( , )

L
s u x t

L

x y x y
Z x s e J J dy e Z x s

u y t u x t
 

11
( , ) [ ( ) ( )] ( , ) ( , ).

( , ) ( , )

L
s

L

x y x y
Z x s e J J dy Z x s Z x s

u y t u x t
 

Note that the blow-up rate of u implies that ( , )Z x s C for every 

( , ) [ , ] ( ln , ).x s L L T  

Besides we have | [ ( ) ( )] | | ( ) ( ) |
( , ) ( , ) ( , ) ( , )

L L

L L

x y x y x y x y
J J dy J J dy

u y t u x t u y t u x t
 

| ( , ) ( , ) | 2 ( , ) .
L L

L L
u y t u x t dy u x t dx  

Therefore, we can obtain that from
1

lim ( , ) ln[ ( )]
t T

u x t T t , 

11 1
( , ) ( , ) 2( ln( ) ( , ) ( , )s s

sZ x s Z x s e e Z x s Z x s  

1

1 2

1
( , ) ( , ).s sC e C se Z x s Z x s    (4. 4) 

At the same time, we notice that for any 0x , ( , )Z x s  is bounded and doesn’t 

converge to
1

, so we can conclude that ( , ) 0Z x s , as s . 

Thus, for a given 0＞ , using ( , ) 0Z x s in (4. 4), we have 

1 2

1
( , ) ( ) ( , )s s

sZ x s C e C se Z x s . 

By a comparison argument, it follows that 
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1
( )

1 2 3( , ) (1 ) .
s

s sZ x s C e C s e C e    (4. 5) 

Going back to the equation verified by ( , )Z x s , it holds 

1
( ( , )) ( , ) ( , )

s s s

s se Z x s e Z x s e Z x s  

1[ ( , ) ( ) ( ) ( , )]
( , ) ( , )

s
L

s k

L

x y x y
e Z x s e J J dy Z x s

u y t u x t
 

1

1 2( ( , )).
s

s se C e C se Z x s  

Integrating on 0( , )s s , we have 

0

1
(1 )

1

1 2 3( , ) [ ( ) ( , ) ]
s

s

s
Z x s e C e C C e Z x d . 

From (4. 5), we obtain 1( , ) 0,
s

e Z x s as . While ( , )Z x s is bounded, so we 

get that 

0

1
(1 )

1 2( , ) ( (1 ) )
s

s

s
Z x s e C e C d . 

Due to 1＞ , we have 

1( , )
s

Z x s C e . 

This implies that ( , )u x te verifies 

( , )

1( , )
s

u x te Z x s e C . 

Consequently we can get ( , )u x t C . 

In other words, ( , )u x t is bounded, so the theorem 1. 4 is proved. 

Next, we are ready to seek blow-up set in a general domain with initial condition for 

the problem (1. 1). We will find that blow-up set is localized around a given point 

in . 
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Proof of Theorem 1. 5 Given 0x  and   0 , what we want to do is to construct an 

initial condition 0u such that 

0 0( ) ( ) { : }.dB u B x x x x ＜   (4. 6) 

To this end we will consider 0u concentrated near 0x and small away from 0x . 

Let be a nonnegative smooth function such that
2 0supp( ) ( )B x and ( ) 0x ＞ for 

all
2 0( )x B x . 

Now, let 

0 ( ) ( )u x N x . 

We will choose N large and  small in such a way that (4. 6) holds. 

Taking N large enough, from the estimate in Theorem 1. 2, we have 

0 ( , )

( , , )1

u x t dx

C Ne
T e . 

Besides we can get someT as small as we need. 

Now let ( , )( , ) u x tx t e , using the upper bound for the blow-up rate 

1
max ( , ) ln[(1 ) ( )] ln[ ( )]

x
u x t T t C T t ， 

and
1

( , )max ( )u x t

x
e C T t , we can get the following conclusion for any x , 

( , )( , ) ( , )[ [ ( ) ( )] ]
( , ) ( , )

L
u x t

t
L

x y x y
x t x t J J dy e

u y t u x t
 

1

1

( , , )( ) { ln[ ( )]} ( , ).J kT t C k T t x t    (4. 7) 

To this consideration, ( , )x t  is a subsolution to the following equation, 

1

1

( , , )( , ) ( ) { ln[ ( )]} ( , ).J kx t T t C T t x t    (4. 8) 

Hence, if we assume ( ,0) (0)x , we have 
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( , ) ( ).x t t    (4. 9) 

Now we just have to prove that a solution  to (4. 8) beginning with 

0t (or (0) e ) remains bounded up to t T , provided that and T  are small 

enough. To get this we also use some ideas from [10]. 

Let 
1

( ) ( ) ( )z s T t t  and ( ) sT t e . 

We will find it easy to see that ( )z s verifies 

11 ( )
( ) ( ) ( ) ( ln[ ( )]) ( )

s s

s s

t

z s
z s e t e t e Ce T t z s , 

and
1

( ln )z T T e . When 0t , and T are small enough, the following formula 

is true 
1 1

( 1) 1
( ln ) ln( ) 0z T T e T e CT T ＜ . 

From this fact, we can easily prove that ( ) 0z s ＜ , for all lns T＞ , and ( )z s , 

as s . Going back to the equation verified by ( )z s and step 2 of Theorem 1. 5, we 

obtain that ( )
s

z s Ce , hence ( )t C＜ , for all [0, )t T . It will not be difficult to 

obtain that ( , ) ( )w x t t C＜  from the fact that ( )t is bounded and (4.8), 

so ( , )u x t C＜ for any 0\ ( )x B x . To this end, our proof is completed. 
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