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Theorem. The equation: 
ppp cba  , (1) 

where a, b and c are arbitrary positive integers, and p3 is an arbitrary positive 

integer, has no solution. 

 

Proof. Let us take the numbers a, b and c in (1) as coordinates of a point with respect 

to an orthogonal Cartesian frame Oabc  in Euclidean three dimensional space. 

Let the triple of the positive integers ( 0a , 0b , 0c ) be a solution of (1) for p = p0. Then 

it is obvious that coordinates of any point of the straight line, connecting the origin of 

the coordinate frame )0,0,0(O  and the point 0M  ( 0a , 0b , 0c ), satisfy equation (1), 

too. Let us consider all the lines – together with the line 0OM  – which have the same 

angle 0  with the axis Oc  as the angle between the axis Oc  and the straight line 

0OM  is. Then a circular cone is obtained, which is defined by the following equation: 

2

0

22 cba  , (2) 

where 0 is a constant: 

2 2

0 0
0 2

0

.
a b

c



  (3) 

Now let us change the variables a , b , c  into new variables l , k , m  by the following 

expressions: 

cklmbkmalm  ;; : 

From these we have: 

bclackcbam  ;; : (4) 

In this case we obtain from equation (1): 

     ppp
lkmkmlm  , (5) 

and (2) can be transformed into the following: 

     20

22
lkmkmlm   : (6) 
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Let us write (6) in the following form: 

          021122 00

22

0

2

0   kllkmlkm : (7) 

It is easy to see that 1 0 <2. 

Indeed, a , b , and c  in (1) are positive integers, consequently, a  c , b  c , 

hence, 222 2b + ca  . Taking this into account, it follows from (3) that 0 2 . 

We obtain from (1) that 
p pp bac  ; hence,  p pp bac

22  . One can easily see 

that the following expression takes place,    ppp baba 222
 , where the equation 

sign is for the case p = 2 only. Consequently,   22222 babac
p p

 . Thus, 
22 ba   

2c , and it follows from (3) that 0  1, but if p = 2, 0 = 1: 

One can assume in (7) that k and l are mutually prime (coprime), which does not 

violate generality. Indeed, if k and l have a common factor (multiplier), then it 

follows from (5) that m , too, has a common factor together with them, and it will 

possible to divide by the p-power of this common factor. 

In (4), substituting 0a , 0b  and 0c  for a , b and c , we obtain: 

0000 cbam  ; 000 ack  ; 000 bcl   (8) 

Let us consider the section of cone (7) by the plane m  0m . One can easily see that 

this a hyperbole having the following equation in the plane m  0m : 

          021212121 2

000000

2

00

2

0  mlmkmlklk  . (9) 

Here 0 is a rational number. Let us represent this number as the fraction 
r

n
 where 

  1, rn . Taking into account that if p3, 1 0  2, we have: 

rnr 2 ,   1, rn : (10) 

In (9), substituting this value of 0 , we get: 

          02222 2

000

22  mnrlmrnkmrnlrnnklkrn : (11) 

As is shown in 1, p 226, in the following transformation: 















ly

kx
 (12) 

one can choose the integers  ,,  in such a way that after the transformation the 

factors of the first orders of x  and y  vanish in the equation. Then (11) takes the 

following form: 

    Myrnnxyxrn  22 2 : (13) 

By the way which is presented on the same page, we get: 

 22 nrnD  ;      00 mnrnrmnrn  ; 

     00 mnrnrmnrn   

              222

0

2

0

22

0

22

0

2
2222 rnrmnrmnrnrmnrnmnrnrnrM  , (14) 
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or (after transformations): 

 rnrD  2 ;   0mrnr   ;  rnnmrM  22

0

3 , (15) 

then (12) takes the following form: 

   
   







0

0

2
2

mrnrlrnry
mrnrkrnrx

, (16) 

and (13) is written in the following form: 

     rnnmryrnnxyxrn  22 2

0

322 . (17) 

It follows from (16) that r  is a common factor for 0x  and 0y . Consequently, 

 00 , yx r d . Dividing (17) by ( 2r
2d ), we get: 

     rn
d

m
rnyrnyxnxrn 








 22

2

0
22

, (18) 

where: 

rd

x
x  ; 

rd

y
y  ,   1, yx . 

We can write (18) in the following form: 

    Nyrnnxyxrn  22 2 ,   1, yx , (19) 

if in (18) we substitute x  for x  and y  for y and N  for 
22 dr

M
. It follows from (10) 

that all coefficients in (19) are positive. Let us make the following one-modular 

transformation: 









yxy

yxx




, 1   (20) 

where   0x ,   0y . We get: 

     22 2 yrnnxyxrn  A 2x + xB 2 y+ 2yC  , (21) 

with the following (see [2], p 280): 

    22 2  rnnrnA  , 

or: 

    2

0

2

0 2  rnnxxrnA  . (22) 

Let us see whether there is, a pair (( , )) for which the following conditions take 

place: 

NA  , (23) 

NB 0 . (24) 

Taking into account that   0x ,   0y , we get from (23): 

        2

000

2

0

2

0

2

0 22 yrnynxxrnrnnxxrn   , 

and: 

     02
2

0

2

00  yrnynx  , 

or: 

      02 000  yrnnxy  . (25) 
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It is obtained from (25): 

0y , or 
rn

nx
y


 0

0

2
 . (26) 

Now let us show that the number 
rn

nx
y


 0

0

2
  is not integer. Indeed, substituting 

the value of 0x , we get: 

    
d

nmk
d

rn

rn

n
y

d
mrnkrn

rn

n
y

1
2

221
2

2
0000 








 . (27) 

It is easy to see (using the formula for  p
ba  ) that from (5) one can get: 

),,( mlkPklmp   (28) 

where ),,( mlkP is a polynomial with respect to k , l  and m . 

It follows from (28) that m can be divided by any prim factor of k , as well as by any 

prime factor of l . Besides (as   1, rn )   1,  rnn  and   1,2  rnrn : 

Consequently, the fraction 
 

rn

krnn



22
 in (27) can be cancelled only by 2 and by the 

factors of k . It follows from here that if ( rn ) has another factor except these, then 

  is not integer. As ,1),( lk  then lk   and we can assume that kl  . If ,1k  then 

2l . Hence, if l  has a factor more than 2, then   is not an integer, because the 

denominator  rn  of the above-mentioned fraction cannot be cancelled by the 

numerator, 2. And, if 2l , then it follows from (11) that  rn  is divided by 4 and, 

being cancelled by 2 of the numerator, remains a fraction, that is, it does not become 

an integer. It is also obvious, that the above-said fraction is not an integer, if 2l  , as 

well. 

The case 0y  is left only. In this case it follows from (22): 

    NyrnynxxrnA 
2

000

2

0  2 , (29) 

      0

2

0000 yrnyxnyxrnB   . (30) 

It follows from the condition lk   that 0x < 0y . In (20), making the following 

transformation, 0x ,  0y , we get 1
2

00  yx , which gives 0y . In 

this case we get from (29) and (30): 

NB  . (31) 

The representation of N  by (29) is called eigen representation of N  if   1, 00 yx . 

The following theorem is known (see [2, p 282, Theorem 286]). N  has eigen 

representation by the quadratic form  cba ,,  iff there exists such  CBA ,, ~  cba ,, , 

that ,NA   NB 0 . According to this theorem, N  cannot be represented by the 

quadratic form     22 2 yrnnxyxrn  , because (31) takes place together with 

(30). 

Consequently, our suggestion that equation (1) has a solution for positive integers 

( 0a , 0b , 0c ) for any p0 satisfying the condition p3 is not correct. 
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The theorem is proved. 
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