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Abstract

We discuss the global existence and uniqueness of solution to the Einstein-Maxwell
system with the cosmological constant. The space-time considered being a Bianchi
of type I, in the case of a perfect charged relativistic fluid. We obtain a global exis-
tence theorem in the single case where the derivatives of initial data of potentials
of gravitation a, b and the cosmological constant A are positive. The problem of
initial constraints is also highly studied. In the end, we remark that if a # b, the
space-time never becomes empty to future infinity as it is the case when a = b.
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1. Introduction

In this paper, we study the evolution of a charged perfect fluid of pure radiation type,
the background space-time being the time-oriented Bianchi type 1 space-time, which
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is an immediate generalization of the flat Friedman-Lemaitre-Robertson-Walker space-
time, also known to be the basic space-time of Cosmology. In Cosmology, homogeneous
phenomena such as the one we consider here are relevant. The whole universe is modeled
and particles in the kinetic theory may be particles of ionized gas as nebular galaxies
or even cluster of galaxies, burning reactors, solar wind, for which only the evolution
in time is really significant. In the case we consider, the evolution is governed by the
coupled Einstein-Maxwell system, the Einstein equations for gravitational field inquiring
about gravitational effects, whereas the Maxwell equations for the electromagnetic field
inform about electromagnetic effects.

The Einstein theory stipulates that the gravitational field, which in the case we con-
sider, depends on the two real valued functions a and b, called potentials of gravitation,
is determined through the Einstein equations, by the material and energetic content of
space-time. The space-time content in this case is represented by a stress-matter tensor
defined by both the matter density p and the electromagnetic field F.

The Maxwell equations are the basic equations of Electromagnetism and determine
the electromagnetic field F created by the charged particles. We consider the case where
the electromagnetic field F is generated through the Maxwell equations by a charged
density e, and a future pointing unit vector u, tangent at any point to the temporal axis.
The system is coupled in the sense that @ and b which are subjected to the Einstein
equations also determine the electromagnetic field , whereas the electromagnetic field
F, which is subjected to the Maxwell equations also appears in the Einstein equations
through the Maxwell tensor 7,4.

The Einstein-Maxwell system coupled to the conservation laws, turns out to be a
non-linear differential system to determine a, b, p and F.

The main objective of this paper is to extend to the case where the gravitational field
depends on two real valued functions a and b, the result obtained by N. Noutchegueme
and C. Nangne[l], where the gravitational field was depending only on a single real
valued function a.

We prove using a change of variables, that if the cosmological constant A > 0 and
if the initial datum by of the derivative with respect to ¢ of b is positive, then there exists
a global solution to the coupled system. And we also prove that if this derivative is
negative, or if the cosmological constant A < 0 even if by > 0, then there cannot exist
global solutions. The fact that we prove global existence with cosmological constant
A, is with a great interest, in the sense that some recent observations show that the
whole universe is in an accelerated expansion, and it is the presence of the cosmological
constant in the Einstein equations which mathematically shapes this phenomenon.

The paper organizes as follows:

In section 2, we introduce equations and give some preliminaries. In section 3, we
study the global existence.
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2. Preliminaries and Equations

2.1. The Spacetime, the Unknowns and the reduced system

We consider the Bianchi type I space-time (R4, g) and the usual coordinates in R*; where
g = (ga,g) stands for the metric tensor of hyperbolic signature (—, +, 4, +) that can be
written:

g=—@n*+a* @ (dx")" + 6 () (ax?)’ + (ax)’] (1)

in which a > 0, b > 0 are two continuously differentiable unknown functions of the
single variable .

Following Lichnerowicz[2], the Einstein-Maxwell system with the cosmological
constant A reads:

1
Rop — ERgozﬂ + gupA = 8 (Tozﬂ + Taﬁ) 2)
Vo F = eu (3)

where:

* (2) are the Einstein equations for the metric tensor g that represents the gravitational
field, and:

Rgp 1s the Ricci tensor, contracted of the curvature tensor;
R = g“ﬂ R 1s the scalar curvature, contracted of the Ricci tensor;

Typ and 74 are respectively the matter tensor and the Maxwell tensor we specify
below;

* (3) and (4) are respectively the first and the second groups of the Maxwell equa-
tions for the electromagnetic field F = (F %R ) which is a closed unknown

antisymmetric 2—form depending on the single variable ¢, F % and F; j stand for
the electric and magnetic parts respectively.

In (3), e > 0 is an unknown real-valued function of #,representing the charge
density, and u = (u“) is a time-like future pointing unit vector tangent at any

point to the time axis; eu” is the Maxwell current. V,, is the usual covariant
derivative in g.

* (4) only expresses the fact that d ' = 0, because F is closed.

The general expression of the matter tensor of a relativistic perfect fluid is, in the
chosen signature of g :

Top = (p + p)uqup + pgap

in which p > 0 and p > 0 are unknown functions of ¢, representing respectively the
matter density and the pressure.
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We consider here a perfect fluid of pure radiation type, which means that p = g In

that situation, one obtains:

4 1

Tup = 3pualtp + 3 08up- )

In order to simplify, we consider a co-moving fluid. This implies that:
— . — 0 _
u =u; =0, u =1. (6)

The particles are then supposed to be spatially at rest.
In what follows, using (3) , the well known identities given below will also be very
useful:

VoV F = 0. (7)
Next, the Maxwell tensor 7,4 is defined by:

_ap

1 FMFy, + Fgy FL. (8)

Taﬂ =

Using (7) , the Einstein-Maxwell System (2) — (3) — (4) then yields:

1
Ra,B — ERgaﬁ + gaﬂA =87 (Taﬁ —+ ‘L’aﬂ)
Vo (eu®) =0 ©)
VaFgy +VgF e+ Vy, Fyg = 0.

The following property of 7,4 will be very useful:

Proposition 1.
VaTf = FprVa F*. (10)

Proof. See Noutchegueme & Nangne [1]. [

Proposition 2. ¢, p, F o F;j satisfy the following equations:

. (a b
e+<——|—2—)e=0
a b.

3p+4 d+2b =0
PE\a ™)~ (1)
. n: ) b .

a b

Fij=0
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and are given by the relations:

= ()(3)
=n(®)' (3
() e

(12)

where eg = ¢ (0), po = p (0), ap =a (0), by =b(0), F¥ (0) = E', F;; (0) = ¢;;.

Proof. See Noutchegueme & Nangne [1].

Proposition 3. We have for the Einstein tensor:

2

S—d5+b 5—22[;+B2
0= T \p) T T b

Sa = S33 = —b* éi+[;+db
22 = D33 = a b ab
Sep =0, if a # B.

Proof. See Noutchegueme & Nangne [1].

Proposition 4. T4 and 7,4 are given by the following relations

Too = p, T11=a2§, T22=T33=b2§, Typ =0if a #B

(13)

(14)



Remy Magloire Etoua and Raoul Domingo Ayissi

(% - (ngz)z (Z—())Z + (b(2)E3)2 (C;_O)zi| (15)

2
aop\ { bo , 1
T0i = — (z) (?) E]¢ij, T12 = ﬁ (_a(%nglE2 + ¢13¢23)
1
113 = —— (agbgE'E° + ¢12¢03) . T3 = o (—agbg E*E* + ¢12613)

Proof.

i) For (14), we use the expression of T, given by (5) invoking the fact that ug = 1,
u; =0and goo = —1.

i) For (15), we use the expression of 7,4 given by (8) which writes:

Tup = _g%ﬂFWFM + Fyy L.

¢ We then have:

800
T00 = _TFMLFML + F())LF&.

But F**Fy, = —2g;i (1[’()")2 + gligh (F; ')2 and Fo, F = gii (FOi)z, SO

1 - .. ..
W0 = 5 8ii (FO’)2 + 588" (Fij).
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Using the relation (1), and the relation (12) , one obtains:
2 2
1 2 (o))" 22 (g 32 ( b
= - EY (= E?) |2 E) 2
=g | @) (F) + e () + e (3
L (o2\"  (o13\"  (¢23)°
3 |:< ab) + (ab T\ '

e We also have tp; = FOAFiA, since Fo)\FiA = —F;; FY consequently by (1) and

(12), we obtain:
aoy (o)’ j
T0i = T0i = — (;) > E'¢ij.

i) = —8igj FUFY + g% FFi, i #j
and
kk

= =55 [ 260 (FY) + g7 (Fiy)’| = (gw? (F™)” + ¢ (Fiy)’.

Invoking once more (1) and (12) , we find:

2.4
_ 8ii8jj%bs

28 E'E) + ¥ i, i # j.

Tij =
Finally, we obtain the waiting results for 711, 122, 733, T12, 713 and 123. [ |

According to the relations (9) and (12) , we claim:

Proposition 5. The Einstein-Maxwell system (2) — (3) — (4) reduces to the following

system in a and b:
2

ab (b
2—+ =) — A =8 [Too + w00l (16)
ab b
5| b h\2
—a 21_)+ 5 — A | =8x [T + T11] (17)
.o l')' .l’)
2| L4 24 D A =87 [T+l (18)
a b ab

in the condition that 7,5 = 0 if « # B and 122 = 133.

Proof. The Einstein equations (2) with the cosmological constant A write for:
*a=p=0: S+ gooA = 8 (Too + 700);
ca=p=i:S8;+giA=28n(Ti+ ti);
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ca# Bty =0.

Using propositions 3 and 5, we immediately obtain equations (16) , (17) and (18),
to which we add the problem of constraints 7,5 = 0 if o # B and 120 = 733,that we
have to solve. [ |

2.2. The Cauchy problem and the problem of constraints

The above system is a system of second order non-linear differential equations in a and
b. We also suppose that ay > 0, bg > 0, pg > 0, ao, 150 and E’,qbij, i,j=1,2,3are
given real numbers and we look for solutions a and b of the system (16) — (17) — (18)
and of course the system (2) — (3) — (4) satisfying the initial conditions:

p (0) = po
FY% ()= E'", F;; (0) = ¢y,i,j = 1,2,3 (19)
a (0) = ag, b (0) = by, a (0) = dp, b (0) = by.

The aim of the present work is then to prove the global existence of solutions on [0, +o00[
to the Cauchy problem (16) — (17) — (18) — (19) . The values prescribed at 7 = 0 will
be called initial data, and it is obvious that the signs of ag and bg play an important role.

Proposition 6.

le The Einstein equation (16) , called the Hamiltonian constraint, is satisfied all over
the domain of the solutions a and b , if and only if, the initial data pg, ag, bg, ag, bo, E',
¢ij, i, j = 1,2, 3 satisfy the initial cond1t1on

.2
b b 1
2610_0 + (b_o) = A+ 87 [,oo + 3 [(aoEl)2 + (boEZ)2 + (boE3)2H
0

apbg
g | L (&)2 + (ﬂ)z + <@>2 (20)
2 apbg apbg b(z)
2e The remaining Einstein equations:

Soi + goi A = 87 (Toi + 701) 5 Sij + gij A = 87 (Tij + wj) 2D

are identically satisfied by any solutions a and b of (16) — (17) — (18) if the initial data
a,bo, E', ¢ij, i, j =1, 2,3 verify:

E'¢ij=0 (22)

§:¢m¢m E'E/=0,i#] (23)

@2¢wwoﬁﬁf%ﬁﬂ=a 24)
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Proof. The problem of constraints 7,5 = 0 if @ # B and 12 = 733, appearing in
proposition 3 is easily computed, using proposition 4, to give the system (22) — (23) —
(24). |

Remark 7.

1) The system of constraints (22) — (23) — (24) has non trivial solutions. Notice in
fact that if i £ j, and because ag > 0, bg > 0, the choice:

1 . 2 3
{ E'£0;, E2=E*=0 05)

$23 #0; 10 =13 =0,

gives a non trivial solution ag, by, Ei, Gij, 1, j=1,2,3,i # jof 22) — (23) —
(24).

2) In what follows, one supposes that the initial data pg, ag, b, ab,bb, E', Gij, I, ] =
1, 2, 3 satisty the constraints (20) , (22) , (23) and (24) . One must also remark that
if the cosmological constant A is non negative and if pg, ag, bo, , E', ¢ij.i, j =
1, 2, 3 are given, (20) requires that:

do > 0 and by > 0.

In the next section, we look for global existence of solutions a and b of equations
(17) and (18), called evolution equations. The Hamiltonian constraint (16) will be used
as a property of the solutions.

3. Global Existence of Solutions

3.1. Change of variables

For the study of the Einstein system (17) — (18), we write:

- 8m (T11 + t11)
p =38m (Too + T00) » P1 = B E—
8 (T2 + 122) P, — P (26)
pp=2T g 27
b? D

p is called the energy density.

Now, following Rendall and Uggla(2000), we make the change of variables as
indicated below:
1 b? 1b

1/a b
H=-(%427), 7= s= v, =21 @1
3<a+ b) Terrw it T 12 YT HD 27)

H is called Hubble variable.




10 Remy Magloire Etoua and Raoul Domingo Ayissi

We also set:

~

_ P
3H?
2 is the normalized energy density and q is the parameter of deceleration.

q =233 +Q. (28)

Lemma 1. We have:

2
0<z<l1, 0<s <, azz; 2 _ Z

s(1—=2) C (1=s)(1—2)

(29)

Q—l—zz—i Q>0
- tO3H2 T

1—95)2(1-2)>2 2
_ S)ZZ( z (_( BE 1) _¢%3>

27s (1 —5) (1 —z)2 2 47'[,0()51 b2s§ (1—s)(1-2)3
3 (“0b(2)E2> + (aobg +¢12 +¢1s L —

Z
1—95)21—-2)>?
Pzzn( S)Z( 2) ((aobo )+¢2z)

z3

Z
4

275 (1 —s) (1 —2)? 2 2 4mpoal b2s3 (1 —5) (1 —z)?
3 - <a0b(2)E2> + (aOb(%E3) + o7, — ¢7s ) + b

2 z

Wl

(30)
Proof.
(a) Itis clear, in view of formulas (27) which give
1 b?
= 9 s = )
a=2+4+2b"2+1 b? + 2a?
solved in a? and b2, that:
2
O0<z<l1, O0<s<l, aZ:L, b* = < .
s(1—2) 1-5)1-2)
’ A
(b) Now we want to show that @ =1 — Xy — —
3H?
ab  (b\’
The equation (16) writes 2— + | — ] — A = p.
ab b
So by (28) one has:
.7 N
ab b 2
2—+-) — A =3H"Q. (31)
ab b

But invoking (27) one obtains:

%:H(1+E+). (32)
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And using (27) and (32) , we get:

g =H(1-2%,). (33)

: b
Then reporting the expressions of a and b given by (33) and (32) in (31), we
a

obtain:
2H)(1=25)(H)(1+3S)+H>(1+ =) — A =3HQ.
Consequently:
Qo1-32_ 2
T 3HY
(¢) > 0 because p > 0.
(d) Using (29) and the values of T;;, 7t;;, i = 1,2 given by (14) and (15), we find
the given results for Py and Ps.
One should also remark using (14), (15) that
p =P +2P. (34)
[ |
Remark 2.
1) By (30) we have €2 > 0. So the first equation in (30) gives the inequality:
3H*(1-X23) > A. (35)

Since the cosmological constant A takes both negative and non negative values,
(35) leads to the fact that if A > 0, then:

E+ € [—1, 1]

2) From now on, the variables H and X should verify the inequality (35) .
3) We also have:
qg>0, VAeR, and 0<g <2 if A>0. (36)

Theorem 3. (No global existence in the case A > and Bo <0) If A >0and bb <0,
then the Einstein-Maxwell system (16) — (17) — (18) has no global solution on [0, +o0][.

Proof. Let us assume that A > 0 and by < 0. We set:

a b 1
U=-,V==-W=—,
a
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then
W=—U-+2V)W. )

First of all, we observe that since A > 0, b is never vanishes.
So, using equation (16) and A > 0, we have:

b (b _a
2124022
b(b+ a)

= A + 87 (Too + T00) = 87p
_ 8mpoaoby  C
ab? T ab?

(i1)
2 _ 2
where Cj = 8mwppaopby > 0.

b .
Thus 5 (t) #0, Vtandthenbd () # 0, Vt.

If there exists a global solution, then by (ii), V (V +2U) > Cg w.
Since 150 < 0 and b never vanishes , then by the Weierstrass intermediate value
theorem:
b < 0.
So
V<0, V42U <O.

It then follows that:
V(V4+2U)=V2 420V = U+ V)2 -U? > C}W,

and that
(U+V)? > C3W > 0.

Consequently |U + V| > Cov/ W. But
1 1
V+U=§(2V+2U):§[V+(V+2U)] < 0.

So|U+V|=-U—-V > CovW implies that:
U+V <—-CovW. (ii1)

Invoking now (i) and (iii) , one has:

i[ 1 ]_ W
dt VW] 2wJWw
(U +2V)W

2WVW
U+2V _ (U+V)+V

2JW 2JW
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<U+V<—CO\/W_ Co
2w T 2Yw 2

Thus:
d 1 Co .
— = - (1v)
dt | W 2
Integrating (iv) over [0, ¢], one gets:
1 1 Co
—F= = - 51 (v)
VW T Wy 2

where ¢ > 0 is an arbitrary real number , since the solution is global.
The r.h.s of (v) vanishes after a finite time

2
N Co/Wo

l,*

1
and this implies that —— also vanishes. This is a contradiction because following (i)

JW

t
W — 126xp (f —(U—|—2V)(s)ds> > 0.
0

This completes the proof of theorem 1. |

Using the values of p, P; and P;,the system (16) — (17) — (18), becomes:

2

2db+ A WP 37)
ab ' \b =F
.o . 2 -
b (b
224 (2) —al|=pP 38
[ﬁ(z)) 1 (38)
éi+b‘+"ﬂ; Al=p (39)
a b ab I >

3.2. The new system

In view of obtaining a differential system of first order, we will next show that, combining
conveniently the equations of the system (37) — (38) — (39), we get to the following

system:
2

i 2((b ab 5 P-2P, A
=) - =)-E4 =2 40
a 3(([)) ab) 6+ 2 + 3 “0)
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. L .2 -~

b 1 (ab b o P A

—==———-- ——— — 4+ —. 41

b 3 (ab <b) ) 6 2 + 3 1)
Proposition 4. The Einstein system of equations (40) — (41) in a and b ensures to

express all derivatives of second order as functions of derivatives of first order and leads
to the non linear first order differential system in H, s, z, X given below:

M g+t 42)

dt VT3

ds

- = 6s(1—s)Z, H (43)

d—j:2z(1 )1+, -3 ) H (44)

d2+ AE+
=t . _-—¢)S,H+QR.H - . 45
7 (2—q) %+ H+QRy 30 (45)

Proof. It shall be done in two steps.

i) First of all, let us prove that the system (40) — (41) implies the system (42) — (43) —
(44) — (45).

It will be sufficient to establish the relation (42) ,the demonstration of the other
relations being identical.

1/a b
Suppose that (40) — (41) is realized. Since by (27) H = 3 (C—l + 25) , then:
a

dH 1{a b [a\* >
T2 () =2(=2) ).
dt 3\a b a b

Summing (40) and the double of (41) , one has:
i b () b\ 1 a\> b
—42——-) =2(-) == Pr+2P)—{—-) —2|(-
22 (0) 2(5) =3er - (0) (]

i _ 10 L piop) d2+2[’2+A
dr 3\ T aTmen) Ty b 3

a a b b
But—=(—-+4+2- —2;,30:

1(~+P+2P) d+2b 252
o WP AT e a b b
A
3

S -0)

QU
=
|
W | =
/e



Global Dynamic of Einstein-Maxwell system

~

Now P; + 2P, = p, according to (34) . Since Q = 3’#( given by (28)), one gets:

dH 1 (6S2H2

dar 3\ 2 3

Using (28) which also implies g = 221 + €2, one obtains:

dH

— (o
dt vy

15

—9H2+6H2(zi—1)>+§=—H2[Q+2zi+1]+%.

We have proved that the system (40) — (41) implies the system (42) — (43) — (44) — (45) .

There is still to prove the converse.

i1) Proof of the converse.

Let (H, s, z, £4+) be a solution of the system (42) — (43) — (44) — (45). We are

going to prove that if we set:

azz—Z , b= 2
s(1—2) (1—s)(1—2)
. . b
3b (%+25)

— 1, H="—7

(§+2§)b 3

then a and b verify the system (40) — (41).
From the second line of relation (46) one has:

E+:

b
—=H({+Xx3)
b
a
—=H(-2%,).
a

On the one hand we have, taking the derivative with respect to ¢:

d (a\ _d (a\’
dt\a) a a)’
and on the other hand, using (48)

d [(a . )
= (—) = H(-2%,)—2H>,.
dt \a

From equations (49) and (50) , one deduces that:

g ) ) a\2
—:H(1—2E+)—2HZ++<—> .
a a

(46)

(47)

(48)

(49)

(50)
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Since (H, s, z, £+ ) is a solution of the system (42) — (43) — (44) — (45) , one obtains:

Lo (-H U+ +3)a—23))-
a 3

AS, a\?
2H|-(2—-—¢q)X+H + QR H — sl Il B (51)
3H a
Now, using (28), and from P; + 2P, = p given by the relation (34) one gets:
A2 A2 0 A2 0 Py +2P
q_22++9_22+m_22+6H2(1+ 5 . (52)

Invoking the second line of the relations (46) ,the equation (52) yields:

1 b S
g=2(=2-1) + — G+ P +2P)

Hb 6H?
2 .
-2 (° B +2+ : (0 + P +2P) (53)
“H2\b) " bH op2 0TI T Ay
Consequently:
2 .
l+qg= 2 (2 4b+3+ : P+ P +2P)
=2 \b) ~bH egz T IIT 54
_ 2 (® 2+4b LG+ P2y
w2 \p) Tom w2 TN TEY:
Carrying forward the relations (54) inside (51) , and taking in account the equalities
0 p,—P
Q= L, Ry = 2 — 1, one obtains the equalities:
3H? D

i b\> b , 71 ,
—:—2 - +__3H___6(P1+2P2)+6H Z_|_
a

b bH 6
) . .
a 2 A b 4 p 1
) —cpm_—prPp+E—2(2) + 22 (p42pP (55)
—I—(a) 3(2 1)—|—3 (b) to T 6(1+ 2)

) a\* 2 A
HH2 QT - D+ ( ) =S (PR = PO+

3
()
b
So using (48) to express 2X — 1 and then H = A4

(55) imply that:

to express H, equalities

s\ 2 . ~
b ab P P1—2P2 A
((z) _E)_E+T+?
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This proves (40) . Similarly, one establishes the relation (41) . In conclusion, the proof
of proposition 7 is complete. |

Remark 5. We are going to use this new system of the Einstein equations to prove that
there is no global existence of solutions in the case A < 0. Since the aim of this work
is the proof of global existence of solutions, based on theorem 1, we will in the next
take an interest to the single case A > 0 and Bo > 0. This because b never vanishes,
and so b (0) = by must be taken strictly non negative. In view of this, let us remind the
following useful result:

Lemma 6. Let # and v be two continouosly differentiable real valued functions of the
variable ¢, satisfying the following conditions in which o # 0 is a constant and 7y € R:

n < —au?

b = —a?v?

u (o) = v (1) .

Then:
u()<v), Vi=n.

Theorem 7. (No global existence in the case A < 0) The Einstein-Maxwell system
with the cosmological constant A < 0, in the Bianchi type I space-time has no global
solution on [0, +0o0].

Proof. Suppose that A < 0. If there exists a global solution on [0, +o0[, then by (35)

and owing to ¢ > 0, we have:
dH - A

—_— < —. 56
dt — 3 (56)
Integrating (56) over [0, t], ¢ > 0, since H is defined on [0, +00[ , we obtain:
A
H (1)< H(QO) + ?t' 57
Inequality (57) shows that:
H((t) > —o0 (58)
t— 400
because A < 0.
There then exists according to (58), 79 € R such that:
H((t) <0, Vt>1. 59)
Using once more (35) and the inequality A < 0, we obtain:
dH
— <—H% (60)

dt —
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We consequently find on [#y, +00[ the inequalities:

H < —H?
H (tp) < 0. 6
According to (61) , we conclude using lemma 2 that:
H@) <v(@), Vt=t1o (62)
. 2
V= —v
63
V(1) = H (10). 9
But (63) shows that v < 0, so v decreases. Consequently:
v (1) <v(t) = H (1) <0, (64)
and hence:
v(t) #0, Vt > 1. (65)
Separating and integrating (63) over [y, ¢], we find:
H (
v (1) = W (66)
1+ H (1) (t — o)
The equality (66) shows that:
v(t) - —0o0 (67)
t— _t*
where t* =19 — > 1.
H (to)
Consequently:
H (t) > —o0. (68)
t— _t*

This result is absurd since, H being a continuous function on [0, +o0[ , is bounded
over the compact [to, t*] ) [ |

In what follows, we assume that A > 0 and Bo > 0.

3.3. The global existence

We are going to solve the system (42) — (43) — (44) — (45), whose unknown is
(H, s, z, ¥1), this will provide the solution of the equivalent system (40) — (41) whose
unknown is (a, b).

We are looking for a solution (H, s, z, ¥ ) of the system (42) —(43) —(44)—(45) , on
the interval I = [0, T], T > 0 which satisfies at the initial instant + = 0, the condition:

(H,s,z, X4) (0) = (Ho, 0, 20, X40) (69)
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where Hy, so, 20, 240 are real numbers conveniently fixed. In fact we must return to
definitions of H, s, z, X4 and choose those data according to ag, b, ap, bo (and so
to po, E', ¢; j» i, j = 1,2, 3) and furthermore, subjected to the Hamiltonian constraint
(20) .
: . o~ QH? 1
Remark 8. Using the definition of ¢, the equalities p = P +2P; and — = 3 Q=
0
A
1— Ei 352 to rewrite the equations (42) and (45) , the system (42) —(43) —(44)—(45)

turns into a new system given by:

dH 3 P+2P A
= TH*(14+%}) - —— T
dt 2d (1+35) 6 2
K
—:6S(1—S)E+H
dt (70)

dz
=2 -)(+ 3 -3 H
d¥y 3 P1(2+—2)+P2(2++1) AXy

_ > R
dt 2HE+(1 =) 6H 3H 2H

and that we now solve.

Remark 9. Domain of the variables H, s, z, ¥;. We will take the variables H, s, z, and
> on the set B defined below by:

B={(H,s,z,2)eR/0<H<H),0<s<1,0<z<1,-1<Z; <1},

In fact, it is easily shown using (35) and the definitions of s, z that: 7y
O<s<1,0<z<l1, —-1<X2; <1 (72)

Now, using (35), (42) and the fact that 0 < Hy, one gets:
0 < H < Hy (73)

where Hy = H (0) .
Let us now give the following definition which shows helpful in the next:
Definition 10. If s is a real number such that 0 < s < 1, we set:
a(s)=inf (s,1—s).
Remark 11. Since Hy > 0, one can assume that ag > 0.
Under this assumption, initial data ag, bg, ap, and 150 shall be such that:

ap >0, bo>0, ao>0, by > 0. (74)
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Inequalities (73) imply using 2 0 and by > O that:
ao

1
_1 D) _
< +o<2

Yi0=2%24(0).

(75)

We now prove the global existence theorem of solutions to the Einstein system (70) with
the initial data given by (69) and where

1
Hy>0, 0<sop<1, 0<z9<l, —1<Z+0<§. (76)

We will apply the standard theory on first order differential systems. With a view to
succeed, we will study the function G defined using the r.h.s of the system (70) by:

G H,s,2,21) =(G1,6G2,G3,G4) (1, H, 5,2, Xy) (77

where
Py +2P A
_bht2h

3
Gi (1, H, 5,2, %q) = =S H* (14 23) - >
Gr(t,H,s,2,24) =6s(1—s)2 H
G3(t,H,s,2,2.)=2z(1—-2)(1+ %, —3sX,) H

3 PI(Z4-2) P&+ AXy
Gy(t,H, 5,2, )=——HX, (1-%2) - — .
4@t Ho5.2,54) =~ HE +) 6H T 3H 2

H
(78)
Recall that G is defined on the set

B =10, Hy] x 10, 1[ x 10, 1[ x ]—1, 1] .

We must prove that G is a continuous function of ¢, locally Lipschitzian in X =
(H,s,z,¥1) € R* endowed with the norm:

[ Xllgs = [H| 4+ [s] + |z] + [Z4]. (79)

G is obviously a continuous function of 7, on one hand. On the other hand, G, and G3
are polynomial functions in H, s, z and ¥, so are locally Lipschitzian.
Concerning now G and G4, we have:

Lemma 12. Let§ > 0, #y > 0tobe given. If 51, 52, 21,22 € 10, 1[, Hi, Hy € 10, Ho[
then:
Clls1 — s2] + [z1 — 2211

| P; (s1,21) — Pi (s2,22)] < o (Si)OlS (Z1)0l5 (22)

< |Pi (s,2)| = — i=12.
a?(z
Pi(s1,21)  Pi(s2,22) - Cl|H) — Ha| + |s1 — 52| + |21 — 22]]
Hy H; - HiHra% (si) o (z1) @ (22)

(80)
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Proof. We set:

3 5
lh:sml—x§1—af J4=<1—”V§1—@f,ugzsfa—“{“‘”03,i=1@
'l
21 2 2 22 2 2 2
2 2
Cy =27 (- <aob5E2) + <a0b§E3) + % — ¢123>  Cy=dn ,ooao 52,
(81)

We want to estimate
Pi(s1,z21)  Pi(s2,22)

| Pi (s1,21) — Pi (52, 22)|, |Pi (s, 2)] ' 7 A

(a) Estimation of | P; (s1, z1) — P; (52, z2)|. To handle the differences appearing in
P; (s1,z1) — P; (s2,22), i = 1,2, it will be sufficient to handle U; — U,, V; — V; and
W1 — W since C1, C3, C3, and Cy are absolute constants.

We have:

st —s) (1 —2)° —2]s3 (1 — 9)° (1 — 2)°
W, — W, = =21 2 (82)
(a® +ab+b?) z{z;
where
52 502 5
a= Sf(l—S1)(1—Z1)3, =278 (1 —s52) (1 —22)3.
Since:
Siy Z2i, 1 —s;,1—2z; €10, 1[, sij, 1 —s; > (i), zi, 1 —zi > a(z),i=1,2

it follows by usual factorizations that

st =P (1= 2" = 53 (1 = * (1 = 2% = Cllsi = 52l + |1 — 2201 (83)

and
(84)

5
(a® +ab+b2)zf22 > a’ 2122 > ()’ ()t (s;), i =1,2

So, from (82), (83), (84), on concludes that

Clls1 —s2| + lz1 — 2211 .
Wi — Wo| < =1,2. 85
W= Wl < = e @) e () (83)

Similarly, on obtains:
[Is1 — 52| + |z1 — z2l]

|Up — Us| < 5
a? (z1) a? (z2)
1 2 6)
Vi — V| Clls1 — s2| + |z1 — z2l]
B a? (z1) @? (z2) '
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We deduce owing all the preceding steps that:

Cllsy — s2|l + |1z1 — z21]
at (s) e’ (z1) o’ (z2)

| P; (s1,21) — Pi (52, 22)| < (87)

(b) It is immediate that

|P; (s,2)| < =1,2. (88)

C .
, 0

a? (z)
Pi(s1,21)  Pi(s2,22)

(¢) Handling of ’

H, H>
We have:
P;i(s1,z1) Pi(s2,22) Hi— H 1
— = P s - P , _ P , .
H H, H{H, i (51, 21) + A (P; (s1,21) : (52, 22))

It follows from (87) and (88) since 0 < H; < Hj that: s

‘Pi Gr.21) P, 20)| _ ClIHL = Bl + st — $2f + |21 — 22]] (89)
H, H, - HyHyo? (s1) @ (21) &2 (22) '
This ends the proof of lemma 3. |
We conclude using lemma 3 that:
|G1 (Hi, 51,21, Z41) — G1 (Ha, 82, 22, B42)| <
C[I1H1 — Ha| + |s1 — 52| + |21 — 22| + | Z41 — T42l] (90)
at (s;) o (z1) @ (22) '
We similarly conclude that:
|G4 (Hla S1, 21, E-}-l) - G4 (HZ’ $2, 22, 2-}-2)' S
C[|Hi — Ha| + |s1 — 52| + |21 — 22| + | 241 — Z42]] o)

H Hyo* (si) o (z1) o (22)

Let (H, s, 2% £9) be given in B = 10, Ho] x 10, 1[ x 10, 1[ x ]—1, 1[. Now
consider the neighborhood V of (H 050 70 22) defined by:

HO 0 0 1 0 0 1
Ve |2 ml o |5 | e (92)
2 2 2 2 2
If we take
(Hi, 51,21, 241), (Ha, 82,22, 242) €V,
then

7<H,~<Ho,5<si< —<zi <

2 72 2
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1 2 1 2 1 2 _ 19 93)
—_— < —, < R < , I =1, 4.
H ~ HY a(s) a9 a@) o)

Using(90), (91), (93) , we obtain:

|G (H1, s1,21, 241) — G1 (Hp, 82, 22, Z42)| <

C[IHi — Hy| + [s1 — 52| + |21 — 22| + | Z41 — Z42l]

, 94
o* (s9) 10 (20) ©4)

|G4 (Hy, 51,21, X41) — G4 (Hp, 52,22, L42)| <
C[|H1 — Ha| + |s1 — 2] + |21 — 22| + | 241 — Z52]] (95)

(H0)2 ot (s9) @10 (20)

We conclude that, like G and G3, the functions G and G4 are locally Lipschitzian.
So is for the function G.

We can now prove our main result:

Theorem 13. If A > 0 and by > 0, then the Cauchy problem for the Einstein-Maxwell
system with the cosmological constant has a global solution on [0, +o0[.

Proof. We have seen before that G given by (77) and defined by the r.A.s of the system
(70)in (H, s, z, X4+) was continuous and locally Lipschitzian, so by the standard theory
on first order differential systems, this system for the initial data Hy, so, zo, 2o such
that:

1

- (ao +21§0) b3 1 5 1 b .

= = - T , S0 = y » 20 = ’ = T

T3 \a w24 T agt b2 +10 T Hobo
(96)

where aq, by, ag, 130 (and so pog, E', ¢ij, 1, j = 1,2) satisfy the Hamiltonian con-
straint (20), has a unique local solution (H, s, z, ¥ ) . But moreover we have:

O0<s<1,0<z<1,
—-1<%¥;<1,0 < H < H,. N

Thus, the local solution (H, s, z, ) of the Cauchy problem is uniformly bounded,
so is global.

From there, results the global existence of the Cauchy problem for the equivalent
system (40) — (41) in a and b on [0, +00[. And from the global solution (a, b), we
deduce using proposition 2, the global existence of p, F %R e

This completes the proof of theorem 3. [
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4. Conclusion

In this paper we have analyzed the Einstein-Maxwell system for perfect charged rela-
tivistic fluid in a Bianchi type I space-time with the cosmological constant. We have
seen that there cannot exist a global solution when the cosmological constant A < 0.
We have also proved that even if the cosmological constant A > 0, there cannot exist
a global solution when by < 0. But we have obtained a unique global solution in the
case A > 0 and Bo > (0. The result obtained here seems very important, because in the
General Theory of Relativity, it is the cosmological constant which models the accel-
eration of the expansion of our universe. Several scientists are now working to better
understanding such phenomena; which are essential to the future and the subsistence of
humanity. One can also easily see by p given in (12), that; conveniently choosing a in
the case a = b (Robertson-Walker space-time), the energy-momentum tensor T8 + Top
given in (14), (15) vanishes when t — +-00. So the space-time in this case becomes
empty to future infinity. But in the case we have considered here where a # b, we see
using (14), (15) that Ty + 74 never vanishes with t — +00. So the space-time would
never be empty to future infinity.
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