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Abstract

Defining the subclass mD(p, 1, a, B) of certain analytic functions f(z) in the
open unit disk A, some properties for f(z) belonging to the class M®d(p, u, a,
) are discussed. In this present paper, some coefficient estimates and some
interesting application of Jack's lemma for functions f(z) in the class M®(p, p,
a, B) are given.
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1. Introduction
Let 7 be the class of functions f(z) of the form

fz)=z+> a,z"
n=2

which are analytic in the open unitdisk A ={z € C:|z| < 1}.
Shams, Kulkarni and Jahangiri [4] have considered the subclass so(a,B) of 4
consisting of f(z) which satisfy

@) | |2 @)
Re{ ) }>a| ) J‘+B (zeA).
forsomea (a>0)and B (0< B <1).
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The class K®(a, B) is defined by the subclass of 4 consisting of f(z) such that
zf(z) € $D(0,B). In view of the classes sD(a, B) and KD(a, ), we introduce the
subclass mM®D(a, B) of 4 consisting of all functions f(z) which satisfy
Re[Zf’(z)} <a|2f'(z) —4+B (zeA)

f@ | 1@
forsome o (a<0)and B (B > 1).
The class vD(a, B) is also defined by f(z) € MD(a, B) if and only if zf'(z) € MD(a,
B). The classes mM®d(a, B) and NVD(a, B) were introduced by Nishiwaki and Owa [3].
We discuss some properties of functions f(z) belonging to the classes v®d(a., B) and
ND(a, B).

We note if f(z) € MD(a, B), then fo((? =u+iv maps A onto the elliptic domain such
z
that

2 a)? 2 2/ _1\2
A =
a” -1 a -1 (a” —1)
for a < -1, the parabolic domain such that
et B g a=-1,
2(B-1) 2
and the hyperbolic domain such that

-2 (i
a —1 a —1 (a”—1)

for-1<a<0. Seealso [2].
We now introduce a subclass MD(p, u, a, B) of 4 as follows:

Definition 1.1.

Let mMD(p, u, o, B) denote the subclass of functions in 4 consisting of f(z) which
satisfy

R{ puz’f"(2) + 2pu + p — W2*F (2) + 2 (2) }
puz’f'(2) + (p - Wk () + (1-p+ Wf(z)
JPRZT@) + @pp+p -~ W2’ () + 2F (2) _J%
Pz’ (2) + (p — Wzf (2) + (1—p + Wf(2)
forsome o (a<0)and B (B>1)and 0<A <1,

2. Coefficient Estimates for the Class #D(p, u, a, B)
By definition of M®D(p, u, a, B), we derive
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Theorem 2.1.
If f(z) € MD(p, p, o, B), then

f(z) e _‘M(D(p, u,O,[i_—aj

Proof.
If f(z) € MD(p, w, o, B) then

e[ puz’f"(2) + 2pp +p - W2’ '(2) + 2f (2) }
puz’f(2) + (p — Wzf (2) + (1—p + Wi(z)
Puz’f"(2) + 2pu+p— W2’f (2) + 2f(2) _J‘ .
puz?'(2) + (p - Wk (2) + (1 p + Wfi(2)
. uR{puff @)+ @putp-wz't(2) +2f(2) _
puz’f(z) + (p —wzf (2) + (1-p+ Wi(2)

1} +B (zeA)
implies that

(1_Q)Re{puz3f"'(2)+(29u+p—u)22f”(2)+2f'(2)}< .
puz’f'(2) + (p — WA (2) + (1-p + WA(2)

That is,

e[ pusz:’(Z) +(2pu+p— Wz*F'(2) + zf '(z)} Boo copa)
przf(2)+ (p- WA (@) +(1-p+wi(z) | 1-a

B—a

1-a

since

>1, we prove the theorem.

Theorem 2.2.

If f(z) € MD(p, w, a, B), then
2(B-1)
(1-)2pu+p—p+1)

o E 2(B-1)
(1-o)nn-1)’pu+n-1)°p—(n-1)°p+(@n-1)]
ﬁ{u ?(B—_l)(lfjpjju+j0+1)pu} (n23)

JQA+jp—ju+iG+Dppw(1-a)

and

la,| <

[

Proof.
If f(z) € MD(p, w, a, B), then
3¢ m 2em [/
B+ (@ _DR{ Uzt "(2) + (2pu +p— W)2’T(2) + 2F (z)} 0
puz ' (2) + (p—Wzf (2) + (1-p + Wf(2)
from Theorem 2.1. And let us define the function p(z) by
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B+ (@ _1)Re{ puz’f"(2) + (2pp + p — W7*f (2) + 2F (2) }
puz’f'2) + (p — WA (2) + (1-p + Wi(2)
(B-1)
Then p(z) is analytic in A, p(0) = 1and Re p(z) > 0 (z € A). Therefore, if we write
p(2) =1+ p,2", 2

then |pn| <2 (n>1).
From (1) and (2), we obtain that

p(2) = (1)

(=1 [n°pu+n®(=2pp+p—pw +n(l-2p+2u+pp)—1+p—pla,z"
n=2

(B—l)ian“ [Z+i[(n2 —n)pu+(p—u)n+(1—p+u)]an2“}
Therefore, we have
(B—DIpns+Pnra,2pu+p—p+1)+p, sa,(6pu+2p—2p+1)
+o+Pya, L[(N=2)(N=3)pp+(n—3)p—(n—3)p +1]
a = +P,a,,[(N-1)(n=2)pp+(n-2)p—(n—2)u+1]]

" (a=D[n’pp+n?(—2pp+p—p) +n(1-2p + 2 +pp) — 1 +p—p]
whenn =2,
(B-1)
a,| <
= (1—a)(29u+p—u+1)|pl|
2(B-1)

C(I-w@pp+p—p+1)
And when n = 3,

(B =1)[p,| +|p,| |, |(2pp +p -1 +1)]
2(1-a)(6pp+2p—2u+1)
2(B-1) 14 2B-1)
~2(1-a)(6pu+2p—2u+1) (1-o)

Let us suppose that,
2(B—D[1+|a,|pu+p—p+1)+ay|(6pp+2p—2u+1)+---
+la|[(k=2)(k=3)pp+(k=3)p—(k =3)u +1]

E +ay 4 |[(k=1)(k =2)ppu + (k= 2)p = (k=2)u+1]

e (- aw)k(k =1)*pp+(k =1)°p = (k =1)°u+ (k = 1)]
< 2(B-1)
(1-aw)[k(k —1)*pp+(k =1)°p = (k = 1)’ + (k = 1)]
ﬁ{b2(6—1)(1+jp—ju+j(j+l)pu)} (k>3)
(1-o)j(1+jp—ju+jG+1)pw

Y nx>2

jag| <

3)

=
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Then we see,
1+|a,|(2pu+p—p+1)+a,| (6ppu+2p—2p+1)+---
+]ay_o|[(k—2)(k=3)pu+(k =3)p—(k—3)u+1]
+[a | [(k=1)(k=2)pp+ (k=2)p— (k= 2)u+1] 4)
Sﬁ{H Z(B—l)(1+jp—ju+j(j+l)pu)}
il Q-oj(l+jp—ju+jG+1Dpw
By using (3) and (4), we obtain that
E 2(B-1)
T (1— )k (k +1)pp + k2p —ku +K]
[1+]a,|pu+p—p+1)+---
+[ay 4| [(k=1)(k = 2)ppu+ (k= 2)p = (k= 2)u+1]
+[a|[(k=1)kpp+(k =1)p—(k ~1)p+1]
< 2(B-1) 1. 2B-D
T (1-o)KPk+Dpu+kp-kp+k]T (k-1)(1-a)
ﬁ{u 2<B—1)(1+;p—;u+jq+1>pu)}
(I-a)j(1+jp—jr+jG+1)pw
< 2(B-1)
T (1-a)k*(k+1)pp+k*p—k’u+k]
ﬁ{u Z(B—l)(lﬂp—;‘w;‘qﬁ)pm}
bl Q-+ jp—ju+jG+1)pw
This completes the proof of the theorem. m

j=1

3. Application of Jack's Lemma for the Class MD(p, 1, o, B)
In this section, application of Jack's lemma for f(z) belonging to the class

MD(p, u, a, B) is discussed. Next lemma was given by Jack [1].

Lemma 3.1.
Let the function w(z) be analytic in A with w(0) = 0. If

max |w(z)| =|w(z,)|,

[2[<z

then

Z,W'(z,) =kw(z,),

where K is a real number and k > 1.
Applying the above lemma, we derive,

Theorem 3.1.
If f(z) € MD(p, p, o, B), then
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) (14+8)(1-a)
2em _ p _ (@+8)(p-1)
puz’f'2) + (0 - (D) + (1 p+u)f<z>} 1<1+5 (320)
Z

forsome a (a<0)and B (B > 1), or
(14+8)(1-a)

r 2€m _ 1 _ (2+ )
puz’f'(2) + (p—wzf(2) + (1 p+u>f<z>} " _d<1+s (320)
Z

forsome a (a<-1)and (B >1).

Proof.
Let us define

y= (1+8)(1-a) 0
(2+3)(p-1)
fora<0andp >1, and
y= (1+90)(1+a) <0
2+3)(B-1)
forao<-landp > 1
Further, let the function w(z) be defined by

{puzzf @+ (p-wA@+AL-p+wia) |

z

W@ = (1+0)

which is equivalent to
puz’f"(2) + 2pp+p— W2 F(2) +2f(2)  zZw'(2)(1+9)
puz’f'@2)+(p—Wf (2) + 1-p+Wif@)  yw(@)(1+8)+1]
Then we see that w(z) is analytic in A and w(0) = 0. On the other hand, if f(z) e
MD(p, 1, o, B) (<0, B >1), then
R{ Uz (2) + Qp +p—WZ'F(2) +zf'<z)}
puz’t(z) +(p—wzf(2) + (1-p+Wi(z)
puz’f"(2) + 2pp +p —Wz*f(z) + zf(2) _1‘
puz’f'(z) +(p—wzf(2) + (1-p + Wi(z)
1 Re{ (1+8)zw'(2) }_g (1+8)zw'(2)
Y (1+3)w(z)+1 |y| A+d)w(z)+1
Furthermore, if there is a point zo, (zo € A) which satisfies
max |w(z)| =|w(z,)| =1,

LEEY

then Lemma 3.1 gives us that
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1+lRe (1+8)z,w'(z,) o (1+6)Z0W’(Zo)|
v L (+8)W(zg)+1| o] |(1+8)w(zg)+1]

IRLCEIOM L] ak(+d) 1 |
y (1+8)+e® W |(1+8)+e™|

., ka+d) [(1+ 8)+cos0— ay(1+)° +2(1+8)cos9+1]

- y (148)% +2(1+8)cos 0 +1

=F(O)

wheny>0

F(0) >1+ ki1+&)(-0)
Y(2+9)

o1 A+0)(1-a) _p,

Y(2+9)

because

y= (1+06)(1—a)

2+3)PB-1)

Further, when y <0,

F(0) 514 KA+3)(1+ o)
v(2+9)

21+w25_
v(2+9)

This contradicts our condition of the theorem. Thus there is no zg € A such that
|w(zo)| = 1. This completes the proof of the theorem. m
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