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Abstract

In this paper we will define the weak equations in the algebra of new
generalized functions A(S(R)) as well we will prove some important results

and equalities which play role in applications.
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Introduction
In [1] we defined the algebra of new generalized functions space A(E)as a factor

algebra A(E)=G, (E)\ G, (E), where E- be separated complete locally
convex algebra with topology defined by a family of semi norms (P, ) .., such that
foreach « €1 thereexists S <l andaconstant C, > O for which

P, (Xy) =c,pz(X)P,(Y) foreach XY <€E 1)
As a special case we defined the algebra A(S(R)), where S(R) - be the space of
functions of rapid decay with topology defined by the family of semi norms

p,(f) =p, (f)=supq,,(f) m
! ken  where Gy ()= sup|x* f ™ (x)|

m<| xeR
The topology P (T) = Pai (1) =SUDG 0 (1) gaicies (1) [2-3].
m<I
The embedding of the space S(R) and its dual space S (R) in to the algebra
A(S(R)) defined by the following way:
1f D(R)  the space of tests functions with compact support , then define
M= % e DR): 0<p(X)<1, p(x)=0, X 20, p(x) =1, |x| <1
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). and let 9 =F @ (X)) =kF(o(kX) "\nere F is the

x| >

then define ¢, = ¢(

Fourier transform .
Define the embeddings

J:teSR) > (f)+G, (S(R) € A(S(R))
J,;ueS'(R) »R,=(@27)" (. u=*g,) +G, (S(R)) € A(S(R))

As ? runs through the set M we obtain different R,u in A(S(R)) but they are
all equal in the weak sense.
On the space A(S(R)) the linear and bilinear operations are defined [1] in

particular the Extended Operations differentiation |f) , multiplication & , Fourier

transform F , and convolution * are defined in the following way:
Since differentiation ° and the Fourier transformation F are continuous linear

S(R) [4] and the multiplication (.) and convolution ™ are continuous

operators in
bilinear maps on S(R) [5 ], then they are lifted coordinate wise to operations in

A(S(R)) , which we denote by D, F, ®,* and defined in the following way

D : feASR) >(D(f)+G, (SR).
F: feASR) >(F(f)+6, (SR)).
® : (f,9) e AS(R)XA(S(R)) _>((fk'gk))+Gé?2(S(R));

* 1 (f,9) € ASR)XAS(R) - ((f,*9,))+G,,(S(R)

These operations possess many good properties in S(R) and are very convenient
for applications. These properties are also preserved in the space AGS(R))

Weak Equations in the Algebra A(S(R))
Our aim is to study the relationship between the standard operations D, F, .,*

and their extensions D, F , ® ,*,

f and 9 are called weakly

S*(R)

Definition Let f,g € A(S(R)) then the elements

fi-9,—0

equal (f~g) if and only if ,where

f,

in the space

and g, are any representatives of f,and g respectively .
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Lemma 2.1
foreach y € S(R) the sequence #¥ convergesto ¥ in S(R)

Proof
let S(X)=@(X)-1 , and <& (X)) =@ (X)-1.1t is enough to show that

PO

& =0 1y S(R)_ consider SUPPX' (€)™ (0] =sup|x

[x|>k

<2" sup Z )ED (X)) (x)| < Lonm sup X' " (x)
X‘> k ) k X‘> k j=0
where M = Sup‘é:k“)(x)‘ J = _].__I'_]_

_ (- 1)
Now let f(x)_; 9" " (x) €S(R)  then there is a constant © such that

X (o|<c thatis [x' T (x)\sg. Now SUP|X' (£p) (9| < 2'M C% —0

That is s —0 in S(R).

Lemma 2.2
Let veS™(R) ,then the sequence ?«V convergesto V in S™(R).

Proof
for each ¥ € S(R) we have < @V, W >=<V, @/ >><V,p/ >
thatis PV =V in S'(R),

Theorem 2.1
For each U € S"(R) the sequence R, = ((27) " (¢ u *gy)

converges to U in S (R),

Proof
By using lemma2.1 and lemma2.2 we have F[p,.u]—F[u] in S*(R), and
o> v in S(R).

Now it is known that if 1 in S'(R) and %« 7% in S(R) , then

< f ., >=< f,gp>. So < Fl[pul,pu >>< F[ul,w > or

<Flpul.y >—><Flul.y > .That is Flpulp — Fu in S°(R) from which
implies that F[Flpule]— FIF[U]] that is ((27)" (p-u=xg,) >u in S'(R)
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Theorem 2.2
Let u e S™(R), thena) R,[Du]l~ D'[R,u]; b) R,[Ful~ F'[R,u]

Proof
a)Let U< $"(R) then DU€ S$"(R) and from theorem 2.1 we have nd
(p-U*g,)—>u in S*(R)_ That is D*(¢k .u*g,)—Du in S*(R), then
R,[Du]~ D'[R,u]

The proof of b) ié similar.

R,[Du] ~ Du 3

Theorem 2.3
Let u,ve S (R) and let u*v e S™(R)then R,[u*Vl~ R [u]®R V]

Proof
the convolution =:S™(R)xS™(R) — S™(R) is bilinear continuous operator , then

R, [u*Vv]~ux*v 2.1)

Now let ue S (R) be fixed ,then u*.:S (R) — S™(R)be continuous operator ,
thatis U*R,v~u=*Vv put u*R v~ R [U]J®R V] then

TEAES R(/)[U] ® R(/,V] (2.2)

Now from (2.1) and (2.2) we receive R, [U*V]~ R [UJ®R V],
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