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Abstract 
 

In this paper we will define the weak equations in the algebra of new 

generalized functions ))(( RS as well we will prove some important results 

and equalities which play role in applications. 
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Introduction 
In [1] we defined the algebra of new generalized functions space )(E as a factor 

algebra )(\)()(
21

EGEGE , where E - be separated complete locally 

convex algebra with topology defined by a family of semi norms Ip )( such that 

for each I there exists I and a constant 0c for which  

    )()()( ypxpcxyp  for each Eyx,       (1) 

     As a special case we defined the algebra ))(( RS , where )(RS - be the space of 

functions of rapid decay with topology defined by the family of semi norms 

)(sup)()( ,, fqfpfp mk

lm
nk

ln

, where )(sup)( )(

, xfxfq mk

Rx
mk  

     The topology 
)(sup)()( ,, fqfpfp mk

lm
nk

ln  satisfies (1) [2-3]. 

     The embedding of the space )(RS  and its dual space )(* RS in to the algebra 
))(( RS  defined by the following way: 

     If )(RD the space of tests functions with compact support , then define  

     
1,1)(,0,0)(,1)(0:)( xxxxxRDM

, 
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     then define )(
k

x
k , and let 

))(())(( xkFkxFg kk , where F  is the 

Fourier transform . 

     Define the embeddings  

     
))(())(()()(:

2
RSRSGfRSfJ k  

     
))(())(().()2(()(:

2

1* RSRSGguRRSuJ kk  

     As  runs through the set M we obtain different 
uR

 in 
))(( RS

 but they are 

all equal in the weak sense. 

     On the space ))(( RS  the linear and bilinear operations are defined [1] in 

particular the Extended Operations differentiation 
~

D , multiplication , Fourier 

transform 
~

F , and convolution 
~

*  are defined in the following way:  

     Since differentiation D  and the Fourier transformation F  are continuous linear 

operators in 
)(RS
 [4] and the multiplication (.) and convolution *  are continuous 

bilinear maps on 
)(RS
 [5 ], then they are lifted coordinate wise to operations in 

))(( RS  , which we denote by 
~~~

*,,, FD  and defined in the following way 

: 

     
))(())(())((:

2

~

RSGfDRSAfD k ;  

     
))(())(())((:

2

~

RSGfFRSAfF k ; 

     
))(()).(())(())((),(:

2
RSGgfRSxARSAgf kk ;      

     
))(())*(())(())((),(:*

2

~

RSGgfRSxARSAgf kk . 

     These operations possess many good properties in )(RS  and are very convenient 

for applications. These properties are also preserved in the space ))(( RSA . 

 

 

Weak Equations in the Algebra ))(( RS  

Our aim is to study the relationship between the standard operations ,.,, FD  

and their extensions 
~~~

*,,, FD . 

 

Definition Let ))((, RSgf  then the elements f  and g  are called weakly 

equal )( gf  if and only if 
0kk gf

in the space )(* RS ,where 

kk gandf ,
are any representatives of gandf , respectively . 
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Lemma 2.1 

for each )(RS  the sequence k converges to in )(RS  

 

Proof 

let 1)()( xx , and .1)()( xx kk It is enough to show that 

0k  in )(RS . Consider 
)()(sup)()(sup )()(

0

)( xxCxxx jnj

k

n

j

j

n

i

kx

n

k

i

Rx  

     

)(sup2
1

)()()
1

(sup2 )(

0

)()(

0

xxM
k

xx
k

x jn
n

j

i

kx

njnj

k

n

j
j

i

kx

n

 

     where )(sup
)(

xM
j

k
Rx

 

_____

,1 nj . 

     Now let )()()( )(

0

RSxxf jn
n

j
 , then there is a constant c such that 

cxfx i )(1 , that is 
x

c
xfx i )( . Now 0

1
2)()(sup )(

k
cMxx nn

k

i

Rx
 

     That is 
0k  in )(RS . 

 

Lemma 2.2 

Let )(* RSv  ,then the sequence vk converges to v  in )(* RS . 

 

Proof 

for each )(RS we have ,,, vvv kk , 

     that is 
vvk  in )(* RS . 

 

Theorem 2.1 

For each )(* RSu  the sequence ).()2(( 1

kk guR  

     converges to u  in )(* RS . 

 

Proof 

By using lemma2.1 and lemma2.2 we have ][].[ uFuF k  in )(* RS , and 

k in )(RS . 

     Now it is known that if 
ff k  in )(* RS  and k in )(RS  , then 

,, ff kk . So 
],[],[ uFuuF kk  or 

],[],[ uFuF k .That is 
FuuF kk ][

in )(* RS  from which 

implies that 
]][[]][[ uFFuFF kk , that is 

ugu kk ).()2(( 1

 in )(* RS  
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Theorem 2.2 

Let )(* RSu , then a) ][][ * uRDDuR ; b) ][][ * uRFFuR  

 

Proof 

a)Let )(* RSu ,then )(* RSDu and from theorem 2.1 we have 
DuDuR ][

 and 

ugu kk ).(
 in )(* RS . That is 

DuguD kk ).(*

 in )(* RS , then 

][][ * uRDDuR
.  

     The proof of b) is similar. 

 

Theorem 2.3 

Let )(, * RSvu  and let )(* RSvu then ]][][ vRuRvuR  

 

Proof 

the convolution )()()(: *** RSRxSRS is bilinear continuous operator , then  

     
vuvuR ][

                   (2.1) 

     Now let )(* RSu  be fixed ,then )()(:. ** RSRSu be continuous operator , 

that is vuvRu ,but ]][ vRuRvRu ,then  

     
]][ vRuRvu
                  (2.2) 

Now from (2.1) and (2.2) we receive ]][][ vRuRvuR . 
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