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Abstract

An injective map f : E(G) — {£l1,x2,---,+q} is said to be an edge pair
sum labeling of a graph G(p, ¢g) if the induced vertex function f* : V(G) —
Z — {0} defined by f*(v) = Z f (e) is one-one, where E, denotes the set of

eckE,
edges in G that are incident with a vetex v and f*(V(G)) is either of the form

{:tkl,:tkz,--- ,:tkg} or {:I:kl,:lzkz,-.- ,ik%} U {k,,TH} according as p is
even or odd. A graph which admits edge pair sum labeling is called an edge pair
sum graph. In this paper we study the edge pair sum labeling of WT (n : k) tree.

AMS subject classification: 05C78.
Keywords: Pair sum labeling, edge pair sum labeling, edge pair sum graph, WT (n :
k) tree.
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1. Introduction

All graphs in this paper are finite, simple and undirected. For standard terminology and
notations we follow Harary [1]. The symbols V (G) and E(G) denote the vertex set and
edge set of a graph. Ponraj et al. [7] introduced the concept of pair sum labeling. An
injective map f : V(G) — {%1,x2,..., £p} is said to be a pair sum labeling of a
graph G (p, g) if the induced edge function f, : E(G) — Z — {0} defined by f,(uv) =

F(u) + f(v) is one-one and f,(E(G)) is either of the form {:I:kl, thy, ... :I:k%}} for

even g or {:tkl, +ko, ..., Tkg1 } U {ik@ } for odd g. A graph with a pair sum labeling
is called a pair sum graph. Anaiogous to pazlir sum labeling, we introduced a new labeling
called an edge pair sum labeling in [2].

We proved the edge pair sum behaviour of graphs like star graph, bistar, K, U
K1 m, cn U cy, spider graph, ladder graph, one point union of cycles, friendship graph,
total graph, shadow graph and some standard graphs in references [3]-[6]. In this paper
we study the edge pair sum labeling of WT (n : k) tree.

Definition 1.1. The tree WT (n), n > 1, is obtained from a star G{ = K (1, n + 2) with
central vertex c¢; and end vertices x; : 1 <i < n+ 2 and another star G, = K(1,n +2)
with central vertex ¢ and end vertices y; : 1 < j < n + 2 by identifying vertex x, 1>
and y, 42 and call the resulting degree 2 vertex w. Hence

V(G) == {(Cl, UZ, ws w/) U (-xla x2’ LR ] -xl’h -xl’l+1) U ()’1» y27 ceey y}’l)} and
E(G) = {cix1, c1x2, ..., c1Xng1} U {2y, 2y, ..., cayn} U {c1w, cow} U {cow'}.

Definition 1.2. A w-tree WT (n : k) is obtained from k copies of WT (n) by joining a
new vertex a to vertex w,, of each copy of WT (n)[1]. Let

VIWT(n k) ={a}U{x;: 1 <i<k(n+1)}U{w; : 1 <i <k}
U{yi:151‘fkn}u{c,-,j:1§i§k,j=1,2}u{w§:1§i§k}

and

EWT(n:k) ={ui=ciqw;: 1 <i <k}U{u, =ciow;:1<i <k}
U{l; = ci,zwl/- 1 <i<k}juU {lz/ = awl{ 1 <i<k}juU {e(n+1)(,~_1)+j

= CiXa)i-D+j P 1 S i<k
and

1<j<m+D}U{ey 1) = Ciovni-n+j: 1 <i <k
and 1 < j < n} are the vertices and edges of the graph WT (n : k).

The example for the ede pair sum graph labeling of WT (3 : 4) is shown in Figure 1.
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Figure 1:

2. Main Results
Theorem 2.1. Every w-tree G = WT (n : k) admits an edge pair sum labeling.

Proof. If v =1|V(G)|,e = |E(G)|, thenv = (2n+5)k + 1 and e = v — 1. We consider
the following four cases.

Case (i). k and n are odd.

Subcase (a). Ifn=1andk > 1.
Define

flen) =1, f(e) = =5 = —f(e)), fur) =3, fu}) = -6,
F =4, fp =2, for1 <<t
flezis1) = 2k +2+2i) = — f(ekt2i)s
i) = k= 1420 == f (I ;).
Fflge) = Gk +1+2i)=—f (u%ﬂ.) ,
Fl ) = @k +20)=—f (uk%) ,
fi = Ok =2+20) = —F (1L ,).
feat2i) = (4i +3) = — f(ek+1+2i)

and

fei) =@i+5)=—f(ch,)-
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The induced vertex labeling are as follows:

ffa) =-2=—f"w)),
fHe1) =—1=—f"(x1), fH(c12) =3 =—fF(wy)

and
) = =5 =~ O, forl=i= <o
Frie) = Tk +14+40) = —f* (wip, ).
[ (a42i) = (4i +3) = — (k1421
FrOre) = @i +5) == (v ).
fHersi) = (5k+6+8i) = = f* (e ;)
FHerein) = Ok +4+80) = —f* (cxn,,)
[ (x142i) = 2k +2 +2i) = — f* (xk421)
and
Wl = (k=3 4+4i) = = (wiy, ).
Then

F*V(G)) = (%1, 42, +£3, £5, +(2k + 4), £(2k + 6),
£ 2k +8), ..., Gk + 1), £(Tk +5), £(Tk +9),
+ (Tk +13), ..., (9% — 1), £(11k + 1), £(11k + 5),
+ (11k+9), ..., +(13k — 5), £(5k + 14), =(5k + 22),
+ (5k 4 30), ..., (9% +2), (% + 1), £9, +13,
+17,...,+Qk +3)).

The example for the edge pair sum graph labeling of WT'(1 : 1) is shown in Figure 2.

Figure 2:

Subcase (b). Ifk>1,n > 3.
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Define
fler) = —1, f(ex) =3, f(e)) = =7, f(u1) = =5,
iy =6, fU) =4 fty =8, forl =i =",
flers) = (T +20) = —f (exn,;)
and

, . , (k-1
f(elﬂ.):(n+6+2l):—f<em+i), for1 <i< (T)

2

and 1 < j <n,

flemtnritie)) =2ni+5+2jl=—f (e(n+1)(k2‘+i)+1+j> ’

) k—1
forl<i<n{——],
2

f(e:l+l-) =mk+n+54+2i)=—f (en(kﬂ>+i>,

. k=1 .
forl <i < — fleminiv) = 2kn+4+2i) =—f (e(n_’_])(lc-é-l_’_i)_’_]) )

fluns) = @kn+k+2i+3) = = f (e ;).

f ) =Qkn+2k+2+2i)=—f (”/’%‘H) ’

Fllie) = Ckn +3k+142i) = —f (lkﬂ )

and

fiy) = @hn+4k+20) = =1 (I ).
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The induced vertex labeling are as follows:

ff@)=—4=—f*w), ffx1) =—1=—f"(wy),
ffci) = -3 =—f"(x2),

[ferp) =T=—=f"(y), forl=<i= kT
f*Cpanit1) = 2kn +4 +2i) = — f* (x(n+1)(’§1+i)+1> :
Frwisi) = @Gkn + 3k + 5+ 4i) = — f* (w%ﬂ.) :
Frwly,) = @kn + Tk + 1+ 40) = — f* (w;%lﬂ.) ,
F*citin) = (4kn +k + 114 3n% +6n + 2n* + 4)(i — 1))
==/ (C%Jri,l)

and
f¥(c1qi2) = (4kn + 5k + 7+ n%k + 6n + 20 + 2n> +4)(i — 1))
:—f*(c%ﬂ.,z), forl <i < n;l,
o) = (7 +20) = = f* (xaps )
and

frO14i) = (n + 6+ 2i)
=—f*<y%+i>’ forl <i < <%>

and 1 < j <n,

Frxnrnit14)) = Qni +5+2j)
k—1

% )
=—f (x(n+1)(k51+,~)+1+j), for1§l§n<_2 )

f*Ongi) = (mk +n+5+2i) =—f* (yn(m)+,-) :

2
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From the above labeling we get

FXV(G)) = {£], £3, +4, £7, £9, +11, ...,
+ (n+6), £(n+8), £(n + 10), £(n + 12), ...,
+Q2n+5),+Cn+7),£2n+9), £2n + 11), ...,
+ (mk+n+5),x(nk+n+7), £(nk +, +9), x(nk +n+11), ...,
+ (2nk + 5), £(2nk + 6), £(2nk + 8), £(2nk + 10), .. .,
+ 2nk + k + 3), £(4nk + 3k +9), +(4nk + 3k + 17), ...,
+ (dnk 4 S5k + 3), £(dnk + Tk + 5), £(4nk + Tk +9),
+ (4nk + Tk + 13), ...,
+ (4nk 4+ 9% — 1), £(3n% + 4nk + k + 6n + 11),
+ (5n® +4nk +k+6n+15), ...,
+ (n%k + 4nk + 3k + 6n + 5), £(n’k + 4nk + 5k + 6n + 2n* +17),
+ (n’k + 4nk + 5k + 4n> + 6n + 11), ...,
+ (4kn + 2n°k + Tk + 6n — n> + 1)}.

Hence f is an edge pair sum labeling.

Case (ii). If n, k are even.

fle)=1=—f(@u)), forl <i <
fler) = Qi+ =—f (ex,,),
flep=(+2i+3)=—f (),

Flensasi) = @n+2i+5) == f (eng ;)

n
2’

and

flepp) = Gn+2i+9) = f (ex,,).
f) =m+3)=—fU), f1) = Bn+3),
flenya) = —2n+35) = —f(uy), f(u2) = —=Bn+7) = — f(h),

/ . k=2
flp) =—-0Bn+9), forl <i <—

fEntm+1yi+2) = 2nk +9 + 2i)
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—f (en+(n+1)<k22+i)+2)’
flaag) = Gn+ 124+ 120) = = f (w2, ).
Flh)=Gn+k+1042i)=—f (u/,%zﬂ.) ,

Fllosi) = Quk +k+7+2i) = —f (z%ﬂ.)
and
Flyy) = 2kn + 2k + 5+ 2i)
:—f(l%ﬂ.), forl <i < (%)
and1 <i <n,

fentm+nita+j) = Cn+2ni +9+2j)

=/ (en+(n+1)(’§2+i)+2+j) :
. k—2
forl <i<n|—],
2

F(ehyi) = (ak+2n+9+20) = —f (€, ).
The induced vertex labeling are as follows:
ffer) =m+4) =—f"(c1.2),
fre1) = =Gn+12) = — f(c22), for1 <i < 5
FH(wasi) = (100 + k + 22 + 4i) = — f* (wk%zﬂ.) ,
F*Cnyanit2) = @nk +9 +2i)
%
=-f <xn+(n+1)(k22+i>+2> ’
f*(wéﬂ-) = (4kn + 3k + 12 + 4i)
== (w/’%zﬁ) ’
fH(carin) = Qnk 450> + 150 + 25+ 2n> + 4)( — 1))
== ()
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and
f¥(cagin) = Qnk +n*k +3n% + 150 4+ 2k + 21 + 2n2 + 4) (i — 1))
=-r <C%+z’,2) ;
[ (n2) = —@2n +5) = — f*(w)),
ffw) = (m+2) = —f*(w), f*(w)y) = =2,
fre) =1=—f"@), forl <i < 7.
fr) = @i+ D) = —f* (vap2,)
ffOi)=m+2i+3)=—f" (yg+,~) ,
F Gouras) = @n+5+20) = = f* (xuga ;)

and

o) = Gn+2i+9) = —f* (y,,).

forlfif(T)andlfjfn

F*Congmanivarj) = @n+2ni +9 +2j)

k
f <;(rl+(l’l—|—1)<k_2+i)+2+j> 5

F*Ome) = (k420494 20) = — 1 (yusgn ).
From the above arguments we get

F(V(G)) = {£1, £3,£5,£7, ...,
+n+1),£n+2),x(n+4), £2n +5), £(5n + 12),
+m+5,£tn+7),xn+9),...,
+2n+3),x2n+7),£2n+9),£2n+11), ...,
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+ Bn+5), £@n+11), £GBn + 13), £GBn + 15), ...,
+ 4n+9), 4n + 11), £(4n + 13), £(4n + 15), ...,

+ (nk +2n +9), £2nk + 11), £Q2nk + 13), £Q2nk + 15), ...,

+ 2nk+k+7), x(nk +2n+ 11), =(nk +2n + 13), £(nk + 2n + 15), ...,
+ (2nk 4+ 9), £(10n + k + 26), (101 + k + 30),

+ (10n 4+ k 4 34), ..., £(10n + 3k + 18), +(4kn + 3k + 16),

+ (4kn + 3k + 20), +(4kn + 3k +24), ...,

+ (4kn + 5k + 8), £(2nk + 51> + 15n + 25),

+ 2nk + Tn® + 150 +29), ..., £2nk + n® + n’k + 150 + 2k + 17),

+ (2nk + n’k + 3n + 151 + 2k + 21),

+ 2nk + n’k + 51 4+ 15n + 2k +25), .. .,

+ 2nk + 2n’k — n® 4+ 15n + 4k + 13)} U {=2}.

Hence f is an edge pair sum labeling.

Case (iii). If k is odd and n is even.

fle) =2, fu) ==3=—fU), fu) =4, fli) = —6,

k=1
forl <i < ——,
2

flem+niv1) = 2nk + 3 + 2i)
==/ <e(n+1)(’<gl+i)+1> ’
fns) = ©+20) = —f (wipn ;).
fUh)=(k+5+2)=—f (M%J

i) = @ak+k+2+20) == f (I, )

and
Flia) = @hn+ 2k + 1420 = £ (liys,)
forl <i < E,
2
flers) = G+20) =~ (e ;)
and

fe)=m+3+20 =1 (e,
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k
forlfif(T)andlijn

flew+nivi+)) = @ni+3+2j) = —f (e(n+1)(’<;‘+i)+1+j> ’

) k—1
forlfzfn(—),
2

.ﬂéﬂ>=mk+"+3+%):‘f<%0“ﬁ9'
The induced vertex labeling are as follows:
[f(x1) =2 =—f"(c12),
[fw) =1=—f"(c11),
£/ * . k—1
frwy) ==3=—f"a), forl =i = ——,
Fr@anivt) = @nk +3 +20)

=—f (x(n+1)<k;‘+i)+1) ’

Fro) = (+ 11+40) = —f* (i, )
fH(wly) = (4kn + 3k + 3 + 4i)
_ __ f% /
=-f (w%ﬁ)’
fH(eiin) = Qnk +4n +13 430 + 2n> +4)(i — 1))
==r (C%Jri,l)

and
f¥(c14i2) = @nk +n’k +2n% + 2k +4n + 11+ 2n> +4) (@ — 1))
=1 (etgr1i2).
forl <i < E,
2
P = G420 =~ (xu,)
and

Fron=0+3+20) =1 (y341)
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k
forlfis(T)andlsjfn

F xnrnit14)) = Qni +3+2j)

=-r (x(n+1)(’<;1+i)+1+j> ’

) k—1
forl <i<n|——r
2

[ Qi) = (nk +n+3+2i) = —f* (yn(kH)H) :

=
From the above labeling we get

FXV(G)) = {£], £2, +3, £5, +7, 19, .. .,
+ (n + 3), £(k + 15), £(k + 19), £(k +23), .. .,
+ Bk+9), £(n+5), ++7), £(n +9), ...,
+ (2n+3),£2n+5),£Cn+7), £2n+9), ...,
+ (nk +n + 3), £2nk + 5), £Q2nk +7), £2nk +9), ...,
+ Qnk+k+2),xnk+n+5),xnk+n+7),xnk+n+9),...,
+ (2nk + 3), (4nk + 3k +7), £(4nk + 3k + 11),
+ (4nk + 3k + 15), ..., =(4nk + 5k + 1),
+ 2nk + 3n% + 4n + 13), £Q2nk + 50> + 4n + 17), . . .,
+ 2nk 4+ n’k + 2k + 4n + 7), £Q2nk + n’k + 2n% + 2k + 4n + 11),
+ 2nk + n’k +4n> + 2k +4n +15), ...,
+ (2nk + 2n’k — n® + 4n + 4k + 5)).

Hence f is an edge pair sum labeling.

Case (iv). If k is even and n is odd.

Subcase (a). Ifkisevenandn = 1.
Define

flen) =1=—f)), flea) =6=—f(e}),
fu) =4=—fl), fU) =-9, flez) =13 = — f(uh),
fles) =12 = —f(eh), fuz) =10 = — f(Lp), f(l}) =8,
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o k=2
forl <i < ——
2

fles2i) = (124 2i) = — f(exy142i),
fleay2i) = (k + 10 +2i) = — f(ex42+42i)s

flzs) = (k= 1+20) = —f (ues2 ;).

flube) = Sk —1+2i) = — f (wig2,)

Flhy) = (6k—34+2i)=—f (u/,%zﬂ,) ,
(

I ) .
k.

MM_H s

flehy) =Qk+8+4+2i)=—f
The induced vertex labelings are as follows:

ffax) =1=—=f"a), f*(x3) =13 = — f*(w)),
[fw) =3 =—f"(w2), fH(wy) = -2,

frx2) =6 =—f"(y), fH(xg) =12 = —f*(n2),
fHer) =11 =—f"(c12), fH(c21) =35 = —f(c2,2),

) k—2
forlfszT,

fr(x3420) = (12 +2i) = — f* (Xkg142i),
frwae) = (k=4 +4i) = = 1* (wiga )
FrWhy ) = (Tk + 10+ 4i) = — f* (w;{%zH) ,
F*(xaq2i) = (k+ 10+ 2i) = — f*(xk1242i),
a4 = Ch+8+20) = —f* (ves2,, ).

fHesin) = Ok +2146) = —f* (cxsa,, )

and

fHe2si2) = AT+ 11 +6i) = —f* (eiga )
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Then we get

FH*V(G)) = {£1, £3, £6, 11, £12, £13,

435, £14, 16, £18, ..., £(k + 10),

+ 11k, £(11k 4+ 4), £(11k + 8)=, ...,

+ (13k — 8), +(7k + 14), £(7k + 18),

+ (Tk +22), ..., 20k +6), £(k + 12),

+ (k4 14), £k + 16), ..., £k +8),

+ 2k + 10), £(2k + 12), £(2k + 14), . . .,

£ (3k + 6), £(6k +27), £(6k + 33), £(6k +39), . ..,
+ (9 + 15), £(11k + 17), £(11k + 23),

£+ (11k +29), ..., £(14k + 5)} U {=2).

Hence f is an edge pair sum labeling.

Subcase (b). If kisevenandn > 3.

fle)=1=—f@)), forl <i<n-—1,
fleri) = Qi+ 1) = —f(e))

and

flento+i) = —(2n +3+2i) = — f(e,4)),
flensa) = —(2n +3) = — f(u)),
flear) = 2n=2) = —f(e,), fu) = 2n+1) = —fl),
fUD = (@n+4), fem2) = —4n = —f(e),),
f) = —W@n+3)=—f(b), f(l) = —(4n +5),

o k=2
forl <i < —,
2

fentmeniv2) = 4n+542i)
=-f (en+(n+1)(’<52+i)+2> :
o) = @tk 43420 =~ f (L),
fluzei) = @kn + 2%k +20) = — f (uigz,, ).

flury) = Qkn+3k —2+42i) = —f (u/k%z”)
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and - _
[y = 2kn + 4k — 4 +2i) = f(icﬁﬂ')’
—_— 2

) k—2 .
forl <i < — and 1 < j <n,
flentmrnita+j) = @n+2ni + 2k +1+2j)

IOI‘ n
=1 = 2

Fehys) = (k +2n + 2k + 1 4+2i) = —f <e/nk%2”+i> .
The induced vertex labeling are as follows:
[ =1=—=f%a), ffnr2) = —2n +3) = — f*(w)),
fr(w) =2n = —f*(wy), f*(wy) = -2,

fHrn) = m* +4n— 1) = — f*(c10),
f*(ca1) = —(Bn? 4+ 10n +3) = — f*(c2.0),

or l ’
= = 2

f*Cntmenite) = @n +5+2i)
_ ¥
=—f (xn+(n+1)("22+i)+2) ’
F*(wayi) = (4kn + 5k — 2 + 4i)
=—f (w%ﬂ) )
f*(why;) = @nk +4n + 5k — 1 + 4i)
. _ ¥ /
=-f <w¥+i,1) ’
f*(cagin) = (dnk +5n% +6n +2k + 9+ 2n% +4) (i — 1))
=—f (C%H,l)
and
f¥(carin) = 0%k +3n® + dnk + 6n + 4k + 54+ 2n®> +4) (i — 1))
=—f (C%Jri,z) ’
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forl <i<n-1
ffep) =Qi+ 1) =—f"(y)

and

¥ Gonga4i) = —=@2n + 34 2i) = — f* (nti),
[ 1) =2 = 1) = = f*(ya)

k—2
and f*(xon42) = —4n = — f*(y2n), for 1 <i < (T) and1 < j <n,
F Contmayita+j) = @n+2ni +2k + 1+ 2j)
%
=—7 (xn+(n+1)(’<;2+i)+2+j> ’

) k—2
forl<i<n{——],
2

F*(onti) = (nk +2n + 2k + 1 + 2i)
== ().
We get

FXV(G)) = {£], £2n, £3, 45,7, ..., 2n — 1) £ 2n + 3),
+ (2n — 2), +4n, £(2n + 5),
+Qn4+7),...,£@n+ 1), £[4n + 7], £[4n + 9], ...,
+ [4n + k + 3], £[4kn + 5k + 2], £[4kn + 5k 4+ 6], . . .,
+ [4kn + Tk — 6], £(2nk + 4n + 5k + 3),
+ 2nk 4+ 4n + 5k +7), ..., £Q2nk + 4n + Tk — 5),
+ (4n + 2k + 3), £(4n + 2k +5),
+ @n+2k+7),...,£(nk+2n+2k+1),
+ (kn + 2k 4+ 2n + 3), £(kn + 2k + 2n + 5),
+ (kn 42k +2n+7), ..., £Qkn + 2k + 1),
+ (% +4n — 1), £(3n% + 10n + 3),
+ (4nk + 5n% + 6n + 2k +9), £(4nk + Tn> + 6n + 2k + 13), .. .,
+ (4nk 4+ n’k +n®> + 6n + 4k + 1),
+ (4nk + n’k + 3n* + 6n + 4k + 5),
+ (4nk 4+ n’k + 50> +6n + 4k +9), ...,
+ (4kn 4 2n*k — n* 4+ 6n + 6k — 3)} U {—2}.



Edge Pair Sum Labeling of WT (n : k) Tree

Figure 3:

From the above labeling f is an edge pair sum labeling. |

The example for the edge pair sum graph labeling of WT (3 : 4) is shown in Figure 3.
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