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Abstract

In this paper, we investigate some new identities of symmetry for the generalized
Carlitz q-Euler polynomials under the symmetric group of degree five.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of
the algebraic closure of Qp. The p-adic absolutely value | · |p is normally defined by

|p|p = 1

p
and the q-analogue of number x is denoted as [x]q = 1 − qx

1 − q
. Note that

lim
q→1

[x]q = x. Let f (x) be continuous function on Zp. Then the fermionic p-adic

q-integral on Zp is defined by Kim to be

I−q(f ) =
∫

Zp

f (x)dµ−q(x) = lim
N→∞

[2]q
1 + qpN

pN−1∑
x=0

f (x)(−q)x, (see [1]-[4]). (1.1)
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For d ∈ N with (d, p) = 1 and d ≡ 1(mod 2), we set

X = lim←−
N

(Z/dpNZ), X∗ =
⋃

0<a<dp

(a,p)=1

(a + dpZp),

and
a + dpNZp = {x ∈ X | x ≡ a(mod dpN)},

where a ∈ Z lies in 0 ≤ a < dpN , (N ∈ N).
Let χ be a Dirichlet character with conductor d ∈ N with d ≡ 1(mod 2). From

(1.1), we have ∫
X

f (x)dµ−q(x) =
∫

Zp

f (x)dµ−q(x), (1.2)

and

qnI−q(fn) + (−1)n−1I−q(f ) = [2]q
n−1∑
l=0

(−1)n−1−lqlf (l), (see [5]). (1.3)

By (1.2), we easily get∫
X

χ(y)e(x+y)tdµ−1(y) = 2

edt + 1

(
d−1∑
a=0

(−1)aχ(a)eat

)
ext

=
∞∑

n=0

En,χ(x)
tn

n! , (see [3]).

(1.4)

where En,χ(x) are called the generalized Euler polynomials attached to χ .
In the viewpoint of (1.4), Kim considered the generalized Carlitz’s type q-Euler

polynomials attached to χ as follows:∫
X

χ(y)e[x+y]q tdµ−q(y) =
∞∑

n=0

ξn,χ,q(x)
tn

n! , (see [5]). (1.5)

The purpose of this paper is to give some new identities of symmetry for the generalized
Carlitz’s type q-Euler polynomials attached to χ which are derived from the fermionic
p-adic q-integral on Zp.

2. Identities for ξn,χ,q(x) under S5

Let w1, w2, w3, w4, w5 be natural numbers such that w1 ≡ w2 ≡ w3 ≡ w4 ≡ w5 ≡
1(mod 2) and let χ be a Dirichlet’s character with conductor d ∈ N with d ≡ 1(mod 2).
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Then, from (1.2), we have∫
X

χ(y)e[w1w2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l]q t

dµ−qw1w2w3w4 (y)

= [2]qw1w2w3w4

2
lim

N→∞

dw5−1∑
m=0

pN−1∑
y=0

χ(m)(−1)m+yqw1w2w3w4(m+dw5y)

× e[w1w2w3w4(m+dw5y)+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j

+w5w4w2w1k+w5w3w2w1l]q t .

(2.1)

From (2.1), we note that

2

[2]qw1w2w3w4

dw1−1∑
i=0

dw2−1∑
j=0

dw3−1∑
k=0

dw4−1∑
l=0

(−1)i+j+k+lχ(i)χ(j)χ(k)χ(l)

× qw5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l

×
∫

X

e[w1w2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w1w2k+w5w3w1w2l]q t

× χ(y)dµ−qw1w2w3w4 (y)

= lim
N→∞

dw1−1∑
i=0

dw2−1∑
j=0

dw3−1∑
k=0

dw4−1∑
l=0

dw5−1∑
m=0

χ(i)χ(j)χ(k)χ(l)χ(m)(−1)i+j+k+l+m+y

× qw5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l+w1w2w3w4(m+dw5y)

× e[w1w2w3w4(m+dw5y)+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l]q t .

(2.2)

The expression of (2.2) is an invariant under S5. Therefore, by (2.2), we obtain the
following equation :

2

[2]qwσ(1)wσ(2)wσ(3)wσ(4)

dwσ(1)−1∑
i=0

dwσ(2)−1∑
j=0

dwσ(3)−1∑
k=0

dwσ(4)−1∑
l=0

(−1)i+j+k+l

× χ(i)χ(j)χ(k)χ(l)q(wσ(5)wσ(4)wσ(3)wσ(2)i+wσ(5)wσ(4)wσ(3)wσ(1)j

+wσ(5)wσ(4)wσ(2)wσ(1)k+wσ(5)wσ(3)wσ(2)wσ(1)l)

×
∫

X

e[wσ(1)wσ(2)wσ(3)wσ(4)y+w1w2w3w4w5x+wσ(5)wσ(4)wσ(3)wσ(2)i+wσ(5)wσ(4)wσ(3)wσ(1)j

+wσ(5)wσ(4)wσ(2)wσ(1)k+wσ(5)wσ(3)wσ(2)wσ(1)l]q t
χ(y)dµ−q

wσ(1)wσ(2)wσ(3)wσ(4) (y)

(2.3)

are the same for any σ ∈ S5.
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Note that∫
X

χ(y)e[w1w2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l]q t

dµ−qw1w2w3w4 (y)

=
∞∑

n=0

[w1w2w3w4]nq
∫

X

χ(y)

[
y + w5x + w5

w1
i + w5

w2
j + w5

w3
k + w5

w4
l

]n

qw1w2w3w4

dµ−qw1w2w3w4 (y)
tn

n!
=

∞∑
n=0

[w1w2w3w4]nqξn,χ,qw1w2w3w4 (w5x + w5

w1
i + w5

w2
j + w5

w3
k + w5

w4
l)

tn

n! .
(2.4)

Thus, (2.4), we get∫
X

χ(y)[w1w2w3w4y + w1w2w3w4w5x + w5w4w3w2i + w5w4w3w1j

+ w5w4w1w2k + w5w3w1w2l]nqdµ−qw1w2w3w4 (y)

= ξn,χ,qw1w2w3w4 (w5x + w5

w1
i + w5

w2
j + w5

w3
k + w5

w4
l)[w1w2w3w4]nq, (n ≥ 0).

(2.5)

From (2.3) and (2.5), we have

2[wσ(1)wσ(2)wσ(3)wσ(4)]nq
[2]qwσ(1)wσ(2)wσ(3)wσ(4)

dwσ(1)−1∑
i=0

dwσ(2)−1∑
j=0

dwσ(3)−1∑
k=0

dwσ(4)−1∑
l=0

(−1)i+j+k+l

× χ(i)χ(j)χ(k)χ(l)q(wσ(5)wσ(4)wσ(3)wσ(2)i+wσ(5)wσ(4)wσ(3)wσ(1)j

+wσ(5)wσ(4)wσ(2)wσ(1)k+wσ(5)wσ(3)wσ(2)wσ(1)l)

× ξn,χ,q
wσ(1)wσ(2)wσ(3)wσ(4) (wσ(5)x + wσ(5)

wσ(1)

i + wσ(5)

wσ(2)

j + wσ(5)

wσ(3)

k + wσ(5)

wσ(4)

l)

(2.6)

are the same for any σ ∈ S5.
It is easy to show that[
y + w5x + w5

w1
i + w5

w2
j + w5

w3
k + w5

w4
l

]n

qw1w2w3w4

=
n∑

m=0

(
n

m

) ( [w5]q
[w1w2w3w4]q

)n−m

× [w4w3w2i + w4w3w1j + w4w1w2k + w3w1w2l]n−m
qw5

× qm(w5w4w3w2i+w5w4w3w1j+w5w4w1w2k+w5w3w1w2l)[y + w5x]mqw1w2w3w4 .

(2.7)
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Thus, by (2.7), we get

2[w1w2w3w4]nq
[2]qw1w2w3w4

dw1−1∑
i=0

dw2−1∑
j=0

dw3−1∑
k=0

dw4−1∑
l=0

(−1)i+j+k+lχ(i)χ(j)χ(k)χ(l)

× qw5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w1l

×
∫

Zp

[
y + w5x + w5

w1
i + w5

w2
j + w5

w3
k + w5

w4
l

]n

qw1w2w3w4

χ(y)dµ−qw1w2w3w4 (y)

=
n∑

m=0

(
n

m

)
2[w1w2w3w4]mq

[2]qw1w2w3w4
[w5]n−m

q ξm,χ,qw1w2w3w4 (w5x)

×
dw1−1∑

i=0

dw2−1∑
j=0

dw3−1∑
k=0

dw4−1∑
l=0

(−1)i+j+k+lχ(i)χ(j)χ(k)χ(l)

× q(m+1)(w5w4w3w2i+w5w4w3w1j+w5w4w1w2k+w5w3w1w2l)

× [w4w3w2i + w4w1w3j + w4w1w2k + w3w1w2l]n−m
qw5

=
n∑

m=0

(
n

m

)
2[w1w2w3w4]mq

[2]qw1w2w3w4
[w5]n−m

q Ŝn,χ,qw5 (w1, w2, w3, w4 | m)

× ξm,χ,qw1w2w3w4 (w5x),

(2.8)

where

Ŝn,χ,q(w1, w2, w3, w4 | m) =
dw1−1∑

i=0

dw2−1∑
j=0

dw3−1∑
k=0

dw4−1∑
l=0

(−1)i+j+k+lχ(i)χ(j)χ(k)χ(l)

× q(m+1)(w4w3w2i+w4w3w1j+w4w1w2k+w3w1w2l)

× [w4w3w2i + w4w3w1j + w4w1w2k + w3w1w2l]n−m
q .

(2.9)

We note that the expression of equation (2.8) is also an invariant under S5. Therefore,
by (2.8), we obtain the following equation:

n∑
m=0

(
n

m

)
2[wσ(1)wσ(2)wσ(3)wσ(4)]mq

[2]qwσ(1)wσ(2)wσ(3)wσ(4)

[wσ(5)]n−m
q

× ξm,χ,q
wσ(1)wσ(2)wσ(3)wσ(4) (wσ(5)x)Ŝn,χ,q

wσ(5) (wσ(1), wσ(2), wσ(3), wσ(4) | m)

are the same for any σ ∈ S5.
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