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Abstract

In this paper, we investigate some new identities of symmetry for the generalized
Carlitz g-Euler polynomials under the symmetric group of degree five.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of

the algebraic closure of Q,. The p-adic absolutely value | - |, is normally defined by
X

1
|plp = — and the g-analogue of number x is denoted as [x], = T 1 . Note that
lim1 [x]; = x. Let f(x) be continuous function on Z,. Then the fermionic p-adic
q—)

g-integral on Z, is defined by Kim to be

20, !
Ly = [ Fduyo = fim li]qqp,v S FO—g)", (see (114D, (1)
)4 x=0
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Ford € N with (d, p) = 1andd = 1(mod 2), we set

X =1limZ/dp"7). X* = | (a+dpZp).
N O<a<dp
(a,p)=1

and
a—l—deZp ={xeX|x Ea(modde)},

where a € Zliesin0 < a < dp”, (N € N).
Let x be a Dirichlet character with conductor d € N with d = 1(mod 2). From
(1.1), we have

fX FOOdH_y (x) = fZ FOOdp—y (), (12)

and
n—1
q" g (f) + (=" g () =121, Y (D" f D), (see[SD).  (1.3)
=0

By (1.2), we easily get

d—1
X 2 a a X
fxx(y)e( Ndp_y(y) = I (;:0(—1) x(a)e f) e

N (1.4)
= 3 Euy (). (see [3)).
=0 n.

where E, , (x) are called the generalized Euler polynomials attached to .
In the viewpoint of (1.4), Kim considered the generalized Carlitz’s type g-Euler
polynomials attached to x as follows:

o0 l’n
/X KONy () = gosn,x,q(x)m, (see [5]). (1.5)

The purpose of this paper is to give some new identities of symmetry for the generalized
Carlitz’s type g-Euler polynomials attached to x which are derived from the fermionic
p-adic g-integral on Z,.

2. Identities for &, , ,(x) under S;s

Let wq, wy, w3, wg, ws be natural numbers such that w| = wy; = w3 = wg = w5 =
1(mod 2) and let x be a Dirichlet’s character with conductor d € N withd = 1(mod 2).
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Then, from (1.2), we have

/ X (y)e[wlw2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w11]qt

d,l,L_qW1W2W3W4 )

f— N—
_ [Z]qwlw2w3w4 des:l le X (m)(_1)m+qu1w2w3w4(m+dw5y)
2 N—o00 0 y=0

e W1w2w3wa(m—+dwsy)+wi W w3wawsx +wswaw3woi +WsWAW3IW1 j
+w5w4w2w|k+w5w3w2wll]qt.
(2.1)
From (2.1), we note that
dwi—1dwy—1dwiz—1dws—1

>y Z Z( DI Gy x () x ) x ()
i=0 j=0 k=0

w5w4w3wzz+w5w4w3w1j+w5w4w2w1k+w5w3w2wll

[2] w1 wyw3wy

xq

X/e[wlw2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w1w2k+w5w3w1wzl]qt
X

X X ()dpp—gwiwwsws (y)
dwi—1dwy—1dw3—1dws—1dws—1
= lim ; % (D () (—1)i+Hi+HkFH+m+y
Jlim Z ZO Z Z Z X)X () x ) x D x (m)(—1)
0 =0
x qw5w4w3w21+w5w4w3w1]+w5w4w2w1k+w5w3w2wll+w1w2w3w4(m+dw5y)

e[wl waw3w4(Mm+dwsy)+wiwrw3wawsx +wswawswri+wswawiwy j+wswawrwik+wswiwawillyt
(2.2)

The expression of (2.2) is an invariant under Ss. Therefore, by (2.2), we obtain the
following equation :

dws(y—1dws2)—1 dws3)—1 dws4)—1

Z Z Z Z (—1)it+ithH
i=0  j=0 k=0  I=0

x x(Dx(Nx & xDyg (W (5) Wo (4) Wo (3) Wo (2)i +We (5) We (4) Wo (3) Wor (1) ]

2

[2] g" e ()P () Ve (3) Vo (4)

(2.3)

FWe (5)Wo (4) W (2) Wo (1 K+ We (5) Wo 3) W 2) Wor (1)])
% / e[w(r(l)w(r(2) Wo (3) Wo (4) Y T W W2 W3WAWSX +We (5) Wo (4) Wor (3) Wo (2)F +Wo (5) Wa (4) W (3) We (1).]
X

o Yo W0 Wo k5 o) Wo @) wa(l)l]th W _gvsmyve@ve@vow (V)

are the same for any o € Ss.
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Note that
/ X (y)e[wlw2w3w4y+w1w2w3w4w5x+w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2wll]qt
d/_,L_qwlwzw3w4 (y)

S n
w w w w
-3 :[w1w2w3w4]2/ x() [y Fwsx 4+ —i+—j + —k+ —51]
n=0 X w1 w2 w3 W4 | gwywywzwy

n

d L gwiwawswg (y)—'

Wws
= Z[U)]U)QU)3U)4]2§_”,X qP1w2w3Iwy (wsx + —l + _,] + _k + _l)_

wy w3 wq n!
n=0
(2.4)
Thus, (2.4), we get
/ X (M[wiwrwiwgy + wjwrw3wawsx + Wswaw3zwoi + Wswaw3wy j
X
+ wswawiwak + w5w3w1wzl]Zd,u_quqwzw,zuu ) (2.5)
ws ws ws ws
= &y gurvawsvs (WsX + —i + —j + —k + —l)[w1w2w3w4]z, (n > 0).
wi wy w3 wq
From (2.3) and (2.5), we have
dwsy—1dws2)—1 dwe3y—1 dwg4)—1
2[wo (1) Wo (2) Wo (3) Wo (4) Iy Z Z Z Z (_ 1y
[2],%0() w0 @ ws3)vo@) 0 =0 t=0 1=
X X (l)X (.])X (k)X (l)q (wa(S)wo(4)wa(3)wa(Z)i+wU(5)wa(4)w0(3)w6(1)j (26)
+HWa (5) Wo (4) Wo (2) Wo (1) k+Wo (5)Wa (3) Wo 2) Wo (1))
Wo (5) . Wo(5) . Wo (5 Wo (5
X &y y.q" (PP 3) Yo @) (Wo (5)X + 7Oy 0O ;g ZeO | Ze0),
Wo (1) Wo (2) Wo (3) W (4)

are the same for any o € Ss.
It is easy to show that

w w3 o

=5 () ()
[wiwrw3zwy] 27

X [waw3wai + waw3wi j + wawiwzk + wiwiwal ] ws"

n
|:y—|—w5x+—l+—]+—k+—l:|
Wlwpw3wy

% qm(w5w4w3wzl+w5w4w3w1j+w5w4w1w2k+w5w3w1w21)[y+w5x] o wywas -
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Thus, by (2.7), we get

n dwi—ldwry—1dws—1dws—1

! Z 33 3 O (x Rx ()

j=0 k=0 [=0

w5w4w3w21+w5w4w3w1J+w5w4w2w1k+w5w3w2wll

2[wiwrwzws]

[2]qw1w2w3W4
xq

X / [y + wsx + —l + 2+ Bk —l] X (V) —gurwawswy (y)
Zp wy w3 Ww4g Wi wyw3wy

w1w2w3w4]
= Z < ) q [ S]n msm X qw1w2w3w4 (wsx)

[2 w1 wyw3wy

dwl—ldwz ldws—1dws—1

x>y Z Z( DI Gy () o) x ()

i=0 j=0 k=0
(m+l)(w5w4w3wzl+wsw4w3w1J+wsw4w1wzk+wsw3w1wzl)

X q
X [waw3wii + wawiwszj + wawiwark + w3w1wgl]255m

2[lwiwowzws])
= Z (m) L ws 12" S x.gvs (W1, wa, w3, wy | m)

U} 1 11)2 11)3 11)4

X gm,x,qwlw2w3w4 (wsx),

(2.8)

where

dwi—1dwy—1dw3—1dws—1

SnpeqWiswy, w3, wa [m)y= > Y Z Z( DI O x xR x ()
i=0 ] =0 k=0
(m~+1) (waw3zwri+waw3wi j+wawwrk+wizwiwal)

X q
X [wawswai + wawswyj + wawiwak + w3w1w21]2_m
(2.9)

We note that the expression of equation (2.8) is also an invariant under S5. Therefore,
by (2.8), we obtain the following equation:

2 (1 2[We (1) Wo 2) Wo 3) Wo 4) I -
Z " [wo(5)14

m—() [Z]qwﬂ(1)1‘)6(2)1‘)6(3)1‘)(7(4)

X &,y e e @ oG (Wo (5)X) Sy y 7o) (Wo (1), Wo 2), Wo (3), Wo ) | M)

are the same for any o € Ss.
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