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Abstract
The purpose of this paper is to give some new identities of symmetry for the Car-

litz’s g-Bernoulli polynomials under the symmetric group of degree five.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of the

1
algebraic closure of Q,. The p-adic norm is normally defined as |p|, = —. Let g be an
p
indeterminate in C, such that [1 — g|, < p_l/p_l. Ford € Nwith (d, p) = 1, we set
X =1limZ/dp"7), Xx* = | (a+dpZp).
N

O<a<dp
(a,p)=1
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and

a+dp"N7Z, ={x € X | x = a(mod dp™)}, (N € N),

where a € Z liesin 0 < a < dp”. The g-analogue of number x is defined as [x], =
1 —

X
q . Note that lim [x]q = x. Let x be a Dirichlet’s character with conductor d.
— g—1
Then the generalized Bernoulli polynomials attached to x are defined by the generating

function to be

<Z x(a)e“’) Z By <x> . (see [1]-[9]). (1.1)

when x =0, B, , = B, ,(0) are called the generalized Bernoulli numbers attached to
X-

Let f (x) be uniformly differentiable function on Z, (or X). Then the p-adic g-integral
on Zy is defined by Kim to be

dpN—1

fz pf(X)duq(X)Z Jim Z fGog" = lim ﬁ Z g .
=/Xf(x)duq(X), (see [3]).
The generalized Carlitz’s g-Bernoulli polynomials are given by Kim to be
/X XXl d g (y) =§ﬂn,x,q<x>g, (see [7]). (1.3)
Thus, by (1.3), we get
/X XOIx + y1d g () = Buy.q(x), (n = 0), (see [7)). (14)

The purpose of this paper is to give some new identities of symmetry for the generalized
Carlitz’s g-Bernoulli polynomials attached to x under S5 which are derived from p-adic
g-integral on Z,,.
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2. Symmetric identities for 8, , ,(x) under S;s

Let wy, wy, w3, wg, ws be natural numbers and let d € N. Then yx is a Dirichlet’s
character with conductor d. From (1.2), we have

f X (y)e[wl wzw3w4y+(l_[15=1 W)X+ Wswaw3zwi +wswiawizw] jrwswawwrk+wswiwiwallyt

d/LqW1W2W3W4 (y)

dws—1 pV -1

— lim 1 Z Z X(m)qw1W2w%w4(m+dw5y)

T Nooo [dw5pN] R A R — =0

e[w1w2w3w4(m+a’w5y)+(]_[,5=1 W)X +WswawW3w2i +Wswaw3wi j+wswiwrwik+wswiwawil]yt

2.1

Thus, by (2.1), we get

dwi—1dwy—1dwi—1dws—1

[w1w2w3w4] ; 2(:) Z Z x@Ox(Hx k) xd)

Wswaw3w2i+wswiwiwi j+wswawawik+wswiwiwal

X q
f X (y)e[w1w2w3w4y+(]_[15:1 W)X +WsWaw3w2i +wswaw3zwi j+wswawrwik+wswiwiwallyt
dﬂq“’l“’2w3w4 (y)

1
= lim
N—oo [dwiwawzwawspN]

dwi—1dwy—1dwi—1dws— 1dw5—1p -1

x ZO Z Z D D xOx(Mx®x Dy m)
i=0 ] k=0

= m=0 y=0

WsW4W3W2i+Wswaw3w] j+wswawrwik+wswiwawil+q%'1 waw3wy (m+dwsy)

X q
e[w1w2w3w4(m+dw5y)+(]_[15=1 W)X +Wsw4w3w2i +WswWaw3wi j+wswiwrwik+wswiwawil]yt

(2.2)
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The equation (2.2) is an invariant for any o € S5. Therefore, by (2.2), we get

dwg1)—1dws2)—1 dws3)—1 dwg4)—1

o> Y Y xox(hxkx
[=0

i=0 j=0 k=0

1

[Wo (1) Wo 2) We (3) Wo (4)lg

x q(wo(5>wcr(4>wo(S)wo<2)i+w0<5>wo<4)wo<3>wa<1)j+wo<5>wo<4>wo(2>wa(l)k

+Wo (5)Wo (3) Wo (2) Wo (1)]) 2.3)
Wo (1) Wo (2) Wo (3) W + W WL W3 WAWSX+We (5) We (4) Wo (3) We (2)1
X / X(y)e[ o (1) Wo (2) Wo (3) Wo (4) Y W2 W3W4Ws5 o (5) Wo (4) W (3) Wor (2)
X
+w0'(5)wO'(4)wO'(3)wG(l)j+wU(5)wU(4)wJ(2)wo‘(l)k+wg—(5)wa-(3)wa-(1)wa-(2)l]q[

duq W o) W ) W 3) W 4) (y)

are the same for any o € Ss.

It is easy to show that

/ X (y)e[wl w2w3w4y+(]_[,5:1 wpx+wswawiwri +wswawiwy j+wswawrwik+wswzwiwollyt
X

d pLgwiwowsws (y)

o0
= Z[w1w2w3w4]z
n=0
ws.  ws ws, ws | "
X w1 wy w3 W4y qw1w2w3w4 n!
- ws ws ws ws "
= Z[wlw2w3w4]z,3n,x,qw1wzw3w4 (wsx + —i+—j+ —k+—1)—.
n=0 wq wy w3 wyq n!
2.4)

From (2.4), we have

5
/ X M [wiwawswsay + (l_[ W)X + wswaw3wri + wswawiwy j + wswawowik
X
=1
+ w5w3w1wzl]gdqu1wzw3w4 (y)
ws , ws ws ws
= [w1w2w3w4]’;ﬁn,x,qw1wzw3w4(w5x + —i4+—j+—k+—1I), (n>0).
w wo w3 Wy

1
(2.5)
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By (2.3) and (2.5), we easily get the following equation (2.6):

dwe(1)—1 dwe)—1 dwe3)—1 dwy@y—1

n—1 . .
[WoWoWomWowlp ™ D D D> > xOx(Dx®)x @)
X qwa(S)wa(4)wa(s)wa(2>i+wa<5)wa(4>wa<3>wa(1)j+wq(5)wq(4)wd(2)w{,(l)k+wa(5)wa(3)wa(2)wd(])l

wo(S)l. n wa(S)j i wa(S)k i W (5) I
Wo (1) Wo(2) Wo (3) W (4)

X By, g% @)% 3) %o @) (Wo (5)X +

(2.6)

are the same for any o € Ss.
We observe that

n
w w w w
[y+w5x+w—5i+—5j+—5k+—sl]
1

w»r w3 W4y qWIW2W3W4

=2 (o) ()
B [wiwaw3wsly 2.7)

X [wawowsi + wawiwszj + wawiwak + w3w1wzl]2u_,5m

m(w5w4w3w21+w5w4w3w1j+w5w4w2w1k+w5w3w1wzl)[y + w5x] A

xq

From (2.7), we have

ws ws .,  Ws ws "
/ x(y) [y +wsx + —i +—j+—k+ —l] d pgmizwsng (y)
X w1 quiwaw3wy

wy w3 Wy

-2 () (i)
a [wiwawiwsly (2.8)

X [wawowsi + wawiwszj + wawiwak + w3w1w21]2;5m

x qm(w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w11)ﬂm!xvqw]w2w3w4 (wsx).
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By (2.8), we get

dwi—1dwy—1dwi—1dws—1

[wiwawawaly ™ Y Y- Z Z XOx(Nx R x

i=0 j=0 =

w5w4w3w21+w5w4w3wlj+w5w4w2w1k+w5w3w1wgl

xXq

X / {y Fwsx + i 2 Dk —l] X (V) pgrivawsva (y)
ZLp wi wy w3 w4y wwyw3wy

n n dwi—1dwy—1dwz—1
(m>[w1w2w3w4] wsy ™" B y.quimavsea (wsx) Y Z
1

m=0 i=0 j=0 k=0
dw

4

%

X (i)X (])X (k)X (l)q(m+1)(w5w4w3w2i+w5w4w3w1j+w5w4w2w1k+w5w3w2w11)
0
x [w

waw3woi + wawizwy j + wawow k + w3w2wll]

( ) [wl Wow3 w4]2—1 [wS]Z—mﬁm’X7qw1u)211)3w4 (U)SX)
x T,

n,x,q"s (wy, wa, w3, wy | m),
(2.9)
where
dwi—1dwy—1dw3—1dws—1

Toxq(wi wy, w3, wy [m) = Y Y- Z Z XOx(Nxkx

=0 j=0 k=0 (2.10)
x q(m+1)(w4w3wzl+w4w3w1J+w4w2w1k+w3wzwll)
X [wawswai + waw3zwyj + wawowik + w3w2wll]2_m.
The equation (2.9) is also an invariant for any permutation o € Ss5. Therefore, by (2.9),
we obtain the following result:

n

n m—1 n—m
Z " [Wo (hWo @) Wo 3)Wo @]y [Was)lg ™ B,y g7 (hPe@vo@ o (Wo (5)X)
m=0

X Ty 4 q"0® Wo (1), Wo2)s Wo(3)s Wo ) | M)

are the same for any o € Ss.
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