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Abstract

This paper introduces and investigates a new subclass Sg(a, A) of spirallike func-
tions. Coefficient inequalities and subordination results are proved.
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1. Introduction

Let A denote the class of functions of the form

f@=z+) an" (1.1)

n=2

which are analytic in the open unit disc U = {z : |z|] < 1}. Let S denote the subclass
of A consisting of analytic and univalent functions in U. Also let $* and K denote the
subclasses of S that are respectively starlike and convex.

A function f € A is said to be in the class of a-spirallike functions of order g in U,
denoted by S*(«, B) if

Re (emzj:/(—(zz))> > Bcosa, z€U,

for 0 < B < 1 and for some real a with || < 7 /2. The class S*(«, 8) was studied by
R.J. Libera [2] and F.R. Keogh and E.P. Merkes [1]. We observe that $*(«, 0) is the class
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of spirallike functions introduced by L. Spacek [4], $¥(0, 8) = S*(B) is the class of
starlike functions of order 8 and S*(0, 0) = S™ is the familiar class of starlike functions.

o o
Definition 1.1. If f(z) = Zanz” and g(z) = anz” are analytic in U, then the

n=0 n=0
Hadamard product or convolution of f and g is

o0
f*xg= Zanbnz".
n=0

Definition 1.2. (Subordination Principle) Let f(z) and g(z) be analytic in U. Then we
say that the function f(z) is subordinate to g(z) in U, and write

f=<g
or
f(z) <g@@)
if there exists a Schwartz function w(z), analytic in U with

w(0) =0, |lw(x)| <1 (z€U),

such that
f(2) =gw(2) (ze€U).

In particular, if the function g(z) is univalent in U, then
f@2) <g@@) (zelU) < f(0)=g(0) and f(U) C g(U).
Definition 1.3. (Subordinating factor sequence) A sequence {b,} -, of complex num-

bers is said to be a subordinating sequence if, whenever f (z) of the form (1.1) is analytic,
univalent and convex in U, we have the subordination given by

&)
Y anby" < f(2) €Usar=1).
n=1

Lemma 1.4. [5] The sequence {b,},- , is a subordinating factor sequence if and only if

Re{l-l—Zanz”} >0 (zel).

n=1

Motivated by [3], we now introduce a new subclass of spirallike functions Sg (o, A).



Results for a New Subclass of Spirallike Functions

2. Definitions and Results

2f'(2) + 222" (2)
1. h
(1—A)f(z)+Azf/(z)’f(Z)ES’OSAS When

@ dwhen = 1F@) =14 L @

Definition 2.1. Let F(z) =

A =0, F(z) reduces to

z '(2)
A function f(z) € § is said to be in the class Sg (o, A) if it satisfies the inequality
! ! ! eU 2.1)
. - < =, . .
ePF(z) 2« 2« ¢

for somereal B and 0 < o < 1.

/ 2 en
Theorem 2.2. f(z) € Sg(, ) iff Re (eiﬁ 2f (@) + 427 f7(2) > e

(I =2 f@)+Arzf'(z)

2f'(2) + A2 f(2)

Proof. Let F(z) = (1—2)f@) +rzf'(z)

for f(z) € S. If f(z) € Sg(c, A) then

20 — P F(2) 1
T2ePF() | 2a
20 — P F(2) 2 1\?
T20ePFR) | (%)
& 2o — P F@)20 — ePF(2)] < [e PF(2)]eP F(2)
& Qa — P F(@)20 — ePF ()] < [ PF@)1e? F(2)
& 4a? —20e PF(Z) — 2P F(z) + F(2)F(2) < F(2)F(2)
& 40 —20(e PF() + P F(2) <0
& 20 —2Re(PF(2)) <0
& Re(¢PF(2) > «
i o @+ 2122 f"(2) > .
(I =2)f(2) +2rzf"(2)

< Re (e

This completes the proof. |

Theorem 2.3. If f(z) € A satisfies

o
D fn+In = 2ae” PR+ A = Dllan) < 1= |1 —20e™#| (2.2)
n=2

for some |B| < 7/2,0 <a <cosBand0 < A < 1,then f(2) € Sg(a, 1).
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20 — P F(2)
eiﬂF(z)
2f'(2) + 222" (2)

(1 =2 f@) +2rzf'(2)

Proof. It is enough if we show that < 1,forsome |B| < 7/2,0 < @ <

cosfand 0 < A < 1, where F(z) =

Now,
, _ ip_af@+r? f"(2)
2 —ePF(z)| 20 — N A o @
eBF(7) i QA2 ()

(1=-2) f(@)+2rzf"(2)

20e P ((1 — 1) f(2) + Azf'(2) — (2f'(2) + Az £ (2)
2f'(2) + 222 f"(2)

_|a- 2ae™ £ 3% Qae (1 — 1+ an) —n(l — r(n — 1)|ay||z|" !

B ’ 1+ 3%, na,z=1(1 + A(n — 1))

- 11 — 20e™P| + S 4+ A(m—D|n — DaeB||a,||z|"!

- 1 =300 nllanllz"= "1 + A(n — 1]

_ 11 =200+ 30 In — 20 |1+ 20— Dl a]

(2.3)
1 =307, nlapl|1+r(n — 1)
Hence, if
o0
D fn+In = 2ae PRI+ A — Dlla,) < 1— |1 —20e™#|
n=2
for some |B| < 7/2,0 <a <cosBand 0 < A < 1, then
oo .
> ln =2 P||1 + A(n — 1)||a]
n=2
o0
<1 —Zn|an||1+x(n— Dl — |1 —2ae™ P (2.4)
n=2

Using (2.4) in (2.3), we get

200 — €PF(2)
ePF(7)

11— 20| +1 =3, nlay||1 + A(n — D| — |1 — 2ae™#|
1 =32, nlag| |1+ A(n — 1)

=1,
which implies f(z) € Sg(a, A) for some [B| < 7/2,0 <a <cosBand0 <A <1. N

When 8 = /4 in Theorem 2.3 we have the following result.



Results for a New Subclass of Spirallike Functions

Corollary 2.4. If f(z) € A satisfies
o0

Z{n + \/712 — 2V 2an + 4021 + A(n — 1)||ay|

n=2

51—/1—2ﬁa+4a2

2
forsome 0 < o < - then f(z) € Sq/a(a, A).

Corollary 2.5. Theorem 2.3 reduces to Theorem 2 of [3], when A = 0 and Theorem 7
when A = 1.

o0
Let f € H,(«, B), the class of functions f(z) = z + Zanz" whose coefficients

n=2
satisfy the conditon (2.2).
Theorem 2.6. Let f € H)(«, B). Then
Ll =20 P ) < ) @5)
. * < .
22+ 1 —2ae- P14 T8 8K
for z € U and for every function g(z) in the class K.
In particular,
[2+ |1 —2ce™P]1(1 + 1)
R — : fi eU.
¢ f@> I+ |1 —2ae#]  O°F
141 —2ae~P|
The constant cannot be replaced by any larger one.

202+ |1 — 2ae—F[](1 + 1)

o0 o0

Proof. Let f(z) = z + Zanz" be in H;(«, B) and let g(z) = z + chz" be in K.
n=2 n=2

Then

1+ 1|1 —2ae P
22+ |1 —2ae=B)(1 + 1)

1+ |1 —2ce P +§: .
= - anCp .
22+ 11— 2ee (1 +2) \" T =Y

{141 =2ae"#|}a, )oo
n=1

(f *8)(2)

22+ |1 —2ae (1 + 1)
is subordinating factor sequence with a; = 1. In view of Lemma 1.4, this is true iff

By Definition 1.3, the theorem will hold if the sequence (

m .
2 1+ |1 = 2ce P
“ ' " 0, forzeU.

e + n=22(2+|1—2ae‘1ﬂ|)(1+)\)anz - or 7
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we have

. .
14 |1 —2ae B
Re |1 ! n
¢ +n§ Q+ 1 = 2ae— B (1 + 1)

1+ |1 —20e P
=Re[l + ae 7|

P e F =20 B+ 0)°

1 o0
: 1+ 1 = 2ae a7 |.
+(2+|1_2ae_,ﬁ|)(1+k)’§(+| ae I)azj|

Butl+ |1 —2ae | <n+|n—2ae |V n>2, |B] <m/2and 0 < a < cos B, we
get

~ .
1+ |1 —2ae P
Re |1 : "
e[ Jrn;(uu—2oee—lﬂ|>(1+x)“”Z
14 |1 —2ce P
> |1 — - r
[2+ 1 —2ceB[](1 + 1)
—i 00 i
B 1—|1—2qe P Zn+|n—2ae fﬂ||an|r”
Q241 =2ae B))(1 + 1) &~ 1 —|1 — 2ee—iP|

n=2

. 1+ |1 —2ae P 1—|1—=2ae B|r
— . r— .
- [2 4+ |1 —2ae B|](1 4+ 1) Q2+ |1 —2ae B+ 1)
r , ,
=[1- . 141 —2ae | +1—|1 —20e
[ 2511 =20 P15y T 7 2ee Tl Il =20 D]
2r
=1- . >0
[2 4|1 —2ae B|](1+ 1)
Hence 5
[24 |1 —2ae™P|](1 + A)
R — .
e f(z) > TR =TT
for f(z) € H)(a, B), by taking g(z) = 7 < in (2.4). For proving the sharpness of the
-z

141 —2ae B
202 4+ |1 — 20e=iB|](1 + 1)

constant we consider the function

folz) =z — 22 (1Bl <7/2,0 <« < cos B),

1+ 1 — 2ae—i#]
fo(2) € Hy(a, ). Hence from (2.4) we get — 1L =20¢ L0z
o, . ence 1rrom . WwWe ¢ - < —.
0%2) & Ha R+l —2ae 1+ 10" T 12
1+ |1 —2aqe P 1
Also min Re al aﬁe | fo|=—=. |
lzl<1 2024+ |1 — 2ae B|1(1 + A) 2
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Corollary 2.7. Theorem 2.2 reduces to Theorem 2.3 given by [3], when A = 0 and
Theorem 2.6 when A = 1.
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