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Abstract

Recently in 2010, Tamilarasi and Megalai introduced a new class of algebras
known as TM-algebras. In this papaer, we discuss the notion of fuzzy compactness
in a fuzzy topological TM-system and On L-fuzzy compactness in L-fuzzy topo-
logical TM-system.
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1. Introduction

Recently in 2010, Tamilarasi and Megalai introduced a new class of algebras, called
TM-algebras [7]. In their paper they claimed that the TM-algebra is a generalization of
BCH/BCI/BCK and Q algebras. In [1] the authors, while studying L-fuzzy structures
on TM-algebras brought out the fact that the TM-algebra is not a generalization of
BCH/BCI/BCK algebras by giving counter examples.

The notion of a fuzzy set provides a natural framework for generalizing many of the
concepts of general topology. The theory of fuzzy topological spaces is developed by
Chang [4], Wong [5] , Lowen [6]. and others.In our papers [2] , [3] ,we have studied
the notion of Fuzzy Topological subsystem on a TM-algebra and On L- Fuzzy Topolog-
ical TM-system. In this paper, we discuss the notion of fuzzy compactness in a fuzzy
topological TM-system and L- fuzzy compactness in L- fuzzy topological TM-system.

1Corresponding author.
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2. Preliminaries
In this section we recall some basic definitions that are required in the sequel.

Definition 2.1. A TM-Algebra (X, %, 0) is a non-empty set X with a constant 0 and a
binary operation * satisfying the following axioms:

1. Xx0=X
2. X«Y)x(X*xZ)=Z=«Y forallx,y,z € X.

Definition 2.2. For any non-empty set X, 4 : X — [0, 1] is called a fuzzy set of X.

Definition 2.3. Let X be a non-empty set. A mapping ¢ : X — L is called an L- fuzzy
set of X,where L is a complete lattice,with supl and inf 0.

Definition 2.4. Let (X, %) be a TM-algebra. X is said to be an L- fuzzy topological
TM-system if there is a family (X, L;) of L- fuzzy subsets in X which satisfies the
following conditions

1. p, X e L,
2. IfA,BeL,thenANBelL,;
3. If A; € L, foreachi € I then U;A; € L, where I is an indexing set.

Remark 2.5. If X is a set with a L-fuzzy topology 7 then (X, L) is called an L-fuzzy
topological space and any element in L, is called an L,-open fuzzy set in X.

Definition 2.6. Let f be a function from X to Y. Let o be a fuzzy set in Y. The inverse
image of ¢ under f is defined as o ;-1 (x) = o (f(x)) Vx € X. Let u be a fuzzy set in
X. The image of u under f is defined as

SUPze £=1(x) u(z), f_l(x) is not empty ¥y € ¥
0 .

g () = otherwise

3. Fuzzy Compactness in a Fuzzy Topological TM-System

Definition 3.1. Let (X, %) be a TM-Algebra. Let (X, T') be a Fuzzy Topological TM-
System. F = {uy /s € T} be a family of fuzzy sets.A fuzzy set u* in (X, T). F is
said to be a fuzzy open cover of a fuzzy set p* if u* C U{u;/u; € F}.
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Example 3.2. Consider the set X = {0, 1, 2, 3} with the following cayley table

2

*
0
1
2
3

W= OO
N W O = =
— O W] N

O =[N W W

Then (X, *) is a TM-algebra.
Let the fuzzy subsets u; : X — [0,1],i =1,2,3,4,5,6,7,8,9, 10 be given by

(9 ifx=0 6 ifx=0 S ifx=0
uix)y=1.6 ifx=12 ux)=13 ifx=1,2 juz(x)=1.2 ifx=1,2
|8 ifx=3 4 ifx=3 3 ifx=3
(7 ifx=0 9 ifx=0 6 ifx=0
ualx)y=14 ifx=1,2 us(x) =13.7 ifx=1,2 ue(x)y=1.2 ifx=1,2
| .6 ifx =3 B ifx=3 4 ifx=3
(4 ifx=0 [8 ifx=0 8 ifx=0
wrx) =130 ifx=1,2 jwugx)=1.5 ifx=1,2 jpugx)=1.4 ifx=1,2
|2 ifx =3 |7 ifx =3 g oifx=3
(3 ifx=0
uipx)=30 ifx=1,2
.1 ifx =3

Then the fuzzy topology on X is

T =A{p, X, 1, pto, 43, L4, 45, [165 185 L9 10}
© = o
F =A{u1, us, na, e, 17}
1w CUlui/pi € F)
wC Max {u1, p3, 14, e, 17}
=pur. 1 Cuy o F

is a fuzzy open cover of u*.

Definition 3.3. Let (X, %) be a TM-Algebra. Let (X, T') be a fuzzy topological TM-
system.A fuzzy set u* in (X, T').A fuzzy open subcover of x* is a finite fuzzy subsets
of fuzzy open cover of x* which is also a fuzzy open cover.
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Example 3.4. Consider the example 3.2, F is fuzzy open cover of x*. A finite fuzzy

subsets of Fis A = {3, pra, p7}, 1" C U{u;/p; € A} u* C Max {us, pa, 7} = p4
o1 C g . Ads fuzzy open subcover of u* in (X, T).

Definition 3.5. Let (X, %) be a TM-Algebra. Let (X, T') be a fuzzy topological TM-
system.A fuzzy set u* in (X, T) is said to be fuzzy compact if each fuzzy open cover of
w1 has a finite fuzzy open subcover.

Example 3.6. Let Z be the set of all integers and Let nZ = {nx :x € Z},n € Z.
Then (Z, —,0) and (nZ, —, 0) are TM-algebras where ’-’ is the usual subtraction. Let

the fuzzy subsets u; : Z — [0, 1], u;(n) = li()” r denotes the number of digits in n,
i=1,2,3,4,5,6,7,8,9 be given by
Cx

— ifx=1,2,...,9

10

p1(x) = 1
0  otherwise

o 1i02 ifx =10,11,...,99
p2(x) = -

0 otherwise

[ ifx =100, 101, ...,999

ui(x) = 1 10°
0 otherwise
. 1104 if x = 1000, 1001, . .., 9999
pa(x) = 1

otherwise

[ if x = 10000, 10001, . ... 99999

us(x) = {10
otherwise
o 1%6 if x = 100000, . . . , 999999
fo6(x) = 1

otherwise
. 1107 if x = 1000000, . . ., 9999999
/“7 X) = 1

lO otherwise
o 1108 if x = 10000000, . .., 99999999
1“8 X) = A
lO otherwise

-5 if x = 100000000, ..., 999999999
po(x) =1 10
0 otherwise
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Then the fuzzy topology on X is T = {¢, X, w1, H2, 13, fta, 4s, L6, 17, 18, 1o}
Let u* = o F = {u2, us, u7, ug} is an fuzzy open cover of x*. A finite fuzzy subsets
of Fis A = {uo, us, ug} is fuzzy open subcover of x*. Similarlly, each fuzzy open
cover of x* has a finite fuzzy open subcover. ... ™ is fuzzy compact.

Theorem 3.7. Let (X, T), (Y, U) be two fuzzy topological TM-systems such that f :
(X,T) = (Y,U) is a fuzzy continuous homomorphism. If x* is fuzzy compact in
(X, T) then f(u*) is fuzzy compact in (Y, U).

Proof. Let u* be a fuzzy subset of (X, T).Let F = {uy/uq € T} be a fuzzy open cover
of u*. So that u* C U{u;/u; € F}. Since u* is fuzzy compact, every fuzzy open cover
of u* has a finite fuzzy open subcover.That is x* C U!_ u;, i € F. Let f(u*) be a
fuzzy subset of (Y, U). Let F' = {0, /0, € U} be a fuzzy open cover of f(u*). That
is f(u*) C U{ai/o; € F'}. Since f is fuzzy continuous homomorphism, £~ (c,) is
openin (X, T). u* C f~'(a,), 0, € U. Since u* is fuzzy compact,

WU f i), 0i € F
= f(u*) C FU (o)

= f(u*) CU, f(f ()
= f(u*) CU (0),0; € F.

Thus the fuzzy open cover F of f(u*) in (Y, U) has a finite fuzzy open subcover.
Hence f(u™) is fuzzy compact. [

Theorem 3.8. Let (X, T), (Y, U) be two fuzzy topological TM-systems such that f :
(X,T) — (Y,U) is a fuzzy continuous homomorphism. If ¢* is fuzzy compact in
(Y, U) then f~'(6*) is fuzzy compact in (X, T).

Proof. Let o™ be afuzzy subset of (Y, U).Let F = {0, /0, € U} be a fuzzy open cover
of 6™ So that ¢* C U{s;/0; € F}. Since ¢ is fuzzy compact, every fuzzy open cover
of ¢ has a finite fuzzy open subcover. Thatis ¢* C U!_,0;,0; € F.

Let f~1(c*) be a fuzzy subset of (X, T). Let F' = {us/uq € T} be a fuzzy open
cover of f~1(¢*). Thatis f~'(c*) C U {ui/pi € F'}. Since o* is fuzzy compact,
o* C UL, f(ui). Since f is fuzzy continuous homomorphism,

= o C U f ()
= ") CUL FH ()
= ") C U, (i), ui € F.

Thus the fuzzy open cover F' of f -1 (6™) in (X, T) has a finite fuzzy open subcover.
Hence f~!(¢*) is fuzzy compact. [
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4. On L-Fuzzy Compactness in L-Fuzzy Topological TM-System

Definition 4.1. Let (X, %) be a TM-Algebra. Let (X, L7) be an L-Fuzzy Topological
TM-System. Ly = {uq/tq € L7} be a family of L-fuzzy sets. An L-fuzzy set u*
in (X, L7). Lr is said to be an L-fuzzy open cover of an L-fuzzy set u* if u* C
vA{ui/uni € LF}.

Example 4.2. Consider the set X = {0, 1, 2, 3, 4, 5} with the following cayley table

N KW —=|O] %
N KW= OO
NN = KO W -
=W N O N BN
B O| N W] —| W
WO B =n| N
O =[N W || W

Then (X, %) is a TM-algebra. Let L be a complete lattice with sup 1 and info. Let
t,t,13,14,15,16,17 € Lsuchthat 0 <t <th <t3 <14 <t5 <tg <t; <1.Consider
the L- fuzzy subsets u; : X — L,i =1,2,3,4,5,6,7,8,9, 10 be given by

(1 ifx=0 t7 ifx=0
wi(x) = s ifx=1,3 W) =10 ifx=1,2,3,4
|13 ifx=2,4,5 3 ifx=5

. I ifx=0
ms = | H=00 L m@=lu ifr=13
T n ifx=2,4,5
(1 ifx=0 [1 ifx=0
/15()6) =1{n ifx=1,2,3,4 ,ué(x) =1t ifx=1,3
55 ifx=5 1y ifx=2,4,5
[1 ifx=0 [1 ifx=0
wix)y=1n ifx=1,2,3,4 ug(x)=1ts ifx=1,3
kt3 ifx=5 kl‘4 ifx=2,4,5
(16 ifx =0 1 ifx=0
ﬂg(x) =10 ifx=1,2,3,4 ,ul()(x) =1 ifx=1,3
(73 ifx =5 ty ifx=2,4,5

Then the fuzzy topology on X is Lt = {¢, X, u1, 12, 13, 14, Us, le, L7, U8, 19, 10} -
Let u* = p3. Ly = {u1, 2, us, e, s}

1" CVi{ui/ui € Ly} p* C Max {uy, pa, us, ue, 1} = fe

S C e

.. Lr is an L-fuzzy open cover of u*.
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Definition 4.3. Let (X, %) be a TM-Algebra. Let (X, L7) be an L-fuzzy topological
TM-system. An L-fuzzy set ™ in (X, L7). An L-fuzzy open subcover of x* is a finite
L-fuzzy subsets of L-fuzzy open cover of x* which is also an L-fuzzy open cover.

Example 4.4. Consider the example 4.2, Lr is an L-fuzzy open cover of x*. A finite
L-fuzzy subsets of Lris La = {u2, us, pus}, " S V{ui/ui € La}

W C Max {uz, us, ug} = us

SO C s

.. L 4 is an L-fuzzy open subcover of u* in (X, L7).

Definition 4.5. Let (X, %) be a TM-Algebra. Let (X, L7) be an L-fuzzy topological
TM-system. An L-fuzzy set x* in (X, L7) is said to be an L-fuzzy compact if each
L-fuzzy open cover of x* has a finite L-fuzzy open subcover.

Example 4.6. From the example 4.2, 4.4, u* = u3, each L-fuzzy open cover of x* has
a finite L-fuzzy open subcover.
. W is L-fuzzy compact.

Example 4.7. Consider the example 4.2, u* = us, Lr = {u1, u2, 4, e, 17, 1g}
w*CVvipi/pi € LF)

*
W C Max {u1, o, 1a, pe, 17, 18} = fe
S C e
. Lz is an L-fuzzy open cover of x*.But this L-fuzzy open cover does not have an
L-fuzzy open subcover.Because an L- fuzzy subsets of an L-fuzzy open cover, L4 =
{2, w7} 1s not an L- fuzzy open cover.
.. W is not an L-fuzzy compact.

Theorem 4.8. Let (X, L7), (Y, Ly) be two L-fuzzy topological TM-systems such that
f:(X,Lt) = (Y, Ly) is an L-fuzzy continuous homomorphism. If x* is an L-fuzzy
compact in (X, L) then f (™) is an L-fuzzy compactin (Y, Ly).

Proof. Let u* be an L-fuzzy subset of (X, L7). Let Ly = {q /1o € L7} be an L-
fuzzy open cover of u*. So that u* C Vv {u;/u; € Lr}. Since u* is an L-fuzzy
compact, every L-fuzzy open cover of u* has a finite L-fuzzy open subcover. That
is u* C Vi_ ui, i € LF.

Let f(u*) be a L-fuzzy subset of (Y, Ly). Let Ly = {0,/0, € Ly} be an L-
fuzzy open cover of f(u*). Thatis f(u*) C Vv {o;/o; € Lx}. Since f is an L-fuzzy
continuous homomorphism, f ~(oy)is openin (X, L7).

1 C fY64), 04 € Ly. Since u* is an L-fuzzy compact , u* C \/?Zlf_l(a,-), o; €
L‘F/

= f(u*) C FV f @)

= f() S Vi f(f7 (o)

= f(u) C Vi_i(0i),0i € L.

Thus an L-fuzzy open cover L 7 of f(u*)in (Y, Ly) has a finite L-fuzzy open subcover.
Hence f(u) is an L-fuzzy compact. |
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Theorem 4.9. Let (X, L7), (Y, Ly) be two L-fuzzy topological TM-systems such that
f:(X,L7) — (Y, Ly) is an L-fuzzy continuous homomorphism. If ¢* is an L-fuzzy
compact in (Y, Ly) then f~'(¢*) is an L- fuzzy compact in (X, L7).

Proof. Let o™ be an L-fuzzy subsetof (Y, Ly). Let Lr = {06, /0, € Ly} be an L- fuzzy
open cover of 6*. So that 6 C Vv {6;/o; € Lx}. Since ¢ is an L-fuzzy compact, every
L-fuzzy open cover of ¢ * has a finite L-fuzzy open subcover. Thatis ¢* C V!_,0;, 0; €
Lr.

Let f_l(a*) be an L- fuzzy subset of (X, L7). Let Ly = {uq/uq € LT} be an
L-fuzzy open cover of f~!(c*). Thatis f~'(¢*) C v {ui/ui € Ly} . Since ¢* is an
L-fuzzy compact, 0 C VI_, f(u;). Since f is an L-fuzzy continuous homomorphism,
= [0 C VI f(ui)
= f7He") S VI T (F (k)
= (") C VI (i), ui € Ly
Thus an L-fuzzy open cover Lz of f _1(0*) in (X, L7) has a finite L-fuzzy open
subcover. Hence f~!(c*) is L-fuzzy compact. |
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