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Abstract

In this paper, we present a new definition of the imaginary unit and the proof of the
Riemann hypothesis as well. We prove that the divergent series 1+1+1+1+... is
equivalent to the divergent series 1+2+3+4+..., and we know that one can assign a
finite value -1/12 to the series 1+2+3+4+..., and also can assign a finite value -1/2 to
the series 1+1+1+1+... by using the analytic continuation of the Riemann zeta
function. Since the two series are both equivalent, then the finite values of the two

series are both equivalent as well, then (1_—21 = % ), which gives (—; = 3). By applying

1
this wonderful result on the definition of the imaginary unit we obtain : (—1)z =
(—1)3, then (i =v—1 = -1), which is considered a new definition of the imaginary
unit, which means that the imaginary unit could be equal to a real number, and hence
the complex numbers could be equal to the real numbers. After that we prove that the
fraction 1/2 equals any number, so the real part of the complex zeros of the Riemann
zeta function could be equal to 1/2, then the complex zeros of the Riemann zeta
function can be written in the form of 1/2+it, which proves the Riemann hypothesis.
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1. Introduction

The Riemann hypothesis, proposed by Bernhard Riemann (1859), is a conjecture that
the non-trivial zeros of the Riemann zeta function all have real part 1/2.Thus the non-
trivial zeros should lie on the critical line consisting of the complex numbers 1/2+ it,
where t is a real number and 1 is the imaginary unit.[1]

2. The Riemann zeta function
The Riemann zeta function is defined as:

1 111111
C(S)=Zn_1§=5+2_5+3_5+4_5+5_5+6_5+m (2.1)
3. Zeta function regularization

[oe)

In zeta function regularization, the series Y.o—,n is replaced by the series

o1 (n)75.The latter series is an example of a Dirichlet series. When the real part of s
is greater than 1, the Dirichlet series converges, and its sum is the Riemann zeta
function (s). On the other hand, the Dirichlet series diverges when the real part of s is
less than or equal to 1, so, in particular, the series 1 + 2 + 3 + 4 +... that results from
setting s = -1 does not converge. The benefit of introducing the Riemann zeta function
is that it can be defined for other values of s by analytic continuation. One can then
defined the zeta-regularized sum of 1 + 2 +3 + 4 +... to be {(-1), which equals -1/12,
and similarly defined the zeta-regularized sum of 1 + 1+ 1 + 1 + ... to be {(0), which
equals -1/2. [2][3]

4. The relationship between the series 1+2+3+4+.. , and the series
1+1+1+1+...

We know that each positive integer n has 2" ' distinct compositions[4]
(e.g.(2=2,1+1), (3=3,2+1,1+2,1+1+1),
(4=4,3+1,143,242,2+1+1,1+2+1,1+1+2,1+1+1+1)),...  ,etc. Now the series
1+24+3+4+... can be written in many equivalent forms such as: 1+2+(2+1)+(2+2)+(
3+2)+... or 1+(1+1)+3+4+... or [+2+43+(1+1+1+1)+... or
1+1+1+1+1+1+1+1+1+1+...,...,etc. We showed in the previous section that one can

assign the finite value -1/2 to the series 1+1+1+1+..., and the finite value of -1/12 to
the series 1+2+3+4+... by using the analytic continuation of the Riemann zeta
function, and we showed that the series 1+2+3+4+... can be written in many
equivalent forms and the only form that have a finite value is the form: "1+1+1+1+..."
So, the series 1+1+1+1+... is considered the only equivalent form to the series
1+2+3+4+... that has a finite value by using the analytic continuation of the Riemann
zeta function, and the other equivalent forms of the series 1+2+3+4+... do not have
finite values. The reason will be explained as follows: We agree that the Riemann zeta
function converges for all complex numbers s with real part greater thanl :
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Us) =X (™= S+ +..

Now let's assigns the values of s that make the above series diverges:

Let's put s=0 in the above series we obtain: {(0)=1+1+1+ 1+ ... (whichis
considered an equivalent form of the series 1+2+3+4+...).

Let's put s= -1 in the above series we obtain: { (-1)=1+2+3+4+ ...

Let's put s= -2 in the above series we obtain: { (-2)=1+4+9 + ... ( which is
not an equivalent form of the series 1+2+3+4+... because the second term of the series
1+2+3+4+... should be (2 or 1+1).

Let's put s= -3 in the above series we obtain:  (-3) =1+ 8 + 27 + ...( which is
not an equivalent form of the series 1+2+3+4+... because the second term of the series
1+2+3+4+... should be (2 or 1+1).And so on for all negative integers.

Let's put s= 1 in the above series we obtain: { (1) =1+ 1/2 + 1/3 + ...( which
is not an equivalent form of the series 1+2+3+4+... because the second term of the
series 1+2+3+4+... should be (2 or 1+1). From the above explanation, one can deduce
that by setting s = 0 in the Riemann zeta function can produce the only equivalent
form to the divergent seriesl+2+3+4+..., which is the series 1+1+1+1+..., and the
other values of s ( i.e. except s=-1) that make the Riemann zeta function diverge
cannot produce the equivalent forms of the divergent series 1+2+3+4+..., so, the other
equivalent forms of the series 1+2+3+4+... such as: 1+2+(2+1)+H(2+2)+... or
1+(1+1)+3+4+... or1+2+3+(1+1+1+1)+... or ...,etc. could not have finite values.

5. New definition of the imaginary unit
We showed in the previous section that the only form that equivalent to the divergent
series1+2+3+4+... and have a finite value by using the analytic continuation of the
Riemann zeta function is the series 1+1+1+1+..., since the two series are both
equivalent, then the finite values of the two series are both equivalent as well,

Then,

-1 -1
o= (5.1)

which gives:

1 1
n=3 (5.2)

By multiplication of both sides of the equation (5.2) by 6 we get:

~=3 (5.3)

We know that the imaginary unit equals the square root of -1.[5]
By applying the value obtained in the equation (5.3) on the definition of the



370 Reda Mohamed Ahmed Mahmoud

imaginary unit we get:

i=V=T=(-1)z = (-1)%=-1 (5.4)
Then,
(—1)z = —1 (5.5)

From the equation (5.5), we can deduce that the complex numbers could be
equal to the real numbers.
By squaring both sides of the equation (5.5) we get:

-1=1 (5.6)

6. Proof of the fraction 1/2 equals any number
Let's rewrite the equation (5.5) in the following form:

(-1)z = (-1)" 6.1)

where n represents any number ( i.e. real or complex number ).
As we showed in equation (5.6) that 1= -1, so the equation (6.1) can be written

as:

(12 = ()" (6.2)
let X be equal the right hand side of the equation (6.2),

Then,

(=X (6.3)

By taking the natural logarithm for both sides of the equation (6.3) gives:

In(1)" = InX (6.4)
Which gives:

n In(1) = In(X) (6.5)
Then,

In(X) =0 (6.6)

Which gives:
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X =1 (6.7)

Therefore, X=1 for any value of the exponent n.
So, the equation (6.3) can be written as:

(Dr=X=1 (6.8)

And, the equation (6.2) can be written as:

1
(Dz=(M"=1 (6.9)
Which gives,
~=n (6.10)

Since n represents any number, and any value of n will verify the equation
(6.9), then 1/2 could be equal any number ( i.e. real or complex number ).

7. Proof of the Riemann hypothesis
We showed in the previous section that 1/2 could be equal any number.

Let ( x+it ) represents any complex zeros of the Riemann zeta function, where
x 1s the real part of the complex zero, t is the imaginary part of the complex zero, and
1 1s the imaginary unit. Since we proved that 1/2 could be equal any number, then we
can get:

—=x+it (7.1)

By equating the real parts for both sides of the equation (7.1), we obtain:

bl
I
N |-

(7.2)

From the equation (7.2), the real part of the complex zeros of the Riemann
zeta function equals 1/2.
Therefore the complex zeros of the Riemann zeta function can be written as:

l2+ it (7.3)

So, the real part of every non-trivial zero of the Riemann zeta function is 1/2,
which proves the Riemann hypothesis.
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8. Conclusion

In this paper , we presented a new definition of the imaginary unit and the proof of the
Riemann hypothesis as well. We proved that the divergent series 1+1+1+1+... is
equivalent to the divergent series 1+2+3+4+..., and we know that one can assign a
finite value -1/12 to the series 1+2+3+4+..., and also can assign a finite value -1/2 to
the series 1+1+1+1+... by using the analytic continuation of the Riemann zeta
function. Since the two series are both equivalent , then the finite values of the two

series are both equivalent as well, then ( 1_—21 = _71 ), which gives (l2 = 3). By applying

1
this wonderful result on the definition of the imaginary unit we obtain: (—1)z =

(—1)3, then ( i =V/—1 = -1), which is considered a new definition of the imaginary
unit, which means that the imaginary unit could be equal to a real number, and hence
the complex numbers could be equal to the real numbers which can be used in many
aspects of sciences such as quantum mechanics , cosmology and electrical
engineering. After that we proved that the fraction 1/2 equals any number, so the real
part of the complex zeros of the Riemann zeta function could be equal to 1/2, then the
complex zeros of the Riemann zeta function could be written in the form of 1/2+it,
which proves the Riemann hypothesis.
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