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1. Introduction

In the past ten years, the mathematical descriptions of many hybrid dynamical systems
have an impulsive behavior due to abrupt changes at certain instants during the evolu-
tion process. Recent development in the theory of impulsive differential equations and
inclusions has been object interest because of its wide applications in medical domains,
industry, information science, system and control, communication security and space
techniques see for instance ([17, 39]). These processes tend to be more suitably mod-
eled by impulsive systems which allow for discontinuities in the evolution of the state.
For more details about this theory and its applications, we refer to the monographs of
Bainov and Simeonov [1], Lakshmikantham et al. [23] and Samoilenko and Perestyuk
[32].

On the other hand, controllability is one of the fundamental and important con-
cepts in mathematical control theory. This is the qualitative and quantitative property
of dynamical control systems and is of particular importance in control theory. Con-
trollability for differential systems in Banach spaces under the assumption of compact-
ness and noncompactness of the operator semigroups has been studied by many authors
[2,3,5,7,10, 11, 12, 9, 13, 18, 19, 24, 26, 27, 28, 30, 31, 34, 35] by using various
fixed point theorems. Recently, Guo et al. [13] derived the sufficient conditions for the
controllability of the following class of impulsive evolution inclusions with nonlocal
conditions by using Monch fixed point theorem, under the assumption of noncompact-
ness of the semigroup generated by the evolution system.

Very recently, by using the same fixed point theorem, Ji et al. [18] extended the
controllability results of Guo et al. [13] into the impulsive evolution differential systems
and the evolution system generated by A(#) equicontinuous.

To the best of our knowledge, till now no work reported on Controllability of impul-
sive neutral functional evolution integrodifferential systems with an infinite delay has
been an untreated topic in the literature, and this fact is the main aim of the present
work. Motivated by the above mentioned works [13, 18, 40], in this paper, we establish
the sufficient conditions for controllability of the impulsive neutral evolution integrod-
ifferential equations with infinite delay of the form:

%[x(t) — g(t,x,, /Ota(t, s,xs)ds)]

= A(t)x(t) + f(t, X, /0[ e(t,s, xs)ds) + Bu(t),

ted=[0,b, t£t, k=1,2,....m, (1.1)
A)Cl[:[k = Ik(.xtk),k = 1, 2, oo, m, (12)
X0 =¢ € B, (1.3)

where {A(?)};cs is a family of linear operators in a Banach space X generating an
evolution operator U : A = {(t,s) € [0,b] x [0,b] : 0 < s <t < b} > L(X), here
L(X) is Banach space of all bounded linear operators in X; the history x; : (—oo, 0] —
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X, x;(0) = x(t + 0), belongs to some abstract phase space B defined axiomatically;
g f:JxBxX — Xanda,e:J xJ x B — X are appropriate functions; the points
0=ty <t] < -+ <ty <twyr =baregivenand Iy : B - X,k =1,2,...,m, are
given impulsive functions; the control function u(-) is considered in the space L*(J, V),
where V is a Banach space of control and B : V — X is a bounded linear operator.

2. Preliminaries

Let (X, || - ||) be a real Banach space. We denote C ([0, b], X) the space of all X-valued
functions on [0, »] with norm ||x|| = sup{||x(¢)]| : ¢ € [0, b]} and by L'([0, b1, X)
the space of X-valued Bochner integrable functions on [0, b] with the norm || f||;1 =

b
/ 1F()lldr.
0

To describe appropriately our problems, we say that a function u : [0, 7] — X isa
normalized piecewise continuous function on [, 7] if u is piecewise continuous and left
continuous on (o, 7]. By the symbol PC([o, 7]; X), we denote the space of normalized
piecewise continuous function from [o, 7] into X. In particular, we denote the space PC
formed by all function u : [0, b] — X such that u is continuous at # # ., u(t, ) = u(t)

and u(tk+) exists, for all k = 1,2, ..., m. Itis easy to see that PC is a Banach space
with the norm || x| p¢c = sup |[x(s)].
s€[0,b]

In this work, we will employ an axiomatic definition of the phase space B which is
similar to those introduced by Hale and Kato [14] and it is appropriate to treat retarded
impulsive differential equations.

Definition 2.1. [14] Let B be a linear space of functions mapping from (—oo, 0] into
X endowed with a seminorm || - ||z and we will assume that B satisfies the following
axioms:

(A) If x : (—00,0 +b] = X,b > 0, such that x, € B and x|5,5+»] € PC([o,0 +
b]; X), then for every ¢ € [0, 0 + b] the following conditions hold:

(l) X € B,
@) llx@N < Hllx 8,
(i) llxlis < K@ —o)sup{llx(s)l :0 <s <t} + M@ —o0)lx 5,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is
locally bounded and H, K, M are independent of x(-).

(B) The space B is complete.

For the family of linear operators {A(t) : t € J}, we assume the following hypothe-
ses.

(A1) The domain D(A(t)) of A(¢) is dense in X and independent of ¢
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(A2) Foreacht € J, resolvent R(A : A(t)) of A(t) exists for all A with Re 4 < 0 and
there exists a constant M > 0 such that ||[R(A : A(?))|| < M(A|+1)~".

(A3) There exists constants L > 0 and 0 < x < 1 such that [[A(r) — A(s)A™'(7)|| <
L|t —s|* fort,s, 7 € J.

Under the assumptions (A1)-(A3), the family {A(¢) : ¢t € J} generates an unique
evolution system {U (¢, s) : 0 < s <t < b satisfying:

(a) There exists a positive constant My such that |[U (¢, s)|| < My for0 <s <t < b.

(b) Forevery v € D(A(t)) and t € J, U(t, s)v is differential with respect to s on
0
0<s<t<band 6—U(t,s) =-=U(t,s)A(s)v.
s

Definition 2.2. A two parameter family of bounded linear operators U (¢, s),0 < s <
t < b on X is called an evolution system if the following two conditions are satisfied:
1) UG,s) =L U@, rU(r,s)y=U(t,s)forO<s <r<t<b;

(i) (¢, s) — U(t, s) is strongly continuous on A.i.e. for each x € X, the function
(t,s) € A > U(t, s)x is continuous.

More details about evolution system can be found in Pazy [29].

Lemma 2.3. [4] Let E™ be the positive cone of an order Banach space (E, <). A
function @ defined on the set of all bounded subsets of the Banach space X with values
in E7 is called a measure of noncompactness(MNC) on X if ®(coQ) = ®(Q) for all
bounded subsets Q C X, where coQ stands for the closed convex hull of Q.

The MNC O is said:

(1) Monotone if for all bounded subsets Qp, Q> of X we have :(Q; C Q) =
(P(Q) < D(Q7));

(2) Nonsingular if ®({a} U Q) = ®(Q) foreverya € X, Q C X;

(3) Regular if ®(Q) = 0 if and only if Q is relatively compact in X.

One of the most examples of MNC is the noncompactness measure of Hausdorff
p defined on each bounded subset € of X by

L(Q) = inf{e > 0; Q can be covered by a finite number of balls of radii smaller than €}

It is well known that MNC £ enjoys the above properties and other properties see
[4, 20]: For all bounded subsets Q, Q, Q, of X.

4) Q1+ Q) < f(Q) + (), where Q1 + Qo = {x +y :x € Qp,y € Q};
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(5) Q1 U Q) < max{f(Q), f(L2)};
(6) f(AQ) < |4](Q) for any 1 € R;

(7) Ifthemap Q : D(Q) C X — Z is Lipschitz continuous with constant k, then
Lz(0Q) < kB(Q) for any bounded subset Q C D(Q), where Z is a Banach
space.

Lemma 2.4. [4] If W C C([a, b], X) is bounded equicontinuous, then S(W(t)) is
continuous for ¢ € [a, b] and

LW) =sup{f(W(t)),t € la, b]} where W(t) = {x(t) :x € W} C X.

Lemma 2.5. [20] Let {f,},2, be a sequence of functions in Ll([O, b], R+). Assume
that there exist ., # € L'([0, b], R™) satisfying sup || £, (t)|| < u(¢) and S({ f;, (MO} <

n>1

n(t) a.e.t € [0, b], then for all ¢ € [0, b], we have

B ([/Ot U(t,s)fu(s)ds :n > 1]) < 2M0/0t n(s)ds.

The following fixed-point theorem, a nonlinear alternative of Monch type, plays a
key role in our proof of controllability of the system (1.1)-(1.3).

Lemma 2.6. ([25],Theorem 2.2) Let D be a closed convex subset of a Banach space
X and 0 € D.Assume that F : D — X is a continuous map which satisfies Monch’s
condition, that is (M C D is countable, M C co({0} U F(M)) = M is compact.
Then F has a fixed point in D.

3. Controllability results

In this section, we present and prove the controllability results for the system (1.1)-(1.3).
First, we give the mild solution of the problem (1.1)-(1.3).

Definition 3.1. A function x : (—o0, b] — X is a mild solution of the initial value
problem (1.1)-(1.3) if xo = ¢ € B, x(-)|; € PC and

£ = U 0lp©) = 20,9, 01 + & 31 | alt,s,x0)ds)
+/l U(t,s)A(s)g(s,xs,/Sa(s, r,xf)dr)ds
0 0
+ /Ot U(t,s)[f(s,xs, /OS e(s, r,x,)df) + Bu(s)}ds

+ Z U(t)tk)lk(xl‘k): te‘]

O<t <t
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Definition 3.2. The system (1.1) — (1.3) is said to be controllable on the interval J if
for every initial function ¢ € B and x; € X, there exists a control u € L%(J, V) such
that the mild solution x(-) of (1.1) — (1.3) satisfies x(b) = x;.

We assume the following hypotheses:

(H1) The evolution system {U (¢, s)(;,s)ea} generated by the family of linear operators
{A(t)};ey is equicontinuous. i.e. (f,s) — {U(t,s)x : x € E} is equicontinuous
for t > 0 and for all bounded subsets E.

(H2) The function f : J x B x X — X satisfies the following conditions:

(i) For each ¢ € J, the function f(¢,-,-) : B x X — X is continuous and
for each (¢, x) € B x X, the function f(-,¢,x) : J — X is strongly
measurable.

(i1) For each positive number r, there exists a integrable function o, € L' (J,R™)
such that

sup || f(t, 0,x)| <a,(t), forae. teJ,
lplls<r

b
t
and lim inf/ W5 < oo
0

r—0o00 r

(ii1) There exists an integrable function # : J — [0, +00) such that

B, D1 D)) < 0] sup  BD1O) + (D)

—00<6<0
for a.e. s,t € J, and any bounded subset D C PC([—o0, 0]; X) and
D, C X,

t b
ﬂ( | etes Dl)ds) <L sp PO e L=sw [ eas
0 0

—00<6<0 selJ

where D{(#) = {v(#) : v € D} and f is the Hausdorff MNC.

(H3) The linear operator W : L%*(J, V) > X is defined by

b
Wu:/ U, s)Bu(s)ds,
0

such that

(i) W has an invertible operator W~ which take the values in L2(J ,V)/KerW,
and there exists positive constants My, M, such that | B|| < M and || wl | <
M.
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(i1) Thereis Ky € LI(J , R") such that, for every bounded set Q C X,
BWT'O)@) < Kw()B(Q).

(H4) There exist a positive constant M3 > 0 such that ||A(r)A™'(0)|| < M3 fort € J.

(HS5) The function g : J x B x X — X is continuous and there exist positive constants
Lo, L, Cy, Cy, C3, Cy4 such that

(i) [[A0)g(, o1, x1) —A0)g(t, p2, x2) |l < Lolllpr —@2lls+l1x1 —x2||, V't €
J,
P1,92 € B, x1,x € X;

(i) |AQO)g, 0, x) < Lollells + Cilixllg + C2, where C1 = LoL;, C; =
LoCyq + C3,
Ci = Lo+ Ci, Cs = Lo(1 + L), C3 = ||A(0)g(0,0,0)|l, ¢t € J,
peB, xeX;

t
(lll) H/ [a(tasax)_a(lasay)]ds < Ll ”x_y”B’ for s € J: X,y € B
0

t
/ a(t,s,x)ds
0

(H6) (i) There exist positive constants y; such that
1 Tk(01) — Le(p)l < yellor — @20, V1,02 € B.

(i) There exist a continuous nondecreasing functions Ly : [0, 400) — (0, +00)
such that
Li(p)

IIx(p)ll < Li(lellg), ¢ € B and lim inf
pP—> 0 p

m
szz,l.

k=1

< L1 llx|lg + C4, where C4 = .

and ‘

t
/ a(0,0,0)ds
0

= Ar < +00, where

(H7) The following estimation holds true: N + N < 1, where

m
N = K(1 + MoM M>b) (||A_1(0)||C1 + MoM3bCy + Mo > | Vk)
k=1

and

N = QMo+ 4MZMy | Kw | .) (1 + L)l7ll .

Remark 3.3. From (A3), we obtain |A(f)A~'(0)]| < L|b|* + 1. Thus we can choose
a positive constant M3 = L|b|* + 1 satisfying (H4).
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Theorem 3.4. Assume that the hypotheses (H1)-(H7) are satisfied. Then the system
(1.1)-(1.3) is controllable on J provided that

Ky (1 + MoMiMob)[CLUIAT O)l + MoM3b) + Mo+ )| < 1. (1)

Proof. Using the hypothesis (H3) for an arbitrary function x : (—o0, b] — X, define
the control

b
ux(t) = W_l |:x1 - U(b> 0)[?(0) - g(()) (0,0)] — 8 (b’xb,/(; a(bvs:xs)ds)

b s
—/ Ub,s)A(s)g (s,xs,/ a(s, r,x,)dt) ds
0 0

— /t Ub,s)f (s, Xg, /OS e(s, 1, xr)dt) ds — Z U (b, tk)Ik(x,k):| (1).
k=1

0
We shall now show that using this control u, (-) function, the operator defined by

[0 (1), t € [—00, 0],
t
U(t,0)[p0) —g0,9,0)]+¢g (t,xt,/ a(t,s,xs)dS)
0

(D.X(t) = +/0t U(t’ S)A(S)g (S’ xSa/OSa(SJ T, 'xT)dT) ds

+/Ot Ult,s) [f (s,xs,/ose(s, r,x,)dt) + Bux(s):| ds

+ Z U(t,tk)]k(th), tEJ

O<ty <t

has a fixed point. This fixed point is then a solution of (1.1)-(1.3). Clearly, ®x(b) = x1,
which implies that the system (1.1)-(1.3) is controllable.

Suppose that x(t) = y(t) + z(¢),t € (=00, b], where y : (—00,0] > X be a
function defined by yp = ¢ and y(r) = U(¢,0)@(0) on J. Then by the axioms of
phase space, it is easy to see that ||z, + yill5 < (KyMyH + My) |5 + Kpllzll;, where
Izl = sup = llz)ll, Ko = sup K(), Mp= sup M().

0<s<t 0<t<b 0<t<b

Define S(b) = {z : (—o0, b] — Xsuch that zg9, z|; € PC} be a space endowed with

the supremum norm ||.||,. Then (S(b), ||.||») is a Banach space. Let I" : S(b) — S(b)
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be the operator defined by
[0, t € [—00, 0],
t
—U(Z,O)g(0,§0,0)+g(l,Zt-l-y;,/ a(t,S,Zs‘F}’s)ds)
0

(C2)(@) = | —I—/O U(t,s)A(s)g (s, Zs + ys,/o a(s, t,z; + yf)dr) ds
+/ Ult,s) |:f (S, Zs + }’s,/ e(s,7,2; + yr)df) + Buz(s)] ds
0 0

+ Z U(tatk)lk(zlk_'_ylk): telJ.

O<t <t

where u.(.) € L*>(J, V),
b
u (1) =w! [xl —U®,0)[p0) —g(0,9,0)] — ¢ (b, Wb+ yb,/ a(b,s, zs + ys)dS)
0

b s
_/ U(b: S)A(S)g (S, ZS +}’s:/ a(S> T) Z‘L’ +)’r)d7) dS
0 0

b s
_/ U(b, S)f (S, ZS +ySa/ €(S, Ta Z‘[ +)’r)dT) ds
0 0

— Z U(t, tx) I (2 + yy) | ().

O<rty <t

Clearly, I' is well defined and with values in S(b). It is easy to see that if z is a fixed
point of I', then y + z is a fixed point of ®@. So our aim is to find a fixed point of I".

Set B, = {z € S(b) : ||lzll» < g} for some g > 0. Clearly, B, is a nonempty, closed,
convex and bounded set in S(b). Then for any z € By,

Izt + s < (KpMpH + Mp)llolls + Kp g = ¢’ (3.2)

For better readability, we break the proof into sequence of steps.

Step 1. There exists ¢ > 1 such that I'(B;) € B,. Suppose the contrary. Then for
each positive integer ¢, there exists z € B, such that ||[(I'z)(¢)|| > ¢ for some t € J. It
follows from the hypotheses (H1)-(H6) and (3.2) that

g < IT2) @)l
< Mol A~ O) [ (Lollp |5 4+ C2) + 1A O)I(C} ¢’ + C2) + MoM3b(C} ¢’ + C2)

t m
4 Mo [y (5)ds + Mo Y Li(@) + Mo bz, (33)
0 k=1
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where
luzll 2 < Mz[nxl I+ Molllp )| + 1A~ ) | (Lollp |5 + C2)]
+ 1A~ 0) (€] ¢' + C2)

t m
+ MoM3b(C} q' + C) + Mo/ ag (s)ds + Mo Z Lk(q’)] (3.4)
0 k=1

Hence by using (3.4) in (3.3), we have

g < L+ (1 4+ MoMM;b) [Cl q'(IA710) | + MoM3b)
t m
+ My / ag (s)ds + Mo Y Lk(q’)], (3.5)
0 k=1

where L is independent of g.
Noting that ¢’ = (KpyMpH + Mp)|¢ |5 + Kpg — +00 as ¢ — +00, we obtain by
hypotheses (H2) and (H6),

b b
/ d / d !
. mf(M): . inf(m,q_):m,

/

q—+00 q q—+00 q q
m L / m L / /

lim  inf (M) — lim inf(M_q_) = 1Kp.
q—+oo q q—+0o q’ q

Dividing both sides of (3.5) by ¢ and employing the above two equalities, we have that
1< Kp(1+ MoM1 Mab)[C1(IATH0) | + MoM3b) + Mo(d + )],

This contradicts (3.1). Thus, there exists ¢ > 1 such that I'(B,) C B,.

Step 2. I' : S(b) — S(b) is continuous.
Let (z"),en be a sequence in S(b) such that z” — z in S(b). Then by hypotheses
(H2),(H5)-(H6), we can prove that

N N
f(S7 Z:‘l—i_yé‘a/ e(S, T, Z?‘i‘}’r)df) — f(sa ZS+yS>/ e(sa 7,27 +yT)dT)9
0 0

N S
g(s,z?ers,/ a(s, r,z’,’+y1)df) - g(s,zs+ys,/ a(s, TaZr+yr)dT)
0 0

and It (z;, + yy) = Ik(zy + yy,) uniformly on J.
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Then by hypotheses (H2) and (H5) with dominated convergence theorem, we con-
clude that

t Ky
/U(t,S)f(s,z?+ys,/ e(s,r,z’,’+y1)df)ds
0 0

t s
— / U(t,s)f(s,zs +ys,/ e(s, 7, 2; +y,)dz')ds,
0 0

and

t s
/ U(t,S)A(S)g(s,z? +ys,/ e(s, 7,27 +yr)df)ds
0 0

t s
- / Ult, s)A(s)g(S, Zs + )’s:/ e(s, 7,2, + y,)dr)ds, as n — oo.
0 0

which implies together with the continuity of the operators B, W~ that, we have
ITZ" —T'z|| > 0,as n — oo. Hence I is continuous on S(b).

Step 3. The Monch condition holds:
To prove this, we decompose I" in the form I' = 'y 4+ I'», where

(T12)(@)

t
= _U(la O)g(oa o, O) +g(t, <t + yt:/ G(I,S, Zs +ys)ds)
0

t K
+/ U, s)A(s)g(s, Zs + ys,/ a(s, 7,7, + y,)dr)ds
0 0

+ Z U(t, tk)lk(ztk + ytk)

O<t <t

t

+/O U(I,C)BW_{M —U(,0)[¢(0) — (0, 9,0)]
b
- g(sv s + ys,/ a(s, 7,27 + y‘[)df)ds
0

b s

_/ U(b’ S)A(s)g(sa Zs+ys:/ a(s: Ta Z‘L’ +y‘[)d‘[)ds
0 0

- Z U(b, tk)lk(ztk +ytk):|(é:)déat € J.

O<t <t
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and

(I'22) (2) =/0 U(t,S)f(s, Zs + Vs, /OS e(s, 7,2 + yf)dr)ds
—/tU(t,()BW_l
0

b s
X [/ U (b, s)f(s, Zs + ys,/ e(s, 7,2, + yr)dr)ds] )de, t e J.
0 0

Firstly, we prove that I'y is Lipschitz continuous.
Take z1, z2 € S(b). Then by the axioms of phase space and hypotheses (H5)-(H6),
we get that

IT1z1() — T1z2(0) |l

m
= AT O)ICsllz1r — z2¢ll5 + MoM3bCsllzis — 2asll5 + Mo D allzig — 2241l
k=1

+ MoMleb[llA_l(O)HCsIIZlb — 2pllB + MoM3bCslz1s

m
— 225ll5+ Mo D yillziy — 224, ||B]
k=1

m
< Kp(1 + MoMleb)(llA_l(O)HCs + MoM3bCs + Mo D yk) lz1 — zallp.
k=1
Thatis, [T1z1(r) — T1z2() s < Nliz1 — z21lp, (3.6)

m
where N = K, (1 + MM, Mzb)(||A_1(0)||C5 + MoM3bCs + My > yk).
k=1
Hence I'y is Lipschitz continuous with Lipschitz constant N.
Next we prove that, I'; maps B, into an equicontinuous family on J. Indeed let
t1,t € J,0 <1t < 1p. Then for arbitrary z € B, we have

I(T2z)(2) — (F22) (1)l
< / U2, 5) = U, )1 G5, 25 + vs, / e(s. 7. 20 + yo)d1)|ds
0 0

1) s
+ / 1U (12, 5) £ (5, 25 + 3y, / e(s 7. 2o + y2)do) |ds
0

3]

n b
_ -1
+/0 IU(12,¢) = U(t1,$)1BW [/0 U(b,s)
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f(s’ ZS +yS9/ e(S, Ta Z‘[ +)’r)d7) dS](()“d(
0

153 b N
+ / ||U(r2,c)BW—1[ /0 U(b, $) £ (5. 25 + s, /0 e(s,r,zf+yf)dr)ds](¢>ndc.

151

b K
Let Y(¢) = BW_I[/ U(b,s)f(s, 25 + ys,/ e(s, 7,20 + yf)dr)ds](()d(, then
0 0

1(T22)(12) — (T22) (0|l < /0 1 (U (2, s) — U(t1, s)l|lag(s)ds + / 2 U (12, s)l|ag (s)ds

n

5 15}
+/O IIU(tz,C)—U(t1,C)||||Y(C)|IdC+/ 1U (&2, OINY ()Nl
3]
(3.7)

By the equicontinuity property of {U(¢,s) : (¢,s) € A} and the absolute continuity
of the Lebesgue integral, we can see that the right hand side of (3.7) tends to zero and
independent of z as © — f;. Hence, I'2(B,) is equicontinuous on J.

To prove the Monch condition, let W C B, is countable and W C co({0} U I'(W)).
We shall show that (W) = 0. Without loss of generality, we may suppose that W =
{z"}nen. Then by the hypothesis (H2)-(H3) and lemma 2.3, we have

BT2W (1) = B({T22"(1)},2))
< ﬁ({ /Ot Ul(t,s)f(s,zy + s, /Os e(s, 7,27 + y,)dr)a’s}oo 1)

n—

+,5'({/0’ U(t,C)BW—l[/b U(b,s)f(s,zy +ys,/s e(s, 7, 2" +yr)dT)dS](C)dC}Zl)

0 0

b s
<2M [ a0 s BEGH0 46+ + B[ el rize+ o]

—00<0<0

+ 2MoM; /Ob,B(W_I[{/b U, s)f(s, 2y + ys, /s e(s, 7,27 + yr)df)ds}:ozl](f))df

0 0

b h
< 2M0/0 n(s)ds. sup (1+ Ly)B(ZM) +2M0M1(/0 Kw()d()

0<r<s

X ﬁ({ /Ob U(b,s)f(s,z! —|—ys,/os e(s, 7,27 +y,)dr)dS}oo 1),

n=

b b
< 2M, /0 n(s)ds. sup (1+ L)W () + 4M2 My ( /0 Ky (©)de)

0<r<s
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b
(x) /0 n(s)ds sup (1 + L)W (2),

0<7<s

= (Mo + 4MgMi | Kw i) (1+ La)linll sup B(W(z))

0<r<s

Thatis S(IoW(t)) < N sup B(W(1)), (3.8)

0<t<s

where N = (2Mo + 4MgM; | Kw |l ) (1 + L)1l 1.

Since I'; maps B into an equicontinuous family on J, I';(W) is equicontinuous on
J and so W is equicontinuous on J. Then by Lemma 2.2, taking supremum on both
sides of (3.8) over J, we have

B(T2W) < NB(W). (3.9)
By the property (7) of Lemma 2.1,

BI1W) < NB(W). (3.10)
Hence A(I'(W)) = B(T1(W)) + f(T2(W)) < (N + N)B(W)

From the Monch condition, we get that
W) < B@({0} UT(W)) = BT (W)) < (N 4+ N)B(W) =0.

By (H7), N + N < 1, which implies that #(W) = 0. In the view of Lemma 2.4, i.c.,
Monch fixed point theorem, we conclude that I" has a fixed point z in W. Thenx = y+z
is a fixed point of ® and thus the system (1.1)-(1.3) is controllable on [0, b]. |

References

[1] D.D. Bainov and P.S. Simeonov, Impulsive Differential Equations: Periodic Solu-
tions and Applications, Longman Scientific and Technical Group, England, 1993.

[2] K. Balachandran and E.R. Anandhi, Controllability of Neutral Functional Inte-
grodifferential Infinite Delay Systems in Banach Spaces, Taiwanese Journal of
Mathematics, 8(2004) 689-702.

[3] G. Arthi and K. Balachandran, Controllability of Damped Second-Order Neutral
Functional Differential Systems with Impulses, Taiwanese Journal of Mathemat-
ics, 16(2012) 89-106.

[4] J. Banas, K. Goebel, Measure of Noncompactness in Banach Space, in: Lecture
Notes in Pure and Applied Matyenath, Dekker, New York, 1980.

[5] I. Benedetti, V. Obukhovskii and P. Zecca, Controllability for impulsive semilinear
functional differential inclusions with a non-compact evolution operator, Discuss.
Math. Differ. Incl. Control Optima. 31(2011), 1-31.



Controllability of impulsive neutral functional evolution 363

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Y.K. Chang, A. Anguraj, M. Mallika Arjunan, Existence results for impulsive neu-
tral functional differential equations with infinite delay, Nonlinear Anal. Hybrid
Syst. 2 (2008) 209-218.

Y. K. Chang, J. J. Nieto and W. S. Li, Controllability of semilinear differential
systems with nonlocal initial conditions in Banach spaces, J. Optim. Theory Appl.
142(2009), 267-273.

C. Cuevas, E. Hernandez and M. Rabello, The existence of solutions for impulsive
neutral functional differential equations, Comput. Math. Appl. 58(2009), 744-757.

X. Fu, Controllability of abstract neutral functional differential systems with un-
bounded delay, Appl. Math. Comput. 151(2004), 299-314.

T. Gunasekar, F. Paul Samuel, M. Mallika Arjunan, Existence results for impulsive
neutral functional integrodifferential equation with infinite delay, J. Nonlinear Sci.
Appl. 6 (2013), 234-243.

F. Paul Samuel, T. Gunasekar, M. Mallika Arjunan, Controllability Results for
Damped Second-Order Impulsive Neutral Functional Integrodifferential System
with Infinite Delay in Banach Spaces, International Journal of Engineering Re-
search and Development, Volume 6, PP. 21-31.

T. Gunasekar, F. Paul Samuel, M. Mallika Arjunan, Existence of solutions for
impulsive partial neutral functional evolution integrodifferential inclusions with
infinite delay, International Journal of Pure and Applied Mathematics, Volume 85
No. 5, 2013, 939-954.

M. Guo, X. Xue and R. Li, Controllability of impulsive evolution inclusions with
nonlocal conditions, J. Optim. Theory Appl. 120 (2004), 355-374.

J.K. Hale, J. Kato, Phase space for retarded equations with infinite delay, Funkcial.
Ekvac. 21 (1978) 11-41.

E. Hernndez M., M. Rabello, H. Henriaquez, Existence of solutions for impulsive
partial neutral functional differential equations, J. Math. Anal. Appl. 331 (2007)
1135-1158.

E. Hernndez M., M. Rabello, H. Henriaquez, Existence of solutions for impulsive
partial neutral functional differential equations, J. Math. Anal. Appl. 331 (2007)
1135-1158.

H.B. Jiang, J.J. Yu and C.G. Zhou, Robust fuzzy control of nonlinear fuzzy im-
pulsive systems with time-varying delay, IET Control Theory Appl, 2(8)(2008)
654-661.

S. Ji, G. Li and M. Wang, Controllability of impulsive differential systems with
nonlocal conditions, Appl. Math. Comput. 217(2011), 6981-6989.

Jin-Mun Jeong, Eun Young Ju and Kyeong Yeon Lee, Controllability For Nonlin-
ear Variational Inequalities of Parabolic Type, Taiwanese Journal of Mathematics,
15(2011) 857-873.



364 M. Suba, N. Mythili, and T. Gunasekar

[20] M. Kamenskii, V. Obukhovskii and P. Zecca, Condensing Multivalued Maps and
Semilinear Differential Inclusions in Banach Spaces, De Gruyter, 2001.

[21] V. Kolmanovskii and A. Myshkis, Applied Theory of Functional Differential
Equations, Kluwer, Dordrecht, 1992.

[22] V. Kolmanovskii and A. Myshkis, Introduction to the Theory and Applications of
Functional Differential Equations, Kluwer, Dordrecht, 1999.

[23] V. Lakshmikantham, D.D. Bainov and P.S. Simeonov, Theory of Impulsive Differ-
ential Equations, World Scientific, Singapore, 1989.

[24] Y. C. Liou, V. Obukhovskiinand J. C. Yao, Controllability for a class of degenerate
functional differential inclusions in a Banach space, Taiwanese J. Math. 12(2008),
2179-2200.

[25] H. Monch, Boundary value problems for nonlinear ordinary differential equations
of second order in Banach spaces, Nonlinear Anal. 4(1980), 985-999.

[26] V. Obukhovski and P. Zecca, Controllability for systems governed by semilinear
differential inclusions in a Banach space with a noncompact semigroup, Nonlinear
Anal. 70(2009), 3424-3436.

[27] J. Y. Park, K. Balachandran and G. Arthi, Controllability of impulsive neutral in-
tegrodifferential systems with infinite delay in Banach spaces, Nonlinear Anal.
Hybrid Syst. 3(2009), 184—-194.

[28] J. Y. Park and P. Balasubramaniam, Exact Null Controllability of Abstract Semi-
linear Functional Integrodifferential Stochastic Evolution Equations in Hilbert
Spaces, Taiwanese Journal of Mathematics, 13(2009) 2093-2103.

[29] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential
Equations, Springer-Verlag, New York, 1983.

[30] B. Radhakrishnan and K. Balachandran, Controllability results for semilinear im-
pulsive integrodifferential evolution systems with nonlocal conditions, J. Control
Theory Appl. 10(1) (2012), 28-34.

[31] R. Sakthivel, Juan J. Nieto and N. I. Mahmudov, Approximate Controllability
Of Nonlinear Deterministic and Stochastic Systems with Unbounded Delay, Tai-
wanese Journal of Mathematics, 14(2010) 1777-1797.

[32] A. M. Samoilenko and N.A. Perestyuk, Impulsive Differential Equations, World
Scientific, Singapore, 1995.

[33] C. Travis and G. Webb, Existence and stability for partial functional differential
equations,Trans. Amer. Math. Soc., 200(1974), 395-418.

[34] Triggiani R., A note on the lack of exact controllability for mild solutions in Ba-
nach spaces, SIAM J. Control Optim. 15 (1977), No. 3, 407-411.

[35] J. Wang and W. Wei, Controllability of integrodifferential systems with nonlocal
initial conditions in Banach spaces, J. Math. Sci. (N.Y.) 3(2011), 459-465.

[36] G. Webb, An abstract semilinear Volterra integrodifferential equations, Proc.
Amer. Math. Soc., 69(1978), 255-260.



Controllability of impulsive neutral functional evolution 365

[37] J. Wu, Theory and Applications of Partial Functional Differential Equations,
Springer, New York, 1996.

[38] B. Yan, Boundary value problems on the half-line with impulses and infinite delay,
J. Math. Anal. Appl. 259(2001), 94-114.

[39] Z. C. Yang, D. Y. Xu, Stability analysis and design of impulsive control systems
with time delay, IEEE Transactions on Automatic Control, 52(2007) 1448-1454.

[40] Runping Ye, Existence of solutions for impulsive partial neutral functional differ-
ential equation with infinite delay, Nonlinear Analysis 73 (2010) 155-162.






	b.pdf
	Page 1


