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Abstract

In this paper, we show that the finite direct sum of parafree Lie algebras is
aparafree Lie algebra.
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1. Introductionand Preliminaries
In 2005, Baumslag [1]gave some properties of parafree groups.In 2006, Baumslag and
Cleary [2]gave some properties of one-relator parafreegroups. In [5], Baur introduced
the parafree Lie algebras. Recently, Velioglu [7] gave some properties ofparafree Lie
algebras. In this paper, we show that the finite direct sum of parafree Lie algebras is a
parafree Lie algebra.

Let Land Hbe Lie algebras over a field K. We list the notations and definitions as
follows.

?/l(L):L!

Vaua(L) =7y (L), L]

for all positive integer n.
We say that L is nilpotent of degree n if

7, (L) ={0}.
We say that L is residuallynilpotent if
(7.(L)={0}.
n=1

We say thatL and H have the same lower central sequenceif
L/y,(L)=H/y,(H)
for all positive integer n.
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We say thatLis parafree over a set X if L is residually nilpotent, andL has the same
lower central sequence as a free Lie algebra generated by theset X.

2. Main Results
Theorem 2.1.Let L, L,, ..., L, be parafree Lie algebras andL=L @L,®..@ L.

ThenL is parafree.

Proof.First, we will show that L isresidually nilpotent. We have
n(L)=L
=LeL ®.8L,

=n(L)enL)®..0x(L,).
Assume that

7L =rL)®n(L)S..©r(L,)
wherek is a positive integer.

Then
Y (L) =[x (L), L]
=[r (L)@ (L)®..®y(L,), L]
= (L)®rL)®..@n(L,) LOL ®..OL,].
Then
yk+1(L1)m7k+1(L2)m"'mykﬂ(Lm):{O}
and

Ve (D) =r (L) +r (L) +..+7(L,), L+ L +..+L]
=[r (L), L1+[n (L), Ll+..+x (L), L]
=7en (L) 71 (L) ++ 7a (L)

By the mathematical induction,

7D =7 L)@y, (L)®..®y,(L,).
for all positive integer n.

Then
N7 W=7 (L) @7 (L)®..@y.(L,))
Since L, L,, ..., L, areparafree Lie algebras, it follows that

()=

for all positive integer i.
Then
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ﬁyn(L) ={0}o{0}®...e{0}
={0}.

Thus, L is residually nilpotent.
Next, we will show that L has the same lower central sequence as a free

Liealgebra. Since L, L,, ..., L, are parafree Lie algebras then there exist free
LiealgebrasH,, H,, ..., H, such that

Li /1y, (L) =H; 1y,(H)
for all positive integers i and n.
Let
H=H ®&H,®..®H,.
Then
L7 (LD =(L!7 L) (L1 7,(L)®..o(L,/ 7,(L,))
=(H,/7,(H))®(H,/7,(H,)®..®(H, / 7,(H,))
=H/y, (H)
for all positive integer n.

Thus, L and H have the same lower central sequence.
Hence, L is parafree.

Corollary 2.2. [7] LetL, and L, be parafree Lie algebrasand L=L @L,. ThenL

is parafree.

Corollary 2.3.Let L, L,, ..., L, be parafree Lie algebras. Then the free product

ofL, L,, ..., L, is parafree.
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