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Abstract

For any integer k> 2, a real sequence (a,); is said to be k-convex if

A — G, a,. . < a + (k _1)(an+k _an)
kK and k
for all positive integer n. In this paper, we present some properties on the k-

convexity of real sequences.

a, <a +
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1. Introductionand Preliminaries
Let (a,);” be areal sequence. The sequence (a,), is said to be convex if
0<a,,-2a,+a,

for all positive integer n.In [1, 4, 6, 7, 8], some properties of convex

sequenceswere presented.For anyr> 0, the sequence (a,),” is said to be r-convex if
0<a,-(@+nra,, +ra,

for all positive integer n.In [3], for any r> 0, some properties of r-convex
sequenceswere presented.For any real numbersp and g, the sequence (a,);” is said to
be (p, g)-convex if

n+1

n+1

0 <a,,+(p+a)a,,+paa,
for all positive integer n.In [2], for any real numbersp and g, some properties of
(p,q)-convex sequenceswere presented.

For any integer k> 2, the sequence (a,)," is said to be k-convex if

& — 8 k-1)(a . —a
an+1 < an + %and an+k_1 < an + ( )( kn+k n)
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for all positive integer n.For any integer k> 2, if the sequence (a,),” is k-convex
then we have the inequality
a1 —a, < Qe ~ A
for all positive integer n.In [5], for any integer k> 2, some properties of k-convex
sequenceswere presented.In this paper, we present some properties on the k-convexity
of real sequences.

Theorem 1.1. [5] Letk be an integer such that k> 2, and let c, d be real numbers
such that ¢ > 0. Assume that (a,);” and (b,);” are k-convex sequences. Then

(i) (ca,+d); is ak-convex sequence,
(i) (a,+dn);is a k-convex sequence,

(iii) if(a,); is positive then a? f is a k-convex sequence, and

(iv) (a, +b,); is a k-convex sequence,

0

la ) . : . a, ) -
(V) |f(—j IS @ non-increasing sequence then(—] is a k-convex sequence.
nj, nj;

2. Main Results
Theorem 2.1. Let k be an integer such that k> 2, and let (a,); be a k-convex

sequence. Then, for any positive integer m, if (n""a )7 is non-decreasing then
(n"a,); is a k-convex sequence.

Proof. First, we will show that if (a,);” is non-decreasing then (na,); is a k-
convex sequence. Assume that (a,), is non-decreasing.
By the k-convexity of (a,);”, we have

a,., —a (k-D(a,., —a,)
a, <a, + %and A < a, + k”+ .

for all positive integer n.
By the assumption of (a,);", we have

(n +1)(an+k — an)

(n+Da,,, < (n+Da, + y
= na, + (n+k)a”+k_naﬂ+(k_1)(an_an+k)
k
<ng + (KA., —Na,
' k
and
(h+k-Da, , < (n+k-Da, + (FKDKD@.—a)

k
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(k _1)((n + k)an+k —na, +a, - a‘n+k)
k
n+k )

=na, +

(k D((n+k)a
" k

IA

na

for all positive integer n.

Thus, (na,); is a k-convex sequence.

Next, we suppose that if (n""a )7 is non-decreasing then (n’a,); is a k-convex
sequence, where p is a positive integer. Assume that (n"a,);” is non-decreasing. Then
(n"*a,)7 is non-decreasing. Thus, (n°a )7 is a k-convex sequence.

Let b, =nPa, for all positive integer n. Then n*a, =nb, for all positive integer
n. Thus, (b,); is non-decreasing and k-convex.

By the k-convexity of (b,);”, we have

b

n+l — *n

+ bn+k_bn and bn+k—l < bn (k 1)(bn+k n)
k

K
for all positive integer n.

By the assumption of (b,);”, we have

(n+)b.,, < (n+Db, + (n+1)(in+k b,)

(n + k)bn+k — r-]bn + (k _l)(bn _bn+k)
k

=nb, +

n

s (n+k)bl2+k

I

and
(n+k 1)(k 1)(bn+k n)

k
b + (k _l)((n + k)bn+k _nbn +bn _bn+k)

! K
N (k-D((n+k)b

n+k

IA

(n+k-Db,,., < (N+k-Db, +

—nb,)

IA

nb,
k

for all positive integer n.

Thus, (nb,); is a k-convex sequence.Hence, (n*a,) is a k-convex sequence.By
the mathematical induction, we are done.

Corollary 2.2. [5] Letk be an integer such that k> 2, and let (a,);” be a k-convex

sequence. It follows that if (a,); is non-decreasing then (na,); is a k-convex
sequence.
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