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Abstract

By considering a A —pseudo starlike function in the open unit disk U which
maps U onto the strip domain w with @ < R (w) < 8, we estimate bounds of
coefficients and solve Fekete-Szeg6 problem for functions in this class.
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1. Introduction
Let A denote the class of all analytic functions f of the form

f@)=z+Yy-, a,z", (z€e ) 1.2)

in the open unit disk
U={z:z€ C|z|] < 1}.

Let S be the subclass of <A consisting of all univalent functions and normalized by
the condition £(0) =0 = f'(0) — 1 in U. A function f € A is said to be starlike of
order (0 < a < 1) in U if it satisfies

zf'(2)
()«
This class is denoted by $*(a) and $*(0) = §*. The class $*(«) was introduced

by Robertson [11]. It is well-known that §* (@) € §* c §. Furthermore, let M () be
the class of functions f € A which satisfy
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zf'(z)
m(f(z))<ﬁ (z€e )

for some real number g with g > 1. The class M () was investigated by
Uralegaddi et. al [16].

Let P(z) and Q(z) be analytic in U. Then the function P(z) is said to subordinate
to Q(z) in U written by

P(z) < Q(2) (z e ), (1.2

if there exists a function w(z) which is analytic in U with w(0) = 0 and |w(z)| <
1 (z€U), such that P(z) =Qw(z)) (z€ U). From the definition of the
subordinations, it is easy to show that the subordination (1.2) implies that

P(0)=Q(0) and P(U)c Q(U). (1.3)

In particular, if Q(z) is univalent in U, then the subordination (1.2) is equivalent to
the condition (1.3).

Remark 1.1 Let P(z) and Q(z) be analytic in U. Then the subordination (1.2)
implies that

[P'(0)] < [Q"(0)] (1.4)

and |P'(0)| = |Q'(0)| if and only if P(z) = Q(xz) for some real numbers x with
|x| = 1[5].

Several authors have discussed various subfamilies of the well-known Bazilevi¢
functions B(«) satisfying the geometric condition:

m(ﬁy*ﬂ@§>o

Za—l
where « is greater than 1 (¢ € R). (see, for details, [4]; see also [1, 2, 7, 10, 15])
from various viewpoints such as the perspective of convexity, inclusion theorems,
radii of starlikeness and convexity, boundary rotational problems, subordination
relationships and so on. The class includes the starlike and bounded turning functions
as the cases @ = 0 and a = 1 respectively. Further the study has been extended by
defining a subclass Bazilevic functions of type « order £ if and only if

m(&fﬂﬂwv>ﬁ

Za—l

denoted by B(«, ).
More recently Babalola [3] defined a new subclass A — pseudo starlike function
of order (0 < f < 1) satisfying the analytic condition

2(F1(2)*
m(w)we (zEU,A>1€R) (15)

and denoted by £, (f).
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Remark 1.2
1. Throughout this work, all powers shall mean principal determinations only.
2. If 2 =1, we have the class of starlike functions of order £, which in this
context, are 1 — pseudo —starlike functions of order .
3. If p =0, we simply write £, instead of £;(0).
Further, for 2 = 2 we note that functions in £,(f) are defined by

R(r@Z2)>p  (zev)

which is a product combination of geometric expressions for bounded turning and
starlike functions. Babalola [3] remarked that though for A > 1, these classes of
A —pseudo starlike functions clone the analytic representation of starlike functions, it
is not yet known the possibility of any inclusion relations between them. We recall the
following Lemmas which are relevant for our study.

Lemma 1.3 [3] If z is a complex number having positive real part, then for any
real number ¢ such that t € [0,1], we have R(z") = (R(2))".

Let P be the family of all functions p analytic in U for which R(p(z)) >
0,p(0) =1and

p(z) =1+ c1z+cz° + 323+ (z€ ). (1.6)

Lemma 1.4 [3] Let p € P and R(p(2)) > B. If q(2) = [p(2)]* and t € [0,1],
then ¢(0) = 1 and R(q(2)) > B°.

Recently, Kuroki and Owa [8] also defined the following class of starlike
functions with bounded positive real part.

Definition 1.5 [8] Let a and g be real numbers such that 0 < a <1 < . The
function f € A belongs to the class S(a, B) if f satisfies the following inequality

zf1(z)
a<R(f(Z>)<,B (z € U). (1.7)
Kuroki and Owa [8] also defined an analytic function
Sep(2):U—-C
by
in!gl_—a)
Sap(z) =1+22 ilog( 1‘e_m(1_“f) (1.8)
1-e F-a z

which maps U onto a convex domain w with &« < R(w) < £, conformaly. Further
the study has been extended to the class of convex functions [14](see also [13]).

Motivated by the works of Kuroki and Owa [8] and Sim and Kwon[13, 14], there
has been interest to study the class of analytic functions with bounded positive real
part, in this paper we made an attempt to study the new subclass A —pseudo starlike
function in the open unit disk U which maps U onto the strip domain w with a <
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R (w) < B. Further we estimate bounds of coefficients and solve Fekete-Szeg0
problem for functions in this functional class.

2 Functions With Bounded Positive Real Part
Definition 2.1 Let « and £ be real numbers such that 0 < a« < 1 < . The function
f € A belongs to the class £, («a, B) if f satisfies the following inequality

z(f1(2)*
a<R(W)<ﬁ (ZEU,A>1€R). (2.1)

Remark 2.2 f € £;(a,B) if and only if f satisfies each of the following two
subordination relations:

z(f'z)* 1+ 1 -2a)z

< (z€U,1>1€R)
and
")) 1-(1-2
Z(;((ZZ))) < (1+Z[f)z (z€U,1>1E€R).

By taking A = 2, we define the following new subclass G(«, ) of S.

Example 2.3 Let a« and £ be real numbers such that 0 <a <1 < . The
function f € A belongs to the class £,(a, ) = G(a, B) if f satisfies the following
inequality

a <R(f'(2) %) <B (zEU) (2.2)

Remark 2.4 By specializing the parameter A = 1, we get the definition of the
subclass £, (a, ) = S(a, ) of S satisfying the condition (1.7) studied by Kuroki and
Owa [8].

In our present study we give some example for f € £;(«, f) as follows:

Example 2.5 Let us consider the function f(z) given by

A

1 A-1

in(1—a@) 2
A-1,z )1  B-a. 1-e B-a ¢
Tfo [?"‘ ?llog (W)} dt , A>1
f(2) =4 1-e Free (2.3)
inél—a)
f-—a . rz 1 1-e P~@ ¢ _
LZGXp [T lfo ?log (W) dt], A=1
1-e FB-a ¢

with0 < a < 1 < B . Then we have
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int(1-a)
! A _ 1— B-a
—Z(];((ZZ))) =1+ £ - ? ilog c m(l_a)z =Sqp(z) (z€N).

1—e F-a z
Hence, the function f(z) given by (2.3) satisfies the inequality (2.1) which
implies that f € £, («a, f).
We state the following example for f € G(«, B):

Example 2.6 Let us consider the function f(z) given by

2

in(1—a) 2
1 1 - . 1—-e B—a
f@a=30 {? +%”°g (W)} dt (2.4)
1—e a ¢
with0 < a <1 < f. Then we have
in(1-a)
2f'(z) . B-a [1-e Py
f'@ f(2) 1+ i tlog (o | Sep(2) (z€N).

1—e B-a gz

Hence, the function f(z) given by (2.4) satisfies the inequality (2.2) which
implies that f € G(a, ).

Using the function S, ;(z) defined by (1.8), we state a necessary and sufficient
condition for f € £;(a,B) and f € G(a, B) in the following lemma:

Lemma2.7 Letf € Aand 0 < a <1 < S, then
f € L;(a,pB) ifand only if

m(1—a)
' @)* B-a . 1-¢ F—@
% <1+ na Llog< e_in(l_a)z ), zeU (2.5)
1-e B-a g
and

f € G(a,p) ifand only if

(1—c)
- L—c
f'z )Zl’f((? “Zilog (“",,Tf) z€eU. (2.6)
1-¢ ' F-@ gz

For our discussions, (unless otherwise stated) we let
17:(1 a)

f—a . 1—e P2z -
Sep(z2) =1+ - ilog n(1 a) Z
l1-e - n=1
where
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B, = 2D gin MO0 (=123, .). (2.7)

nm iated
In order to prove our main results we recall the following lemma due to Miller

and Mocanu [9].
Lemma 2.8 [9] Let 22 be a set in the complex plane C and let b be a complex
number such that R(b) > 0. Suppose that a function : C2 X U — C satisfies the
—|b=ipl?
condition (ip,o;z) € O for all real p,o < lzbm—(lbp)' and all z € U. If the function

p(z) defined by p(2) = b + b,z + b,z% + -+ is analytic in U and if

Y(p(2),2p'(2);2) € Q,
then
R(p(2)) >0, (zel).

Theorem 2.9 Let f € A, —<a<1A>1and9‘{(Z(’;((z))))>a|n[U Then

R(ED) >y@, (zew, (2.8)

3y-1)*
where @ = 8100
Y2

Proof. Let p(z) be defined by
1—-y\ z
Then p(z) is analytic in U, p(0) = 1 and

f(2) =1 -v)zp(2) +vz

N z(f' @) _ [A-7y)(@p'(2) +p@) + ]

= Y(p(2),zp'(2)),

) flz) A-yr@)+y
where
_la- J/)(S+r)+)/]l

By using the lemma (2.8) and proceeding similar to the proof of Theorem 2 by
Sim and Kwon [13], we get,

RW(p,0)) S ——7—

Thus the proof is completed.

Theorem 2.10 Letf €A, 1< f < A 1andiR(ZO;'((Z)D ) < B in U. Then

% (12) < 5(p), (z € ), (2.10)

By -1t _
y24
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A
where f = (322;) :

Proof. Let p(2) be defined by
_ 1 (f(@
P2 =1 6( 5)

Z
Then p(z) is analytic in U, p(0) = 1 and

f(z) =1 =6)zp(2) + 5z

2(f'(2)* [ =8)(z'(@) +p@) + 6] ,
= = = Z),Z Z)),
where (7, s) is defined by (2.9). Also by using the lemma (2.8) and proceeding
similar to the proof of Theorem 3 by Sim and Kwon [13], we get,

—_1\4
R@W(p,0)) S ——7— ( ) =B

Thus the proof is completed.
Z 3 z(f1(2)*
Theorem 2.11 Let f € A, <a<1<ﬁ< ,A=>1and a <R o <
B inU. Then

@ <r(M2) <y, @ew

where y(a) and y(f) is given by (2.8) and (2.10).

3. Some Coefficient Problems
Using the subordination (2.5), we find sharp bounds on the second and third
coefficients for f € £;(a, #), making use of the following lemma due to Rogosinki
[12].
Lemma3.l Let P(z) = Yoy Apz™ and Q(2) = X.o=; B,z" be analytic in U.
If P(z) < Q(z) (z € U), then
m m

DAY B m=12,.)

k=1 k=1
Theorem 3.2 If the function f € £;(«a, ), then
2-—a)  m(l-a)
la,| <

T2i-1D° " B«
and
20—a) m(1-a) n(l—a)
las| < (31— 1)sm 5 —a cosﬂ
222 -4+ DB -a) . 1(l—a)
N (24 — 1) S|
Moreover, the equality holds in either inequality if and only if
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A
z PING
A—-1 S t
]{“’ﬁ(e )} at| , a>1
A t
f(2) = 1 0
[ S.p(eit) — 1
zexp f ok ; dt|, A=1

0 4
for some real number 6 (0 < 6 < 2m), where S, z(2) is defined by (1.8).

(A
Proof. Let P(z) = %

=1+ (22-1a,z+[(32—1Das + (22> — 41 + 1)a3]z* + (3.1)
and
Q(2) = Sap(z) =1+ Xy=q Bpz", (3.2)

where B,, is as in (2.7).

Now by applying Lemma 3.1 and using Remark 1.1, we obtain the desired
estimates of |a,| and |as|.

By taking A = 2 we state the following result without proof.

Theorem 3.3 If the function f € G(«, ), then
2 —a) sin n(l—-a)

laz| < 31 B —a
and
- rA-a)y md-a) 2(8-aq) nm(ld-a)
las] < 51 n B —a > B—a  9m sl B—a |

Moreover, the equality holds in either inequality if and only if

1 2
1 [ (S.s(e?0))2
ﬂ@:k[{;%?l}m,
0

for some real number 6 (0 < 6 < 2m), where S, z(2) is defined by (1.8).

4. Fekete-Szegd Problem
Making use of the following lemma we shall solve the Fekete-Szeg6 problem
for f € L(a, B).

Lemma 4.1 (Keogh and Merkers [6]) Let h(z) =1+ hyz+ h,z% + - be a
function with positive real part in U. Then for any complex number v,

|h, — vhZ| < 2max{1, |1 — 2v|}.

Theorem 4.2 Let 0 < a < 1 < B and let the function f given by (1.1) be in the

class £, (a, ). Then for any complex number g,
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las — ua3| < 206~ @) sinn(l_a)
sTHEl =T o) T .

m(l— a) B 2222+ Bu-MH2+ (1 -w]B — ) Sinn(l -a)
B — w22 —1)2 p—a |)

Proof. Let P(z) = Z(’;((Z))) Then, since f € £;(a, B), we have P(z) < Q(2),

where Q(z) is given by (3.2). Let
b - L (P(2)
Q=1 (P(2))

Then his analytlc and has positive real part in the open disk U. We also have

X max {1, cos

=14+ hz+hyz?+ - (z€e).

h —_
P(z) = Q (hg;) (z € ). (4.1)
We find from the equation (4.1) that
Blhl
az = Y
222-1)

Bzhz B1h1 B,h, (2% —4)+ 1)B?h?
(3/1 1) 2 422 — 1)2
which imply that

as =

h, —vh?),

B,
az — paj = s———(
231 -1)

where

1 - B, N [22%2 — 42+ 1+ (32— 1D]B,
Bl (2}. - 1)2 '

Applying Lemma 4.1, we obtain
B4

I et | B NS
2GA-1) |ha — vhi]

|as — pa3| =

|B1]
< mmax{l, |1 —2v|}. (4.2

Substituting
2-a)  m(l-a)
Sin

I8 p—a

B1=

and
B P-a  2n(l-a)
2=~ Sin B—a
in (4.2), we can obtain the results as asserted.
Theorem 4.3 Let 0 < a <1 < g and let the function f given by (1.1) be in the

class G(a, ). Then for any complex number u,
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2-a)  n(l-a)

st o p—a
n(l—a) ~ 205p+ D — a) Sinn(l — a)|}
p—a o1 B—a l)

|as — pa3| <

X max {1, |cos
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