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Abstract

The assembly number of an assembly graph increases if the polygonal paths are
forced to travel along certain edges. This enforcement can be obtained by intro-
ducing loops on the edges and hence introducing the necessity for the polygonal
paths to visit vertices of the loops [9]. In this paper I give formulae for the assem-
bly number of graphs obtained by adding loops on edges, and investigate the sizes
of their assembly numbers and corresponding rigid vertices. I also investigate the
odd index of loop saturated graphs.
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1. Introduction

Gene assembly is a biological process that takes place in a large group of unicellular
organisms called ciliates. Ciliates have two distinct types of nuclei called micronuclei
(MIC) and macronuclei (MAC) [1, 4]. Gene assembly occurs during sexual reproduc-
tion of certain species of ciliates, and this process transforms the micronucleus into the
macronucleus through a number of splicing operations. Spatial graphs with 4-valent
rigid vertices and two endpoints with single valency, called assembly graphs, model
DNA recombination processes that appear in certain species of ciliates. Recombined
genes are modeled by certain types of paths in an assembly graph that make a “perpen-
dicular” turn at each 4-valent vertex of the graph called polygonal paths. The assembly
number of an assembly graph is the minimum number of polygonal paths that visit each
vertex exactly once [5, 9].

An assembly graph 0̂ obtained from a given assembly graph 0 by substituting every
edge of 0 by a loop is called a loop-saturated graph.
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2. Assembly Words and Assembly Graphs

A graph G = (V, E) is a pair consisting of a set of vertices V and a set of edges E
where the two endpoints of an edge in E are vertices in V. If e is an edge and v is an end
point of e, then e is said to be incident to v. The number of edges incident to a vertex v
is called the degree of v. A loop is defined as an edge with one endpoint, contributes 2
to the degree of a vertex [9, 2, 3].

A 4-valent rigid vertex is a vertex of degree 4 for which a cyclic order of edges is
specified. For a 4-valent rigid vertex v, if its incident edges appear in order e1, e2,e3, e4,
we say that e2 and e4 are neighbors with respect to v to e1 (or e3). Vice versa, e1 and e3
are neighbors to e2 (or e4).

Definition 2.1. An assembly graph is a finite connected graph in which all vertices are
rigid and have degree 1 or 4. A vertex with degree 1 is called an endpoint.

The number of 4-valent vertices in an assembly graph 0 is called the size of 0 and
is denoted by |0|.The assembly graph is called trivial if |0| = 0.Two types of paths
are of interest: (a) paths in which consecutive edges are never neighbors with respect
to their common incident vertex and (b) paths in which every pair of consecutive edges
are neighbors with respect to their common incident vertex. A path of type (a) where
no edge is repeated is called a transverse path, or simply a transversal. A path of type
(b) where no vertex is repeated is called a polygonal path. Graphs that have an Eulerian
transversal are called simple assembly graphs. We note that in a simple assembly graph,
if a vertex v is an endpoint of a loop e, then e must be a neighbor of itself [9].
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Figure 1: A transverse path (v0, e0, 1, e1, 1, e2, 2, e3, 3)(b), and a polygonal path
(1, e2, 2, e5, 3) (c) for the simple assembly graph (a).

Definition 2.2. An assembly graph 0 is called simple if there is a transverse Eulerian
path in 0; otherwise, it is called non simple assembly graph.

In a simple assembly graph 0 there is a transverse path γ that contains every edge
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Figure 2: A simple assembly graph that corresponds to an assembly word w = 112332
(left) and a non-simple assembly graph (right).

exactly once. An example of a simple assembly graph and a non-simple assembly graph
are depicted in Figure 2(left) and Figure 2 (right), respectively.

Assembly graphs are of particular interest because of their recent use to model
genome rearrangement in ciliates. Ciliates are unicellular organisms which contain two
types of nuclei, the germline (micronuclear) and somatic (macronuclear). The micronu-
cleus contains segments of DNA found in the macronucleus but often in a permuted
order and separated by non-coding DNA. During sexual reproduction the micronuclear
genome undergoes massive elimination of non-coding DNA and rearrangement to ob-
tain a new macronucleus. Both transversals and polygonal paths model specific parts
of the DNA rearrangement phe- nomenon. In particular, the transversal represents the
micronuclear DNA segment prior to the recombination, the rigid vertices indicate the
recombination sites, and polygonal paths are DNA segments after the rearrangements
[9].

I refer the reader to [5] for a more thorough treatment of the biological background
and I recommend [3] for more on the assembly graph model.

Given a simple assembly graph 0, designate one of the endpoints as initial (i) and
the other endpoint as terminal (t). I call such 0 an oriented (or directed) simple assem-
bly graph with direction from i to t . I consider the transverse path of a directed simple
assembly graph as a path starting at the vertex i and terminating at the vertex t .

A double occurrence word w is a word containing symbols (or letters) from a fi-
nite alphabet such that every symbol in w appears exactly twice. We now establish a
convention for representing simple assembly graphs by words. Let 0 be a simple as-
sembly graph with vertices v1, v2, v3, . . . , vn . Given a transverse Eulerian path of 0 by
γ = (vi0, e1, vi1, . . . , e2n+1, vi(2n+1)) for ik ∈ {1, . . . , n}, note that all vertices except
endpoints, vi0 and vi2n+1 , are visited exactly twice. Thus, we can represent 0 by the
double occurrence word vi1, vi2, . . . , vi2n [6, 8].

A double occurrence wordw with n distinct symbols has size n and length |w| = 2n.
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3. Assembly Number and Loop Saturated Graphs

Two paths are disjoint if they do not have a vertex in common. I are interested in disjoint
polygonal paths that visit every vertex in an assembly graph. A pairwise disjoint set
{γ1, γ2, γ3, . . . , γn} of polygonal paths in 0 is called Hamiltonian if their union contains
all 4-valent vertices of 0. In particular the set of vertices V (0) is a Hamiltonian set of
singletons. A polygonal path γ with no repeating vertices is called Hamiltonian if the
set γ is Hamiltonian.

3.1. Assembly Number

Let 0 be a non-trivial assembly graph. The assembly number of 0 that is denoted by
An(0) is defined by An(0)= min{ k : there exists a Hamiltonian set of polygonal paths
{γ1, γ2, γ3, . . . , γn}in 0}. In particular the assembly number of a graph gives the mini-
mal number of genes that can be encoded by a corresponding DNA sequence.

Note: There is only one assembly word with one letter w = 11. I denote the corre-
sponding assembly graph by 0(1), which is the loop. See the figure below.

Example 3.1. In Figure 3, an assembly graph is given with Hamiltonian set of polygo-
nal paths γ = {γ1, γ2, γ3}.
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Figure 3: Hamiltonian set of polygonal paths γ = {γ1, γ2, γ3}.

Definition 3.2. The assembly graph 0̂ obtained from a given assembly graph 0 with
substituting every edge by a loop 0(1) is called the assembly graph obtained from 0 by
loop-saturation, or a loop-saturated graph.

The assembly graph 0̂◦ obtained from a given assembly graph 0 by substituting
every edge by a loop 0(1), except the edges incident to the endpoints, is called the
assembly graph obtained from 0 by interior loop-saturation. A graph obtained in this
manner is said to be an interior loop-saturated graph.
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Figure 4: Simple assembly graphs and polygonal paths in red lines; in the right, there
are two polygonal paths, one of which is a singleton containing the vertex 4.

Loop-saturated and interior loop-saturated graphs obtained from graphs with 1 and
2 vertices are depicted in Figure 5. If 0̂ is obtained from 0 by loop-saturation, then all
vertices of 0 are vertices of 0̂. In fact, the vertices of 0̂ consist of those from 0 and
vertices incident to loops added by loop-saturation. Moreover, any loop in 0̂ is incident
to a vertex that is not in 0. The loop 0(1) is a loop-saturation of the trivial graph with
two endpoints and no 4-valent vertices.
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Figure 5: Loop-saturated and interior loop-saturated graphs.

Definition 3.3. For an integer n ≥ 0, the set of assembly graphs obtained by interior
loop-saturation from assembly graphs of size n is denoted by Gn .
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For example, G0 consists of only the trivial graph, G1 consists of only one graph
corresponding to the assembly word 1221 depicted in Figure 5 top left. For n = 2,
G2 is the set of assembly graphs corresponding to the assembly words 1221334554,
1223443551 and 1223441553. These graphs correspond to the interior loop-saturated
graphs of size 2 in Figure 5 and are depicted at the bottom right of Figure 5(2a), (2b)
and (2c), respectively. Note that the assembly number of these three graphs is 1.

Definition 3.4. The length of a polygonal path γ , denoted |γ |, is the number of 4-valent
vertices that the path contains.

Definition 3.5. Let γ = {γ1, . . . , γk} be a set of polygonal paths in an assembly graph
0 and assume that |γ1| ≥ |γ2| ≥ · · · ≥ |γk |. The height sequence for γ , denoted by
Ht(γ ), is a sequence of positive integers (|γ1|, . . . , |γk |).

Lemma 3.6. Let H be a loop-saturated or interior loop-saturated assembly graph with
|H | > 2, and γ = {γ1, γ2, . . . , γk} be a minimal Hamiltonian set of polygonal paths.
Then |γi | is odd for each i = 1, 2, . . . , k.

Proof. Let H be a loop-saturated or interior loop-saturated graph obtained from 0, and
let L = V (H) \ V (0). Then, L is the set of all new vertices obtained by loop saturation
of 0. Note that the vertices in every polygonal path alternate between vertices in V (0)
and those in L . We show that each polygonal path γi in a minimum Hamiltonian set of
polygonal paths starts and ends at a loop. This implies that |γi | is odd.

f
v

ve

Figure 6: A polygonal path that doesn’t end at a loop.

Suppose γi is a path in a Hamiltonian set of polygonal paths γ that ends at a vertex
v ∈ V (0) (see Figure 6). There are two cases; either v is incident to an endpoint and
H = 0̂◦ is interior loop-saturated, or v is not incident to an endpoint. In the latter case,
consider the end edge of γi denoted by e. Both edges that are neighbors of e with respect
to v are incident to vertices in L (by construction). Let v′ be one of these vertices and
f the edge with endpoints v and v′. There exists a polygonal path γ j that visits v′ so
v′ must be an end-vertex of γ j . Then substitute the two polygonal paths γi , γ j in the
Hamiltonian set of polygonal paths γ with a single path γi f γ j . The new set of paths is
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Hamiltonian and contains fewer paths than γ . Hence, γ is not a minimum Hamiltonian
set of polygonal paths.

The case when H = 0̂◦ is interior loop-saturated and v is adjacent to an endpoint
follows similarly. In this case, because H has more than two vertices, the vertex v is
adjacent to at least two and at most three loops, one of which must be an endpoint of a
neighbor of the last edge e of the polygonal path γi ending at v. �

In the case when |H | = 2, H must be the interior loop-saturated graph of 0(1), and
it has a polygonal path of length 2.

Theorem 3.7. For any assembly graph 0 with |0| = n, the loop-saturated graph 0̂
obtained from 0 has assembly number n + 1 and the interior loop-saturated graph 0̂◦

has assembly number n − 1.

Proof. Let 0̂ be loop-saturated graph obtained from 0 with |0| = n. Because 0 has
2n+1 edges, |0̂| = 3n+1. We show that An(0̂) = n+1. Let γ = {γ1, γ2, γ3, . . . , γs}

be a minimum Hamiltonian set of polygonal paths of 0̂ and set |γi | = di for all i =
1, · · · , s. Suppose m is the number of singletons in γ . The remaining (s − m) of any
polygonal paths visit all vertices of 0 because every path in γ starts and ends at a loop
as shown in the proof of Lemma 3.6.

Let ki denote the number of vertices in γi for i = 1, 2, 3, . . . , (s−m). Then
s−m∑
i=1

ki =

n. Hence

3n + 1 =
s∑

i=1

di =

s−m∑
i=1

di +

s∑
i=s−m+1

di

=

s−m∑
i=1

(2ki + 1)+ m.

This implies that
s−m∑
i=1

(2ki + 1) = 2
s−m∑
i=1

ki + s − m = 3n + 1 − m. Consequently

2n + s = 3n + 1 and s = n + 1 = An(0̂).
The claim for 0̂◦ follows similarly since |0̂◦| = 3n − 1. �

Definition 3.8. For n ≥ 0, we denote by Ln(0) the loop-saturated simple assembly
graph obtained from a simple assembly graph 0 of size n and by Ln(0(1)) an n-th
loop-iteration of L1(0(0))=0(1)=L0(0(1)), a loop-saturated graph that is formed by suc-
cessively loop-saturated of 0(0), see Fig 7.

Theorem 3.9. The size of Ln(0(1)) that is |Ln(0(1))| =

n∑
i=0

3i for n ≥ 0 and An(Ln(0(1))) =

3n
− |Ln−1(0(1))|, n ≥ 1.
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a b c
d

Figure 7: (a)=0(0),(b)=L1(0(0))=0(1), (c)=L2(0(0))=L1(0(1)),(d)=L3(0(0))=L2(0(1)).

Proof. |L0(0(1))| = |0(1)| = 1 and An(L0(0(1))) = 1. The second loop-iteration of a
simple assembly graph L1(0(1)) is obtained from L0(0(1)). By Lemma 3.7, An(L1(0(1)) =

|L0(01)|+1 = 30
+1 and |L1(0(1))| = 3An(L1(0(1))−2. This implies An(L1(0(1))) =

31
− 30 and |L1(0(1))| = 31

+ 30=
1∑

i=0

3i . We use induction to prove the statement. It is

true for n = 0. Assume that it is true for some positive integer s > n. Then

|Ls(0(1))| =

s∑
i=0

3i . But |Ls+1(0(1))|

= 3|Ls(0(1))| + 1 = 3
s∑

i=0

3i
+ 1

=

s∑
i=0

3i+1
+ 1 =

s+1∑
i=0

3i .

Next we show that An(Ln(0(1))) = 3n
−|Ln−1(0(1))|. It is true for n = 1 as An(L1(0(1))) =

31
− |L0(0(1))| = 2. Assume that the statement is true for some t ≥ n. This implies

An(L t(0(1))) = 3t
− |L t−1(01)|. By Lemma 3.7, An(L t+1(0(1))) = |L t(0(1))| + 1 =

t∑
i=0

3i
+ 1, but

t+1∑
i=0

3i
=

t∑
i=0

3i
+ 3t+1.
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This implies
t+1∑
i=0

3i
−

t∑
i=0

3i
= 3t+1

and

3t+1
−

t∑
i=0

3i
=

t+1∑
i=0

3i
− 2

t∑
i=0

3i

=

t∑
i=0

3i
+ 1 = |L t(0(1))| + 1 = An(L t+1(0(1))).

Consequently An(L t+1(0(1))) = 3t+1
− |L t(0(1)))|. �

Lemma 3.10. For each n ≥ 1, An(Ln(0(1))) = 3An(Ln−1(0(1)))− 1.

Proof. We showed that |Ln(0(1))| = 3|Ln−1(0(1))|+1 and An(Ln(0(1))) = |Ln−1(0(1))|+
1. This implies

3An(Ln(0(1))) = 3|Ln−1(0(1))| + 3 = |Ln(0(1))| + 2

and
3An(Ln(0(1)))− 1 = |Ln(0(1))| + 1.

Hence from Theorem 3.9, An(Ln(0(1))) = 3An(Ln−1(0(1)))− 1, for n ≥ 1. �

Properties: 1) Set β(n) = |Ln(0)|. Then β(n)=3n + 1 for n ≥ 0.

Table 1: The sequence of numbers that corresponds to the size of loop-saturated
simple assembly graphs obtained from 0 of size |0| = n.

|0| = n |Ln(0)|

0 1
1 4
2 7
3 10
4 13
5 16
6 19
7 22
8 25

O E I S A016777
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Let 0(1) be a loop-iterated assembly graph obtained from a trivial graph 0(0) such
that |0(0)|=0.

2) Consider the sequence of numbers An(Ln(0(0))). Set An(Ln(0(0))) = φ(n) and
φ(0) = 0.

φ(n) =


3n−1
+ 1

2
if n ≥ 1

0 if n = 0

Table 2: The sequence of numbers that corresponds to the assembly number of the
n-th loop-iterated simple assembly graphs obtained from 0(0).

Rigid vertices n φ(n)
0 0
1 1
2 2
3 5
4 14
5 41
6 122
7 365
8 1094

O E I S A007051

3) Let m(i) = φ(i)+ φ(i + 1) for i ≥ 1.

m(i) = φ(i)+ φ(i + 1) =
3n−1
+ 1

2
+

3n
+ 1
2
= 1+ 2 ∗ 3n−1 for n ≥ 1.

4) Set |Ln(0(0))| = ψ(n).

ψ(n) =
3n
− 1
2

for n ≥ 0.

5) Define χ(n) = h(
ψ(n)

ψ(n + 1)
) =

2ψ(n)+ ψ(n + 1)
ψ(n)+ 2ψ(n + 1)

, for n ≥ 0. Then χ(n) =

3n+1
− 1

3n+1 + 1
.

The Tables indicate that these sequences are not part of the known sequences listed
in [10].
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Table 3: The sequence of numbers obtained by adding two consecutive assembly
numbers of loop-iterated saturated assembly graphs.

Rigid vertices n m(n)
1 3
2 7
3 19
4 55
5 163
6 487
7 1459
8 4375

O E I S A100702

Table 4: The sequence of numbers corresponds to the size of the n-th loop iterated
saturated assembly graphs.

Rigid vertices n ψ(n)
0 0
1 1
2 4
3 13
4 40
5 121
6 364
7 1093
8 3280

O E I S A003462

4. Loop Saturated Graphs and Index Number

Definition 4.1. Let w be a double occurrence word. A rigid vertex labeled letter m
is said to be odd if the number of the letters that are neither 1 nor the last letter of w
between two copies of m is an odd integer [11].

The number of odd letters is called the odd index of w and denoted by Iodd(w).
The same terms are defined corresponding assembly graphs, and the odd index of an
assembly graph 0 is denoted by odd(0) [7].

Example 4.2. For w = 121323, the vertices 1 and 3 are odd as Iodd(1) = 1 = Iodd(3)
but Iodd(2) = 0 is even, so that Iodd(w) = Iodd(121323) = 2.
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Table 5: This sequence corresponds to the function defined by h
(a

b

)
=

2a + b
a + 2b

where φ(n) = a and b = ψ(n + 1) and limn→∞ψ(n) = 1.

Rigid vertices n χ(n)

0
1
2

1
4
5

2
13
14

3
40
41

4
121
122

5
364
365

6
1093
1094

7
3280
3281

8
9841
9842

O E I S A001764

Definition 4.3. The set of first k natural numbers is denoted by Nk = {1, 2, 3, . . . , k}.
The set A = {α1, α2, . . . , αm} is called an alphabet if for all i ∈ Nm , αi are arbitrary
symbols. The elements of A are then the letters of the alphabet and A is m letter
alphabet. If x ∈ An , i.e., x = x1x2 . . . xn with each xi ∈ A, we say that x is a word of
length n over the alphabet A.

A subword of length k of the word x = x1x2 . . . xn is any word xs xs+1 . . . xs+k−1
where s ∈ Nn−k+1 and k ∈ Nn [8].

Definition 4.4. Let w and w∗ be double occurrence words that correspond to a simple
assembly graph 0w and its loop-iterated saturated graph L1(0w) respectively. Then we
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write p ∈ (w ∩w∗) if p is not a vertex labelled to a loop in L1(0w). We call vertex p a
root vertex.

1

1

2

2

a

b

c

d

(A) (B)

e

Figure 8: (A) = 0w, w = 1212, (B) = L1(0w) = 0w∗, w
∗
= aa1bb2cc1dd2ee.

Note: If p is among the letters in a double occurrence word w, we write p ∈ w;
moreover, all letters p ∈ w are root vertices with respect to the double occurrence word
w∗.

Example 4.5. See Fig 8. The double occurrence words w∗ = aa1bb2 cc1dd2ee and
w = 1212. The root vertices are 1 and 2 as 1, 2 ∈ (w ∩ w∗).

Definition 4.6. Let w be a double occurrence word with initial and terminal end points
1 and z respectively. If a ∈ w such that ai = a = a j for some i , j ∈ N , then we write
Ilast(a) is even and Ilast(a) is odd if the size of the end points between ai and a j are
even and are odd respectively.

Example 4.7. Consider the double occurrence word w = 12134234. Then,
Ilast(2) = 2, end points 1 and 4.
Ilast(3) = 1, end point only 4.
Iodd(2) = 1 = Iodd(3).

Remarks:

• No two of the first end points of a double occurrence word w appear between two
identical symbols.

• if Ilast(a) is even, then either

1) none of the end points appears between two copies of a i.e., Ilast(a) = 0 or,

2) 1 and z appear between two copies of a and Ilast(a) = 2.
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• if Ilast(a) is odd then Ilast(a) = 1 in which case only 1 or only z appears.

Lemma 4.8. For p ∈ w and a subword pw′ p of w, Ilast(p) + Iodd(p) equals the size
of the subword w′.

Theorem 4.9. p ∈ w∗ and Iodd(p) is odd if and only if p ∈ w and for a subword pw′ p
of w the size of the subword w′, |w′|, is odd.

Proof. Suppose p ∈ w∗ and Iodd(p) is odd. Then p can not be a vertex that corresponds
to a loop because pp is a subword of w∗ and Iodd(p) is even. Hence p ∈ (w ∩w∗) and
is a root vertex.

Consider a subword pw′ p = pp1 p2 . . . p j+1 p of w. For some j , there exist a se-
quence of alphabets a1, a2, . . . , a j labeled to loops of a simple assembly graph 0w∗ that
corresponds to a double occurrence wordw∗ such that pyp = pa1a1 p1a2a2 p2a3a3, . . . , a j
a j p j+1 p is a subword of w∗. Because Ilast(y) = Ilast(p) = 0, Iodd(p) is odd implies,
Ilast(p) + Iodd(p) = |y| = |a1a1 p1a2a2 p2a3 a3 . . . a j a j p j+1| = |p1 p2, . . . , p j+1| +

2|a1a2, . . . , a j | = 2n + 1 for some n ∈ N . Hence w′ is a subword of w and |w′| =
|p1 p2 . . . p j+1| = 2(n − j)+ 1 is odd.

Conversely, suppose p ∈ w and pw′ p is a subword of w with |w′| is odd. There
is a subword pai ai+1 . . . ai+m p of w such that |w′| = |ai ai+1 . . . ai+m | = 2k + 1 for
some k ∈ N . The vertices p, ai , ai+1, . . . , ai+m ∈ (w ∩ w

∗). This implies a subword
t = px j x j ai x j+1x j+1ai+1 . . . x j+m x j+m ai+m p of w∗ exists where Ilast(p) = 0 and
|t | = |ai ai+1 . . . ai+m | + 2|x j x j+1 . . . x j+m−1x j+m | − 2 = 2k + 1 + 2(m + 1) − 2 =
2(k + m)+ 1. Consequently, the size of the subword t is odd and Iodd(p) is odd. �

Theorem 4.10. For a given double occurrence wordw and a subword p = ai bi+1 . . . bi+m
a j ofw where ai = a = a j for some i, j ∈ N , the size of the subword bi+1bi+2 . . . bi+m
is odd if and only if i and j have the same parity.

Proof. Suppose a ∈ w, ai = a = a j for some i, j ∈ N , j > i and the size of the
subword t = bi+1bi+2 . . . bi+m is odd. Set p = ai ta j . Then |p| = |ai ta j | = |t | + 2 =
j − i + 1 is odd and |p| = 2n + 1 for some n ∈ N . This implies j − i = 2n and hence
j and i are either both even or both odd, i.e., i and j have the same parity.

Conversely, suppose for any given subword p = ai bi+1 . . . bi+ma j of a double oc-
currence word w, i and j have the same parity.

Case 1. i and j are even:
This means that i = 2y, j = 2x for some x, y ∈ N and y < x . Therefore 2y +
|bi+1 . . . bi+m | + 1 = 2x and |bi+1 . . . bi+m | = 2(x − y) − 1. Hence, the size of the
subword bi+1 . . . bi+m is odd.

Case 2. i and j are odd:
For some x, y ∈ N and x > y, i = 2y+1, j = 2x+1. Then we have |bi+1bi+2 . . . bi+m | =

2x + 1− (2y + 1)− 1 = 2(x − y)− 1 which implies the subword is of odd length. �
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Theorem 4.11. Given a double occurrence word w with a symbol p ∈ w such that
pi = p = p j in the order and Ilast(p) is even. Then Iodd(p) is odd if and only if i and
j have the same parity.

Proof. Suppose pi = p = p j , j > i and Ilast(p) is even. There exists a subword
pi ti+1ti+2 . . . ti+m p j of w with Ilast(p) = 0 or 2. Let A be the set of all symbols of
Ilast(p) and B = {ti+1, ti+2, . . . , ti+m}\A. Given that Iodd(p) is odd, we have |B| =
2n + 1 for some n ∈ N .

This implies

|ti+1ti+2 . . . ti+m | = |B| + |A| =

{
2n + 3, if |A| = 2
2n + 1, if |A| = 0

and then the size of the subword pi ti+1ti+2 . . . ti+m p j equals

j − i + 1 =

{
2n + 5, if |A| = 2
2n + 3, if |A| = 0

which implies j − i = 2(n+ 2) or j − i = 2(n+ 1). Thus j and i have the same parity.
Conversely suppose pi = p = p j and Ilast(p) is even and i and j have the same

parity, i.e., i and j are both even or both odd. We show that Iodd(p) is odd. Consider
the subword w1 = pi ti+1ti+2 . . . ti+m p j of a double occurrence word w.

Then the size ofw1, |w1| = j− i+1 is odd and |ti+1ti+2 . . . ti+m | is also odd. Given
that Ilast(p) is even and from the fact that Iodd(p) = |w1| − Ilast(p), it follows Iodd(p)
is odd. �

Theorem 4.12. Given a double occurrence word w with a symbol p ∈ w such that
pi = p = p j , j > i and Ilast(p) is odd. Then i and j have opposite parity if and only
if Iodd(p) is odd.

Definition 4.13. Two distinct symbols in a double occurrence word w are said to be
interlaced if each appears precisely once between the two occurrences of the other.

Example 4.14. Consider the double occurrence word w = 12314243. The symbols 1
and 3 are interlaced but 3 and 4 are not.

Theorem 4.15. If a symbol a ∈ w is odd then at least one of the symbol b ∈ w is
interlaced with a.

5. Conclusion

In the sections above, we introduced loop-saturated assembly graphs and their proper-
ties associated with the assembly numbers, the size of the graphs and the index number.
We also showed some sequences of numbers that are not included in The On-Line Ency-
clopedia of Integer Sequences. Now we conclude the paper with some open questions.
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Let n ≥ 1 be an integer and let w be the double occurrence word of size n and 0 is a
simple assembly graph that corresponds to a double occurrence word w. What is the
odd index of 0? For a ∈ w, what is the maximum of Iodd(a)? Can we characterize
double occurrence words that have the same odd index?
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