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Abstract

This paper presents an optimal control Theory to manage three stages dynamic
supply chain model with deteriorating items. The model is continuous time
linear optimal control system to optimize both manufacture rate and dynamic
price to maximize total supply chain revenue minus total cost. Assuming the
demand is linear function of price. Supply chain cost consists of the vendor
holding cost, the buyer holding cost and the vendor manufacture cost.
Pontryagin Maximum Principle is applied to find the model optimal solution.
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1. Introduction

Many applications in operations research, management science, economics, and
industrial engineering and finance involve the control of dynamic systems. i.e.,
systems those change with time. They named continuous time systems or discrete
time systems. [13] described a model to adjust the inventory production system with
deteriorating items in which the model is solved by two methods. The first method is
solved using the control theory approach. The second method is solved using dynamic
Programming technique. [11] Presented a production inventory model for both
ameliorating and deteriorating items. The problem is an optimal control problem with
inequality constraints, in which the model is derived and is solved using Pontryagin's
maximum principle. [5] described a model to analyze and to achieve planned
economic performance in a actual time vague and commotion. The execution
environment is vital and modern issue in many supply chains. This study is
considered as among the first papers addressing the operative perspective of the
supply chain dynamic domain [2] studied a inventory production system with



216 Hegazy Zaher, Taher Taha Zaki

deteriorating items in which the inventory model is considered as linear optimal
control problem and the model is solved analytically using optimal control theory. [4]
Dealt with long-term demand-driven capacity planning in the reverse way of closed
loop supply chains with remanufacturing. The model is solved using simulation-based
system approach to find the total supply chain profit. [12] Presented a new scheme
where the new policy iteration technique is used to solve the continuous time LQR
problem without knowing about the system detail dynamics. The optimal control
solution of linear time system is solved using algebraic Riccati equation.

[3] Presented optimal control of production inventory system considering
deteriorating items. The main objective of this study is to determine minimum total
production and inventory costs. [10] Focused on inventory system in supply chain
using cooperative model to create predictive control to optimize overall supply chain
objective. He developed a model predictive control algorithm which is suitable for
stability system, and is applied in supply chain models. In this paper the optimal
control model having general inequality constraints is considered and is solved using
Pontryagin's maximum principle.

2. Assumptions and Notations

The model consists of a vendor who produces a homogeneous product keeping safety
stock in his inventory and distributes it to a buyer who sells the product to end
customer. The objective is to maximize total revenue minus supply chain total cost
by optimize the dynamic price and manufacture rate. Assuming the price is linear
decreasing function with the sales.

Inputs
T : Time horizon

U - Maximum Vendor production.
h,: Buyer holding cost.
h,: Vendor holding cost.

o : Deterioration rate of the product

¢ . The production cost coefficient

a,b : Coefficients used for the product at time t in linear relationship between price
and sales

s(t) =a —b p(t)

apr . Production goal level of the vendor

X, : Inventory goal level of the vendor (safety stock)

X,: Inventory goal level of the buyer (safety stock)

P(t) : Price of one unit of the product at time t (control variable)

u,, (t): Production rate at time t (control variable.)

x,: Inventory level (number of units) of buyer at time t (state variable).

X, - Inventory level (umber of units) of vendor at time t (state variable).
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The problem seeks to maximize the revenue minus the inventory and productions
costs. The objective function of the model can be written as:

Maximize
T
[ | o502 b5, =5 2 0,0 %, F =5 0=, P (1)
0
Subject to

X3 = —s(t)—6x, (1)

(2)
Xy = Upr (t) —s(t)-ex, (1)

©)
st) za _b p (t) v te [07]

(4)
Upr (t) < U nax vVite [O’T]

(5)

a(t)

p(t) < bt)

(6)
Upr (1) X, () %, (1) p(t)sq

(7)

With initial condition
Xl (0):)(10 ' X2 (O) =X20 '
The first term in objective function represents income revenue, the second term

represents holding cost of vendor, the thirds term represents holding cost of buyer and
last term represents manufacture cost.

3. Mathematical Analysis
In this section, a maximum principle for problems involving mixed inequality
constraints and the pure state variable inequality constraints is applied [1],[7],[9].

h(x,t) >0 (8)

Where the function h:E"xe* —EP is assumed to be continuously differentiable.
Function hrepresents a set of p constraints h; (x,t) >0,i=123,...., p .

The Lagrangian function can be stated as
L(X,U, A, 11,77) = H(X, U, A4, t) +29(x, u,t) +7ht(x,u,t) (9)

Where Hamiltonian H = F(x,u,t)+Af (x,u,t) and A is costate variable
w satisfies the complementary slackness conditions
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©4>0, g(xu,t)=0 and n<EP Satisfies #7>0,7(x,t)=0, 7<0
Form the Lagrangian function as

L= POSO) -3 Py 0 = 50) = 1y (6 ~%2)% = (Upe ~pr)? = A, (SO +61%,)
2 Uy =S~ K) + (0% + 3 (0% + 4 O~ PUO)+ 14 DU~ )

+1, ()X, +17, ()%, (10)

Where (1) , (), w,(®) . wy (), n (1), n,(t)satisfy the complementary
slackness conditions

w20, wu, (t)=0 (11)
1,20, w,pt)=0 (12)
PRCELE %— p(t) =0 (13)
H#y1) 20, Uy —U, =0 (14)
m=20 , px()=0 (15)
7,20 , 17,%(t)=0 (16)

Differentiate lagrangian equation with respect to u,,p to obtain optimal
production rate and optimal price respectively.

Uy ()= U, + ﬁZC(t) (17)
_a Al 4O
p(t) = 2b+ 5 + 5 (18)

From equations (17 ), ( 18) and nonnegative constraints it is clear that

w®), oy (t) v g () My (t) ) 771(t) 11,() =0
Substitute equations (17),( 18) in equation (1),(2) to obtain state equations.

% =-a Alb A b
Lty g %O (19)
. A, b A, () A4 (t)b
%, = pr_%+ 2;) + zc()+ 1(2) &, (20)
To get costate equations —% , —%
1 2
A= h(x () -%)+ 4,0 1)

Ay = M (X ®)—%)+4,0 (22)

The equations (19),(20),(21),(22) can be put in matrix form
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b b | -a
W] |70 05 5 [k =
X
2l=l0 -—p@ b 9.,_1 X, () _la r_ﬂ (23)
A 2 2 cf A 2
i, h 0 6 0 400 .
0 h, 0 0 |° | —%,h, |
With initial and final conditions
X;(0) X10
XZ(O) _ XZO (24)
A4 (T) 0
A,(T) 0

The equation (23) is in the form of
X= Ax+Db
Obtain the eigen values «;,«,,a; a, Of matrix A then obtain the eigen vectors from

[A-a;lly; =0 (25)

The complete solution of equation (23) consists of homogenous solution X+
particular solution X using variation parameters technique.

Yiz Y1 Ya1 Y41—_Clealw
Va2 Y22 Va2 Yao [ cpe® (26)

Xp = agt
Yiz Y23 Y33 Yaz | Cze™®
Yia Yoa Yas VYaa] et |
Yiu Yo Ya1 y41__ Le™ |
X, = Yio Yoo Y32 Va2 Lzeazt (27)

Yis Y2z Va3 Vaz | Lge™
Yia You Yas Vas | Lse™ |

Let z is the inverse of the matrix y

I -a ]
C ot -a
L,e™ Zyy Iy 113 Iy 2
: t
L,e™ | |Z12 Zap I3 Ig g2 (28)
Coaagt | T Pr o
Lse Z13 Zp3 I33 I43 5

h

Lot | | 2es 2o Zas Zaa| 2R
4€ 14 24 34 44 | w.h

VALV

From equation (28) by integration L, to get L, forall i=1,23,4

Li()= }e_ati (Zi1|:_%:l+ Zi2|:0 pr —%} = Zigh Xy —2j4h, %4 )dt (29)
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The complete solution is given by:

X (t) Yir Y21 Ya1 VYar || ce™ Le™
X2 _|Yi2 Yoo Y32 Ya Czezztt N Lzezztt (30)
M) | | Yis Y2z Yaz VYas||cge™ Lye”

220 [ Yia Yoa Yaa Yaal[cqe® | | L™

4. Numerical Example
In this section numerical example is studied.

Assume h1=$1, hy, =$2, ¢=3$3 per unit product U, =25 X,=40, %x,=25, ¢=0.02,
T=5.

With initial condition x, (0)=30, x, (0) =10,a=15 b=0.5.

Fig (1) is the graph of optimal production as function of time.

Fig (2) is the graph of optimal price as function of time.
Fig (3) is the graph of inventory level for both the vendor and the buyer.
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Fig (1) Optimal Production
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Fig (3) Inventory Level of the buyer and the vendor

5. Conclusion

This paper descried the solution of dynamic three stages supply chain (customers —
distributors — manufacturers). The optimal solution is reached by adjusting dynamic
price and production rate to maximize total revenue minus total holding cost. The
model can be extended to include transportation cost, order cost and shortage cost.



222

Hegazy Zaher, Taher Taha Zaki

6. References

[1]
[2]

[3]

[4]

[5]

[6]

[7]
[8]
[9]

[10]

[11]

[12]

[13]

Athans, M., and P. L. Falb, 1965."Optimal Control: An Introduction to the
Theory and Its Applications™ , New York: McGraw-Hill Book Company.
Baten M. A, A. A.Kamil , 2009."An Optimal Control Approach to Inventory
Production System with Weibull Distributed Deterioration”, Journal of
Mathematics and Statistics 5 (3):206-214.

Emamverdi G. A., M. S. Karimim and M. Safiee, 2011,"Application of
Optimal Control Theory to Adjust the Production Rate of Deteriorating
Inventory System". Middle East journal of Scientific Researchl10 (4); 526-531,
2011 ISSN1990-9233.

Georiads p., Athanasiou E.(2013). “Flexible Long Term Capacity Planning in
Closed Loop Supply Chains with Remanufacturing. “,European Journal of
Operational Research 225,44-58 .

Ivanov D., B. Sokolov, 2013. "Control and System- Theoretic Identification
of the Supply Chain Dynamics Domain for Planning, Analysis and Adaptation
of Performance under Uncertainty”, European Journal of Operational
Research, 224 (2013) 313-323.

Moton |. Kamien, Nancy L. Shwartz , 1981."Dynamic Optimization The
Calculus of variation and Optimal Control in Economics & Management"”,
Elsevier North Holand Inc.

Naidu D.S.,2003," Optimal Control Systems,." By CRC Press LLC. ISBN 0-
8493-0892-5,

Katsuhiko Ogata; "Modern Control Engineering”, Fifth Edition Prentice Hall,
2010

Sethi P. and G. L. Thompson, 2000..”Optimal Control Theory, Applications to
Management Science and Economics.” 2nd Edn., Springer, USA., Inc. ISBN
0792386086.

Subramanian Kaushiik ,James B. Rawlings, Christos T., Maravelias, James —
Cerrillo, Lawrence Megan , 2013. “Integration of Control Theory and
Scheduling Methods for Supply  Chain Management” , computer and
chemical Engineering 51 4-20.

Tadj L. Sarhan M. and EI-Gohary 2008.” A. Optimal control of an inventory
system with ~ Ameliorating and Deteriorating Items” Applied Sciences,
Vol.10, 2008, pp. 243-255 .

Varbie D., O.Pastravanu and Khalf, M.,2009,” Optimal Control for
Continuous-Time Linear Systems Based on Policy Iteration”, Automatica,
45(4): 477-484.

Zaher Hegazy , ,T. T. Zaki, 2014."Optimal control to solve production
Inventory System in Supply Chain Management”, journal of mathematics
research, vol. 6, No.4.



