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Abstract

In this paper, the notion of vague I'-semiring of a I'-semiring is introduced and
studied various properties. The operations and relations on vague I'-semirings are
defined and established various relations on them. Further it is shown that the class of
all vague I'-semirings is a De-Morgan algebra.
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1. Introduction

W.L.Gau and D.J.Buehrer[12] introduced the theory of vague sets as an
improvement of the theory of fuzzy sets in approximating the real life situation.
Vague sets are higher order fuzzy sets. According to them a vague set A in the
universe of discourse U is a pair (ta, fa), where ta and fa are fuzzy subsets of U
satisfying ta (u) + fa(u) <1, V u e U. Ranjit Biswas[10] initiated the study of vague
algebra by introducing the concepts of vague groups and vague normal groups. H.
Khan, M. Ahmad and Ranjit Biswas[1] introduced the notion of vague relations and
studied some properties of them. N. Ramakrishna[7,8] continued this study by
studying vague cosets, vague products and several properties related to them. Y.B.Jun
and C.H.Park[13] introduced the concept of vague ideals in subtraction algebra.
T.Eswarlal[11] introduced the concepts of vague ideals and normal vague ideals in
semirings.

In the theory of vague sets studied so far the membership function and non-
membership function assume the values in [0, 1] of real numbers. Though
K.T.Attanassov indicated the development of theory of intuitionistic fuzzy sets with
the membership and non-membership function taking values in [0, 1] of real numbers
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and an arbitrary lattice L, so far, it seems no progress is made in that direction.
However the theory of fuzzy I'-semirings has been developed extensively by many
authors like Jayanta Ghosh, T.K.Samanta, T.K.Dutta, Sujit Kumar Sardar etc. The
vague sets of W.L.Gau and D.J.Buehrer[12] and K.T.Attanasov[3]'s intuitionistic
fuzzy sets are mathematically equivalent objects. There is a controversy about the
name intuitionistic fuzzy sets. Without entering into that controversy we prefer the
terminology of vague sets.

The concept of gamma in algebra was introduced and studied first by
N.Nobusawa[6] in 1964 and further established I'-ring. In fact, there have been a few
slightly different definition on a I'-ring. In 1995, M.K.Rao[5] introduced the notion of
I'-semiring as a generalization of I"-ring as well as semiring and studied the concepts
of T'-semirings and its sub I'-semirings with a left(right) unity. After that I'-semirings
have been analyzed by lot of mathematicians. Further on I'-semirings, the study
properties of fuzzy ideals, fuzzy prime ideals, fuzzy semiprime ideals and their
generalizations play an important role in their structure theory. In this paper, the
authors proposed to study vague I'-semiring of a I'-semiring R, as a pair of mappings
(ta, Ta), where taand fa are mappings on [0, 1] satisfying the condition ta(x) + fa(x) <
1, V x € R. we established a one-one correspondence between vague I'-semiring A
and its vague cut, A, p), Where a, B € [0, 1] with o < B. Also we observed that the
characteristic function of a non-empty subset of a I'-semiring R is a vague I"-semiring
of R. Further we investigated that the collection of vague I'-semirings of a I'-semiring
R forms a De-Morgan algebra.

2.Preliminaries:

Definition 2.1: Let R and I" be two additive commutative semigroups. Then R is
called I'-semiring if there exists a mapping R x I' x R — R image to be denoted by
aob fora, b € Rand a e T satisfying the following conditions.

1. ao(b + c) = aab + anc

2. (a+ b)ac =aac + bac

3. a(a + B)c = aac + afc

4. ao (bBc) = (aab)Bc, Va,b,ce R;a, B eT.

Definition 2.2: A nonempty subset S of a I'-semiring R is said to be a sub I"-semiring
of Rif (S, +) is a sub semigroup of (R, +) andaob € S,Va,be Sanda € T

Definition 2.3: Let X be any non-empty set. A mapping 1 : X — [0,1] is called a
fuzzy subset of R.

Definition 2.4: A vague set A in the universe of discourse U is a pair (ta, fa), where
ta: U — [0, 1], fa : U —[0, 1] are mappings such that ta(u) + fa(u) <1, V u € U. The
functions ta and fa are called true membership function and false membership
function respectively.
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Definition 2.5: The interval [ta(u), 1 — fa(u)] is called the vague value of u in A and it
is denoted by Va(u) i.e., Va(u) = [ta(u), 1 — fa(u)].

Definition 2.6: A vague set A is contained in the other vague set B, A c B if and
only if Va(u) < Vg(u) i.e., ta(u) < tg(u) and 1 — fa(u) <1 —fg(u), Vu € U.

Definition 2.7: Two vague sets A and B are equal written as A = B, if and only if
AcBandBc Ai.e., Va(u) <Vp(u)and Vg(u) <Va(u), Vue U.

Definition 2.8: The union of two vague sets A and B with respective truth
membership and membership functions ta, fa : tg, s Is a vague set C, writtenas C = A
B, whose truth membership and false membership functions are related to those of
Aand B by tc= max{tA, tB} and 1 — fc = max{l —fa, 1 - fB} =1- min{fA, fB}

Definition 2.9: The intersection of two vague sets A and B with respective truth
membership and membership functions ta, fa : tg, g is a vague set C, writtenas C = A
M B, whose truth membership and false membership functions are related to those of
Aand B by tc= min{tA, tB} and 1 — fC = mm{l - fA, 1- fB} =1- max{fA, fB}

Definition 2.10: A vague set A of aset U with ta(u) =0and fa(u)=1,YVue Uis
called zero vague set of U.

Definition 2.11: A vague set A of aset U with ta(u) =1 and fa(u) =0,V ue Uis
called unit vague set of U.

Definition 2.12: Let A be a vague set of a universe U with true membership function
ta and false membership function fa. For a, p € [0,1] with o < B, the (o, B)- cut or
vague cut of a vague set A is the crisp subset of U is given by

App = {X € U/ Va(X) 2 [a, B} 1., Ap= {X € Ul ta(X) > ac and 1 — fa(X) > B}.

Definition 2.13: The a-cut, A, of the vague set A is the (a, a)-cut of A and hence
given by A, = {X € U/ ta(X) > o}

3. Vague I'-semirings:

We begin with the following.

Definition 3.1: Let R be a I'-semiring. A vague set A = (ta, fa) on R is said to be
vague I'-semiring if the following conditions are true:

Forallx,y e R; y e I, Va(Xx + y) > min{Va(x), Va(y)} and
Va(xyy) 2 min{Va(x), Va(y)}

i.e., 1. ta(x + y) > min{ta(x), ta(y)},
1 —fa(x +y) 2min{l — fa(x), I — fa(y)} and
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2. ta(xyy) = min{ta(x), ta(y)},
1- fA(X'yy) > mm{l - fA(X), 11— fA(y)}

Example 3.2: Let R be the set of negative integers and I" be the set of negative even
integers. Then R, T" are additive commutative semigroups.

Define the mapping R x I' x R — R by aab usual product of a, o, b, Va,b e R; a €
I'. Then R is a I'-semiring.

Let A = (ta, fa), where ta : R — [0, 1] and fa : R — [0, 1] defined by

0.5if x=-1 0.5if x=-1
ta(X) = <0.7if x=-2 and fa(x) =<0.2if x=-2
0.9if x<-2 0.1if x<-2

Then A is a vague I"-semiring of R.

Example 3.3: Let R be the set of real numbers and I' be the set of positive numbers.
Then R, T" are additive commutative semigroups.

Define the mapping R x I' x R — R by aab usual product of a, a,, b, Va,b e R; o
I'. Then R is a I"-semiring.

Let A = (ta, fa), where ta : R — [0, 1] and fa : R — [0, 1] defined by

0.8if x=0 0.2if x=0
ta(X) = <0.61f xis positive and fa(x) = <0.3if xis positive
0.5if xis negative 0.5if xis negative

Then A is a vague I'-semiring of R.

Example 3.4: Let R be the set of all positive integers of the form 4n and I' be the set
of all positive integers of the form 3n, where n is a positive integer. Then R, I' are
additive commutative semigroups.

Define the mapping R x I' x R — R by aab usual product of a, o, b, Va,b € R; a0 €
I'. Then R is a I'-semiring.

Let A = (ta, fa), where ta : R — [0, 1] and fa : R — [0, 1] defined by

) = 0.8if x> 20 and £ = 0.2if x> 20
AT 0.6i0F x<20 A7 10.30f x<20

Then A is a vague I'-semiring of R.

Theorem 3.5: A necessary and sufficient condition for a vague set A = (ta, fa) of aT'-
semiring R to be a vague I'-semiring of R is that ta and 1 — fa are fuzzy I'-semirings
of R.

Proof: Suppose A = (ta, fa) is a vague I'-semiring of R.
Letx,yeR; yel.
We have Va(x +Yy) > min{Va(x), Va(y)}and
Va(xyy) = min{Va(x), Va(y)}
Le., 1. ta(x +y) 2 min{tax), ta(y)}
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1 —fa(x +y) >min{l — fa(x), 1 — fa(y)} and
2. ta(xyy) = min{ta(x), ta(y)}
1 = fa(xyy) _min{l — fa(x), 1 = fa(y)}
Hence ta and 1 — fa are fuzzy I'-semirings of R.
The converse part is obvious from the definition.

Theorem 3.6: Let R be a I'-semiring. A vague set A of R is a vague I'-semiring of R
if and only if for all o, B € [0, 1], the (a, B) - cut, A, p) is a sub I'-semiring of R.

Proof: Suppose A is a vague I'-semiring of R.
Letx,y e A, pand yeT.
=Va(x) = [a, p] and Va(y) = [a, f]
We have 1.Va(X +y) > min {Va(x), Va(y)} = [c, B]
= X+Y € A p.
2.Va(xyy) = min{Va(x), Va(y)} = [, B]
= XYY € A p).
Hence A, p) is a sub I"-semiring of R.
Conversely suppose that A, p) is a sub I'-semiring of R.
Letx,ye Rand yeT.
Let VA(X) = [061, Bl] and VA(y) = [062, Bz]
pUt [0('9 B] = min{[ala 61]1 [O('Za BZ]}
ThenX,y € A, p)
=>XtYye A(ou B) and XYy € A(cx, B)
=VaX +y) > [a, B] = min {Va(x), Va(y)} and

Va(xyy) = [a, B] = min {Va(x), Va(y)}
Hence A is a vague I'-semiring of R.

Corollary 3.7: Let A be a vague I'-semiring of R. Then for a € [0, 1], the a-cut A, is
a sub I'-semiring of R.

Definition 3.8: Let 8= (t;, f5) be a vague set of a I'-semiring R. For any subset S of R,
the characteristic function of S taking values in [0, 1] of a vague set ds = (55 , f s by

\_{[1,1] ifx € S

57700l ifx ¢ S
- |1ifx e S - |0ifx € S
e, t, €= ) and f, € =<
° Oifx ¢ S ° lifx ¢ S

Then s is called the vague characteristic set of S in [0, 1].



122 Y.Bhargavi and T.Eswarlal

Theorem 3.9: Let S be a non-empty subset of a I'-semiring R. Then Js is a vague I'-
semiring of R if and only if S is a sub I"-semiring of R.

Proof: Suppose ds is a vague I'-semiring of R.
Letx,yeSandye€eT.
We have 1. V, (x +y) =min{V,_ (x), V, (¥)} =[1, 1] and

2.V (xyy) 2 min{V, (x), Vs (V)} = [1, 1].
which implies that X + y € S and xyy € S.
Hence S is a sub I'-semiring of R.
Conversely assume that S is a sub I'-semiring of R.
Letx,yeRandye€T.
Ifx,y €S, thenx +y € S and xyy € S.
So, 1.V, (x +y) =[1,1] = min{V,_(x), V,_ (y)} and

2.V, (xyy) =[1,1]1=min{V, (), V, (¥)}.
IfX,y ¢ S,thenx +y ¢ S and xyy ¢ S.
So, 1.V, (x +y) =[0,0] = min{V,_ (x), V, (y)}and

2.V, (xyy) =[0,0] = min{V,_(x), Vs (V)}.
Ifx ¢ Sandy € S,thenx +y ¢ Sand Xyy ¢ S.
So, 1.V, (x +y) =[0,0] = min{V,_ (x), V, (y)}and

2.V, (xyy) =[0,0] = min{V, (x), V,, (¥)}-
A Similar argument forx e Sand y ¢ S.
Hence 0s is a vague I'-semiring of R.

Theorem 3.10: Let A be a vague set of a I'-semiring R. Then the two vague cuts

A, p-and A, , - where ai, 0z, B, B2 € [0,1] with [as, Ba] < [0z, ] are equal if and

only if there is no X € R such that [ay, B1] < Va(X) < [az, B2].

Proof: Suppose A, ,-and A, , -areequal.

Suppose if possible there exists x € R such that [as, B1] < Va(x) < [02,B2].
i.e., VA(X) > [(11,[31]
= XE Aeﬁﬁl: = A(Xzﬁzj
= Va(X) = Ag, 4~
Which is a contradiction.
Hence there exists no X € R such that [ay, B1] < Va(X) < [0z, 2]
Conversely suppose that there exists no X € R such that [ay, B1] < Va(x) < [ag, B2].

Suppose if possible A, ;-7 Ag, 4,

= there exists X € [oa, B and X g A, , -~

i.e., VA(X) > [(11, Bl] and VA(X) < [(12, Bz]
So, there exists X € R such that [a1, B1] < Va(x) < [0z, B2]-
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Which is a contradiction.

Hence A¢11v/31:: A(xzﬁz:'

Theorem 3.11: Let S be a sub I'-semiring of a I'-semiring R. Then for any 0 < a < <
1, there exists a vague I'-semiring A of R such that A, g = S.

Proof: Let S be a sub I'-semiring of a I"-semiring R.
Define a vague set A on R by

(e plifx e S
AT 001 iFx e S

Clearly A, p) = S.

Letx,y€ERandy€T.

IfX,y €S, thenx +y € S and xyy € S.

So, 1. Va(x +y) = [0, B] = min{Va(X), Va(y)} and
2. Va(xyy) = [0, B] = min{Va(X),Va(y)}-

IfX,y ¢ S,thenx +y ¢ S and xyy ¢ S.

So, 1. Va(x +y) = [0, 0] = min{Va(x), Va(y)} and
2. Va(xyy) = [0, 0] = min{Va(x),Va(y)}.

Ifxe Sandy € S,thenx+y ¢ Sand xyy ¢ S.

So, 1. Va(x +y) = [0, 0] = min{Va(x), Va(y)} and
2. Va(xyy) = [0, 0] = min{Va(x),Va(y)}.

Finally a similar argument forx € Sandy ¢ S.

Hence A is a vague I'-semiring of R such that A, g, = S.

Theorem 3.12: Let A be a I'-semiring of a I'-semiring of R. Then Ra = {x € R/ Va(X)
= Va(0)} is a sub I'-semiring of R.

Proof: Letx,y € Raandy €T.

S0, Va(X) = Va(0) and Va(y) = Va(0).

Now, 1. Va(x +y) > min{Va(X), Va(y)} = Va(0) and
2. Va(xyy) 2 min{Va(x), Va(y)} = Va(0).

Sothat x + y € Ra and xyy € Ra.

Thus Ra is a sub I'-semiring of R.

Theorem 3.13: Let A, B be two vague I'-semirings of a I"-semiring R. Then AnB is a
vague I'-semiring of R.

Proof: Let A = (ta, fa) and B = (tg, fg) be two vague I'-semirings of a I'-semiring R.
Letx,yeERandy€T.
ta~(X +Y) = min{ta(x +y), ta(x + y)}

> min{min{ta(x), ta(y)}, min{ts(x), ta(y)}}

= min{min{ta(x), ts(x)}, min{ta(y), te(y)}}

= min{tas(x), ta-s(y)}-



124 Y.Bhargavi and T.Eswarlal

and

I—fas(xX+y)= min{l—fA(X + y), l—fB(X + y)}
> min{min{1—fa(X), 1-fa(y)}, min{1—fz(X), 1-fs(y)}}
= min{min{1—fa(X), 1-fg(x)}, min{1—fa(y),1—fa(Y)}}
= Inll’l{ l_fAmB (X), l_fAmB(y)}-

Similarly we can prove that ta g (x +y) > min{tas(X), ta~s(y)} and

1-fa~g(x +y) = min{l—fa-g(x), 1-fa-s(Y)}-

Hence ANB is a vague I'-semiring of R.

Theorem 3.13: Let A(R) be the set of all vague I'-semirings of a I'-semiring R. Then
(A(R), ©) is a poset.

Proof : Let A, B, C € A(R).

1. Always A c A, for all A eA(R).

So, c is reflexive.

2.LetAcBandBc A

= A=B.

So, c is anti symmetric.

3LetAcBandBcC

=>AcC.

So, C is transitive.

Thus c is partial ordering and hence (A(R),<) is a poset.

Theorem 3.14: (A(R), U, N, " ,0, 1) is a De-Morgan Algebra.

Proof: We will show that

1. (A(R), U, ", ",0, 1) is a bounded distributive lattice

2.(A)' = A, (AUB)' = A'nB'and (AnB)' = A'UB", for any A,B €A(R).
Let A = (ta, fa), B = (tg, fs), C = (tc, fc) € A(R).

1.Since 0 <ta(x)<1land 1 > fa(x) >0,V X ER.

So A(R) is bounded.

Idempotency:
AnA = (tA, fA) M (tA, fA) = (tA, fA) =A
AUA = (tA, fA) |\ (tA ,fA) = (tA, f/_\) =A

Commutativity:

ANB = (tA, fA) M (tB, fB)
= (min{ta, tg}, max{fa, fs})
= (min{tB, tA}, maX{fB, fA})
= (tB, fB) M (tA, fA)
= BNA.

AUB = (tA, fA) |\ (tB, fB)
= (max{tA, tB}, min{fA, fB})
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= (max{ts, ta}, min{fs, fa})
= (tB, fB) U (tA, fA)
= BUA.

Associativity:

Aﬂ(BﬁC) = (tA, f/_\) ﬂ((tB, fB) M (t(;, fc))
= (min{ta, min{tg, tc}}, max{fa, max{fs, fc}})
= min({min{ta, ts}, tc}, max{max{fa, fs}, fc})
= (AnB) NC.

AU(BUC) = (ta, fa) U((ts ,fe) L (tc, fc)
= (max{ta, max{tg, tc}}, min{fa, min{fs, fc}})
= max({max{ta, ts},tc}, min{min{fa, fz}, fc})
= (AuB) UC.

Absorption:

AN(AUB) = (min{ta, max{ta, ts}}, max{fa, min{fa, fs}})
= (ta fa)
=A

AU(ANB) = (max{ta, min{ta, tg}}, min{fa, max{fa, fs}})
= (ta, fa)
=A

Distributivity:

AN(BUC) = (min{ta, max{tg, tc}, max{fa, min{fg, fc}})
= (max{min{ta, tg}, min{ta, tc}}, min{max{fa, fg}, max{fa, fc}})
= (AnB) U (ANC).

AU(BNC) = (max{ta, min{ts, tc}}, min{fa, max{fs, fc}})
= (min{max{ta, ts}, max{ta, tc}}, max{min{fa, fg}, min{fa, fc}})
= (AUB)N(AUC).

Therefore (A(R), U, N, ', 0, 1) is a bounded distributive lattice

2. (AuB)' = (max{ta, tg}, min{fa, fg})'
= (min{fA, fB}, max{tA, tB})
=ANB."
Therefore (AUB)' = A'nB".
Similarly we can show that (AnB)' = A'UB'.
Also we have A' = (fa, ta)
Therefore (A")' = A.
Hence (A(R), U, N, ',0, 1) is a De-Morgan algebra.

In particular, it can be observed that (A(R), U, N, ',0, 1) is complete De-Morgan
algebra if we consider the members in A(R) as a chain.
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Consider T={t, /(t,, f,) €A(R)andeach t, < t, Vo< a;} and
F={f,/(t,, f,)€AR)andeach f, 2 faj VY ai < oj}
Letty= (t, (infT)andfo= [ J f, (sup$)

ajeA aeA
we show that (to, fo) is a vague I'-semiring of R.
Letx,yeER;y€T.

to(x+y) = [, (x+y)

aieA

=inft, (x+y),VaeA

> inf (min{t, (x), t, (V)}), Vai €A
=min{inf t, (x),inft, (V)}, Voi€A
=min{ (t, ), [t, ¥}

a;eA e

= min{to(X), to(y)}
Similarly to(xyy) = min{to(X), to(y)}.
Also for any ap, aq € A, there exists o € A such that fap(x) < f, (), fwq (y) <
f,, (¥)
So, min{ f, (x), f, (¥)}<min{f, (x), f, (V)}

< f, x+y).
Now, min{fo(x), fo(y)} =min{ | J f, ). [J f. W}

= min{ sup faj (%), sup fa,. W} a€eA
= sup (min{ f, (x), f, ). ap, ag € A
<sup f, (x+y), €A

= U f, x+y)

o e
=fo(x +Y)
Similarly fo(xyy) = min{fo(x), fo(y)}.
Thus (to, o) is a vague I'-semiring of R.
By definition ty S t, and fo 2 fai ,V 0 EA.

Hence (to, fo) < (t, , f, ), Vai € A.

This implies that (to, fo) is a lower bound of A(R).
Let (tx, fk) be another lower bound of A(R).
Then (t, fi) = (t,, f, ) Vai€A.

i.e., tx Qtai and fx 2 fai , Vaj € A.

This gives ty is a lower bound of T and f is an upper bound of F.
But tp is a infimum of T and fj is a supremum of F.
So, tk € tp and f 2 .
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This gives (tx, fk) € (to, fo).
Hence (ty, fo) is a infimum of A(R).
Thus (A(R), u, N, ",0, 1) is complete De-Morgan algebra.

Conclusion: In this paper, the concept of vague I'-semirings has been introduced and
we established that the class of all vague I'-semirings of a I'-semiring forms a De-
Morgan algebra. In future it is expected that these structures are useful in developing
vague ideals, normal vague ideals, vague prime ideals, vague maximal ideals and
vague semiprime ideals of a I'-semiring.
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