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1. Introduction and Definitions 

Let  denote the class of functions of the form  

  (1.1) 

which are univalent in the open unit disc Further,let  denote the 

class of all functions in  which are univalent in  and normalized by the conditions 

 and  Some of the important and well-investigated subclasses of 

the univalent function class  include (for example) the class  of 

starlike functions of order  in  and the class  of convex functions 

of order  in  

 The Convolution or Hadamard product of two functions  is denoted by 

 and is defined as  

  (1.2) 

where  is given by (1.1) and  In terms of the Hadamard 

product (or Convolution).  
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 An analytic function  is subordinate to an analytic function  written 

 provided there is an analytic function  defined on  with  and 

 satisfying   

 Let  be a fixed point in the unit disc  and denote by  the class of 

functions which are regular and  

  
consisting of the functions of the form  

  (1.3) 

which are analytic in  Also denote by  the 

subclass of  Note that  be the subclasses of  consisting of 

univalent functions in  By  and , respectively, we mean the classes of 

analytic functions that satisfy the analytic conditions  

  

for  introduced and studied by Kanas and Ronning [8].The class  is 

defined by geometric property that the image of any circular arc centered at  is 

starlike with respect to  and the corresponding class  is defined by the 

property that the image of any circular arc centered at  is convex. We observe that 

the definitions are somewhat similar to the ones introduced by Goodman in [6] for 

uniformly starlike and convex functions, except that in this case the point  is fixed. 

In particular,  and  respectively, are the well-known standard 

classes of convex and starlike functions. 

 Motivated by Ma and Minda [11], we consider an analytic function  with 

positive real part in the unit disk  and  maps  onto a 

region starlike with respect to 1 and symmetric with respect to the real axis. The class 

of Ma-Minda starlike functions consists of functions  satisfying the 

subordination   

 Similarly, the class of Ma-Minda convex functions of functions  satisfying 

the subordination  where  is an arbitrary fixed point in   

 A function  is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if 

both  and  are respectively Ma-Minda starlike or convex. These classes are 

denoted respectively by  and In the sequel, it is assumed that  is an 

analytic function with positive real part in the unit disk  satisfying 

 and  is symmetric with respect to the real axis. Such a function has 

a series expansion of the form  

  (1.4) 

 More recently, Purohit and Raina [16] introduced a generalized Taylor’s 

formula in fractional calculus and derived certain generating functions for 

ypergeometric functions.  

 For complex parameters  and   

the q- hypergeometric function  is defined by  
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with  where  when  

 The  shifted factorial is defined for  as a product of  factors by  

  

and in terms of basic analogue of the gamma function 

  (1.5) 

 It is interest to note that  the 

familiar Pochhammer symbol.  

 Now for  and  we get the basic hypergeometric 

function given below (see [2,3] ) 

  

which converges absolutely in the open unit disk  Let  

   (1.6) 

where for convenience,  

  (1.7) 

 The operator  was studied recently by Mohammed and Darus 

[13].For  and 

 and  (for )we obtain the well-known Dziok-Srivastava 

linear operator [3,2] and special cases cited therein.  

 For   and  by convolution (Hadamard product) we 

define  

   

  (1.8) 

 Shortly, we let 

  (1.9) 

where  

  (1.10) 

unless otherwise stated.  

 It is well known that every function  has an inverse , defined by 

  

 
where  

 

 (1.11) 

 A function  is said to be bi-univalent in  if both  and  are 
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univalent in .Let  denote the class of bi-univalent functions in  given by (1.1). 

Earlier, Brannan and Taha [1] introduced certain subclasses of bi-univalent function 

class  namely bi-starlike functions of order  denoted by  and bi-convex 

function of order  denoted by  corresponding to the function classes  

and  respectively. For each of the function classes  and , non-sharp 

estimates on the first two Taylor-Maclaurin coefficients  and  were found 

[1,19]. But the coefficient problem for each of the following Taylor-Maclaurin 

coefficients is still an open problem (see[1, 19, 

9, 12]). Recently many researchers (see [5, 7, 10, 15, 17, 18, 20, 21]) have introduced 

and investigated several interesting subclasses of the bi-univalent function class  and 

found non-sharp coefficient estimates  and  

 Let a function  has an inverse  defined by 

where  

  

  (1.12) 

 A function  is said to be bi-univalent in  if both  and  

are univalent in . Let  denote the class of  bi-univalent functions in  given by 

(1.3). Using the techniques of Deniz [4], in the present paper we define a new 

subclass of the function class  of complex order , q-hypergeometric 

functions operator  and find estimates on the coefficients  

and  for functions  Several related classes are also considered, 

and connection to earlier known results are stated. 

 

Definition 1.1 For  a function  given by (1.1) is said 

to be in the class  if the following conditions are satisfied:  

  (1.13) 

and  

  (1.14) 

where  , and the function  is given by (1.12). 

For, suitable choices of  and  we can state various subclasses of  as illustrated 

below: 

 

Example 1.1 For a function  given by (1.1) is said to be in the 

class , if the following conditions are satisfied :  

  

and  

  

where  and the function  is given by (1.12).  

Example 1.2 For  a function  given by (1.1)is said to be in the 
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class  if it satisfies the following conditions:  

  

and  

  

where  and the function  is given by (1.12). 

 

Example 1.3 By taking  a function  given by (1.1)is said to be in the 

class  if the following conditions are satisfied: 

  

  

where  and the function  is given by 

(1.12).  

  

Example 1.4 Taking  a function  given by (1.1)is said to be in the 

class  if it satisfies the following conditions:  

  

  

where  and the function  is given by (1.12). 

 It is of interest to note that by taking  ,  and allowing  we get 

 

 

Example 1.5 For a function  given by (1.1)is said to be in 

the class  if the following conditions are satisfied:  

  

and  

  

where  , and the function  is given by (1.12). 

  

Example 1.6 Taking  a function  given by (1.1)is said to be in the 

class  if the following conditions are satisfied:  

  

and  

  

where  , and the function  is given by (1.12).  
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2. Coefficient estimates for the function class   

In order to prove our main result, we recall the following lemma. 

  

Lemma 2.1 [14] If , then  for each , where  is the family of all 

functions  analytic in  for which  and  

  

 Define the functions  and  by  

  

and  

  

 It follows that,  

  

 and  

  

 Then  and  are analytic in  with   

 Since  the functions  and  have a positive real part in  

and  and  for each  

 

Theorem 2.1 Let  is given by (1.1) be in the class  Then  

   (2.1) 

and  

  (2.2) 

where  and  is given by (1.10).  

 

Proof. It follows from (1.13) and (1.14) that  

   (2.3) 

 

and  

  (2.4) 

where  and  in  and have the following forms:  

  (2.5) 

and  

  (2.6) 

 Now, equating the coefficients in (2.3) and (2.4), we get 
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  (2.7) 

  (2.8) 

   (2.9) 

and  

 

 (2.10) 

 From (2.7) and (2.9), we get  

  (2.11) 

and  

  (2.12) 

 Now from (2.8), (2.10) and (2.12), we obtain  

 

 (2.13) 

 Applying Lemma (2.1) for the coefficients  and , we have the desired 

inequality given in (2.1). Next, in order to find the bound on , by subtracting (2.8) 

from (2.10) and using (2.11), we get  

  

 Upon substituting the value of  from (2.12), we get 

  

 Applying Lemma (2.1) once again for the coefficients  and , we 

get  

  

 

Corollary 2.1 Let  given by (1.1) be in the class  then 

  

 and  

  

where  is given by (1.10).  

  

Corollary 2.2 Let  given by (1.1) be in the class then  

  

 and  

  

where  is given by (1.10).  
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Corollary 2.3 Let  given by (1.1) be in the class  then  

  

and  

  

where  is given by (1.10).  

  

Corollary 2.4 Let  given by (1.1) be in the class  then  

  

and  

  

where  is given by (1.10).  

  

Remark 2.1 By taking  we define a the 

class  called the generalized class of bi-spirallike 

functions of order  if it satisfy the following conditions:  

  

 and  

  

where  and   

 By choosing for function  given by (1.1) 

we can obtain the estimates  and  on lines similar to that of Theorem 2.1. 

 

 

3. Corollaries and Concluding remarks  

For the class of strongly starlike functions of order  let the function  

be given by  

   (3.1) 

 which gives  and  From the corollaries 2.1 to 2.4 we state the 

following corollary.  

 

Corollary 3.1 Let  is given by (1.1) be in the class  Then  

  

 and  
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where  and  is given by (1.10).  

  

Corollary 3.2 Let  given by (1.1), by choosing  of the form (3.1), and by 

Theorem 2.1, we state the following: 

(1) For functions  we have  

  

 and 

  

(2) For functions  we have 

  

and 

  

(3) For functions  we have 

  

and 

  

(4) For functions  then, we have 

  

 and 

  

where  is given by (1.10). 

 On the other hand if we take  

 

 (3.2) 

then  From the corollaries2.1 to 2.4we state the following 

corollary.  

 

Corollary 3.3 Let  is given by (1.1) be in the class  Then  

  

and  
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where  and  is given by (1.10).  

 

Corollary 3.4 By choosing  of the form (3.2), and by Theorem2.1,we state the 

following results: 

(1) For functions  we have 

  

and  

  

(2) For functions  we have  

  

and  

  

(3) For functions  we have 

  

 and  

  

(4) For functions  then, we have  

  

 and  

  

where  is given by (1.10).  

 

 

Concluding Remarks: 

We can define various other subclass of  involving these operators and 

specializing the parameters  one can state the various other interesting 

subclasses of  as illustrated in the Example1.1 to Example1.4. Further 

various interesting results (as in Theorem 2.1 )and the corresponding corollaries as 

mentioned above can be derived easily and so we omit the details.Also,from the 

corollaries 3.2, and 3.4, by taking  we can obtain the results studied earlier in 

the literature (see [1, 5, 7, 9, 10, 12, 15, 17, 18, 19, 20, 21]). 

 

 



New subclass of bi-univalent functions of complex order 115 

 

References 
 

[1]  D.A. Brannan, T.S. Taha, On some classes of bi-univalent functions,Studia 

Univ.  Babe -Bolyai Math., 31 (2) (1986) 70–77.  

[2]  J. Dziok and H. M. Srivastava, Classes of analytic functions associated with 

the  generalized hypergeometric function, Appl. Math. Comput. 103 (1999), 1–

13. 

[3]  J. Dziok and H. M. Srivastava, Certain subclasses of analytic functions 

associated  with the generalized hypergeometric function, Intergral 

Transforms Spec. Funct.  14 (2003), 7–18.  

[4]  E. Deniz, Certain subclasses of bi-univalent functions satisfying subordinate  

conditions, Journal of Classical Analysis 2(1) (2013), 49–60.  

[5]  B. A. Frasin and M. K. Aouf, New subclasses of bi-univalent functions, Appl. 

Math.  Lett. 24 (2011), 1569–1573. 

[6]  A.W. Goodman, On uniformly starlike functions, J. Math. Anal. Appl., 155(2) 

(1991),  364–370.  

[7]  T. Hayami and S. Owa, Coefficient bounds for bi-univalent functions, Pan 

Amer.  Math. J. 22 (4) (2012), 15–26. 

[8]  S. Kanas, Coefficient estimates in subclasses of the Caratheodory Class 

Related to  Conical Domains, Acta Math. Univ. Comeniane, LXXIV(2) 

(2005), 149–161.  

[9]  M. Lewin, On a coefficient problem for bi-univalent functions, Proc. Amer. 

Math.  Soc. 18 (1967) 63–68.  

[10]  X.-F. Li and A.-P. Wang, Two new subclasses of bi-univalent functions, 

Internat.  Math. Forum 7 (2012), 1495–1504.  

[11]  W.C. Ma, D. Minda, A unified treatment of some special classes of functions, 

in:  Proceedings of the Conference on Complex Analysis, Tianjin, 1992, 157 - 

169, Conf.  Proc. Lecture Notes Anal. 1. Int. Press, Cambridge, MA, 1994.  

[12]  E. Netanyahu, The minimal distance of the image boundary from the origin 

and the  second coefficient of a univalent function in , Arch. Rational 

Mech. Anal.  32 (1969), 100–112.  

[13]  A. Mohammed and M. Darus, A generalized operator involving the  

hypergeometric function, Mathematici Vesnik, Available online 

10.06.2012.12  pages.  

[14]  C. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, Göttingen,  

1975.  

[15]  T.Panigarhi and G. Murugusundaramoorthy, Coefficient bounds for Bi- 

univalent  functions analytic functions associated with Hohlov operator, Proc. 

Jangjeon  Math. Soc, 16 (1) (2013) 91-100.  

[16]  S.D. Purohit and R.K. Raina, Certain subclass of analytic functions associated 

with  fractional q-calculus operators, Math. Scand. 109 (2011)55–70.  

[17]  H. M. Srivastava, G. Murugusundaramoorthy and N.Magesh, Certain 

subclasses of  bi-univalent functions associated with the Hohlov operator , 

Global Journal of  Mathematical Analysis, 1 ( 2) (2013) 67–73.  

[18]  H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of 



116  K.Vijaya et al 

 

analytic and  bi-univalent functions, Appl. Math. Lett. 23 (2010), 1188–1192. 

[19]  T. S. Taha, Topics in Univalent Function Theory, Ph.D. Thesis, University of  

London, 1981. 

[20]  Q.-H. Xu, Y.-C. Gui and H. M. Srivastava, Coefficient estimates for a certain  

subclass of analytic and bi-univalent functions, Appl. Math. Lett. 25 (2012),  

990–994. 

[21]  Q.-H. Xu, H.-G. Xiao and H. M. Srivastava, A certain general subclass of 

analytic  and bi-univalent functions and associated coefficient estimate 

problems, Appl.  Math. Comput. 218 (2012), 11461–11465.  

 


