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1. Introduction and Definitions
Let A denote the class of functions of the form

f(2) =z +Xn= anz" (1.1)
which are univalent in the open unit disc A = {z:|z| < 1}.Further,let S denote the
class of all functions in A which are univalent in & and normalized by the conditions
f(0) =0 and f'(0) = 1. Some of the important and well-investigated subclasses of
the univalent function class § include (for example) the class $*(@)(0 < a < 1) of
starlike functions of order « in & and the class K (a)(0 < a < 1) of convex functions
of order  in A.

The Convolution or Hadamard product of two functions f,h € A is denoted by
f = h and is defined as

(f *h)(2) = z + X2 anbyz™, (1.2)
where f is given by (1.1) and h(z) =z + X5, b,z". In terms of the Hadamard
product (or Convolution).
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An analytic function f is subordinate to an analytic function h, written f(z) <
h(z), provided there is an analytic function w defined on & with w(0) =0 and
|w(z)| < 1 satisfying f(z) = h(w(2)).

Let £(|€| = d) be a fixed point in the unit disc A, and denote by H (A) the class of
functions which are regular and

AE) ={f€HQ):f)=f(§)-1=0}
consisting of the functions of the form

f(2)=(z=8) + Xn=2 an(z =", (1.3)
which are analytic in A. Also denote by S; = {f € A(¢): f is univalent in A}, the
subclass of A(§). Note that S, = S be the subclasses of A = A(0) consisting of
univalent functions in A. By S;(B) and (), respectively, we mean the classes of
analytic functions that satisfy the analytic conditions

iR{—(Z ]fg) @ > g, 9%{1 + & @ ff)(fz )@} >B  and (z—&) €A
for 0 < B < 1 introduced and studied by Kanas and Ronning [8].The class §;(0) is
defined by geometric property that the image of any circular arc centered at ¢ is
starlike with respect to f(§) and the corresponding class ¥, (0) is defined by the
property that the image of any circular arc centered at ¢ is convex. We observe that
the definitions are somewhat similar to the ones introduced by Goodman in [6] for
uniformly starlike and convex functions, except that in this case the point ¢ is fixed.
In particular, X = K,(0) and §; = $*(0) respectively, are the well-known standard
classes of convex and starlike functions.

Motivated by Ma and Minda [11], we consider an analytic function ¢(z) with
positive real part in the unit disk A, ¢(&) =1,¢'(§) >0, and ¢; maps A onto a
region starlike with respect to 1 and symmetric with respect to the real axis. The class
of Ma-Minda starlike functions consists of functions f € A satisfying the

ooy (2=8) f1(2)
subordination o < ¢:(2).

Similarly, the class of Ma-Minda convex functions of functions f € A satisfying

- 2 ! - - - - -
the subordination (1 + (Z?/Tg'(z)) < ¢¢(z), where ¢ is an arbitrary fixed point in A.

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if
both f and f~1 are respectively Ma-Minda starlike or convex. These classes are
denoted respectively by S5 (¢) and Kz (¢).In the sequel, it is assumed that ¢ is an
analytic function with positive real part in the unit disk A, satisfying ¢(0) =
1,¢'(0) > 0, and ¢(A) is symmetric with respect to the real axis. Such a function has
a series expansion of the form

$:(2) =1+B1(z—=§) +B(z—§)*+Bs(z—°+ -, (B >0). (14

More recently, Purohit and Raina [16] introduced a generalized q —Taylor’s
formula in fractional g —calculus and derived certain g —generating functions for
q — hypergeometric functions.

For complex parameters ay,...,a; and by, ..., by, (b; #0,—1,..;j =1,2,..,m)
the g- hypergeometric function ;'¥,,(z) is defined by
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(CLl, q)n (ab q)n 2

,by;q,2): =
D= 2, (b @) (o D

n 1+m-1
|

(—1)"q<

1Ym(aq, ...ap; by, ... VA

n
with (2 ) = @Whereq #0whenl>m+1(,m € Ny =NU{0};z € A
The q — shifted factorial is defined for a, g € C as a product of n factors by

_ _ {1 n = O}
(@Dn = {1-a)1-aq)..(1-aq™?) ne N
and in terms of basic analogue of the gamma function
a. _ Tg(a+n)(1-g)"
@% 9 = T @ ,n> 0. (1.5)
It is interest to note that lim, .- %% = (q) = a(a +1)...(a +n —1) the

L (1-q)n
familiar Pochhammer symbol.
Now for z€ A,0< |q| <1, and I =m+ 1, we get the basic hypergeometric
function given below (see [2,3] )

. . . — Yo (a1, n- (A Dn n
ll/}m(ab U bl, o bm; T Z) Zn:O @ DnB1DnbmDn z

which converges absolutely in the open unit disk A. Let
9(ay, bn; €;2) = 20 (@5 . Qg3 by, o, b 4, 2) = o V" [a1,q12™" (1.6)
where for convenience,

Lm _ _ (a;9n-(apq)n
Yn [allq] - (QiQ)n(blifZ)n---(bm’q)n. (17)

The operator J(a;, b,,,; q)f (z) was studied recently by Mohammed and Darus
[13].For a; =q%, b;=qP,a;,B;€C, and B;#0,-1,-2,...,(i=1,...,1j=
1,..,m) and ¢ —» 1, (for [ = m + 1)we obtain the well-known Dziok-Srivastava
linear operator [3,2] and special cases cited therein.

For (z—-¢&) €A, |q| <1,and I = m + 1 by convolution (Hadamard product) we
define

J(ap by @) f(2) = (2 =) (Pm(as; .. a; by, oo, byyi q, 2 = S).

=¥ Yo [ay, q)(z — )" (1.8)

Shortly, we let

Tf(2) = (2= &) + 2%, V" [ay, qlan(z — ©)" (1.9)
where

P = Yh(n) = V" [ay, q] = —— Dt (L.10)

@GDn-1b1:Dn-1--BmDn-1
unless otherwise stated.

It is well known that every function f € S has an inverse f 1, defined by
fFAf@) =z, (zed) and f(f7'w)=w, (Iw| <ro(f);re(f) =
1/4)
where
f71w) = g(w) =w — a,w? + (2a2 — a;)w? — (5a3 — 5aa; + a,))w* + -,
(1.11)
A function f(z) € A is said to be bi-univalent in & if both f(z) and f~1(2) are
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univalent in A Let £ denote the class of bi-univalent functions in & given by (1.1).
Earlier, Brannan and Taha [1] introduced certain subclasses of bi-univalent function
class X, namely bi-starlike functions of order a denoted by Sy(a) and bi-convex
function of order a denoted by K (a) corresponding to the function classes $*(«@)
and X («) respectively. For each of the function classes Sy (a) and K5 (a), non-sharp
estimates on the first two Taylor-Maclaurin coefficients |a,| and |a;| were found
[1,19]. But the coefficient problem for each of the following Taylor-Maclaurin
coefficients |a,|, (n € N\{1,2}; N:={1,2,3,---})is still an open problem (see[1, 19,
9, 12]). Recently many researchers (see [5, 7, 10, 15, 17, 18, 20, 21]) have introduced
and investigated several interesting subclasses of the bi-univalent function class £ and
found non-sharp coefficient estimates |a,| and |as]|.

Let a function f € A(¢) has an inverse f~1 defined by f~*(f(2)) =z-¢,
(zed) and A W) =w=2¢) (W=l <ro(f);r(f) =1/4)where

frw)=gw) =W —3§) —ay(w—$)* + (2a3 — az)(w — §)°

—(5a3 — 5a,a; + a)(w—&* + . (1.12)

A function f(z) € A(§) is said to be bi-univalent in A if both f(z) and f~1(2)
are univalent in &, Let X; denote the class of & — bi-univalent functions in & given by
(1.3). Using the techniques of Deniz [4], in the present paper we define a new
subclass of the function class £ of complex order y € C\{0}, g-hypergeometric
functions operator 7},(= j(al, b..; q;z)) and find estimates on the coefficients |a,|
and |as| for functions f € Z¢ q(,u,/l y). Several related classes are also considered,

and connection to earlier known results are stated.

Definition 1.1 For 0 < 2 <1;0 < u < 1, a function f(z) € X given by (1.1) is said
to be in the class Z (u, A,v) if the following condltlons are satisfied:

1+2a- w(”@)+M%ﬂ>>Uﬂ” T <oc@ (L.13)
and

142 -0 (B gy (BT 1] <gem @19
where y € C\{0} z,w € A, £(|¢| = d) and the function g is given by (1.12).

For, suitable choices of A and p we can state various subclasses of £ as illustrated
below:

Example 1.1For A =1;0 < pu < lafunction f € X given by (1.1) is said to be in the
class 24, q(u, 1,y,) = qu v, ¢) if the following conditions are satisfied :

1+ ok () 1] < e
and
+ 2 atgony (B2~ 1] < gy

where y € C\{0} z,w € A, é(|¢| = d) and the function g is given by (1.12).
Example 1.2 For A = 1;u = 0, a function f(z) € X given by (1.1)is said to be in the
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class £37(0,1,,) =S4 (v, ¢) if it satisfies the following conditions:

14 (SO ] < 9p2)

and

L [( ) - 1] < g

where y € C\{0} z,w € A &(|¢| = d)and the function g is given by (1.12).

Example 1.3 By taking u = 1, a function f(z) € 2 given by (1.1)is said to be in the
class Z,7(1,4,v) = Fy' (4%, ¢) if the following conditions are satisfied:

142 -2 (BL2) + AT F () - 1] < ¢ ()

1
1421 -2 (2282) + 20hgw)) = 1] < e(w)
where 0 <1< 1,y € C\{0}zw €A, &(|¢| =d)and the function g is given by
(1.12).

Example 1.4 Taking u = A = 1, a function f(z) € X given by (1.1)is said to be in the
class £, (1,1,y) = Hy'y (v, $) if it satisfies the following conditions:

1+ %[(%f(z))' — 1] < ¢p¢(2)

1+ [(Tngw))' =11 < pe(w)
where y € C\{0}, z,w € A, é(|¢| = d) and the function g is given by (1.12).
It is of interest to note that by taking [ = 2 ,m =1 and allowing ¢ - 1~ we get

zg{g = 3(¢).

Example 1.5 For u+ 1 = 1 = 1, a function f(z) € X given by (1.1)is said to be in
the class Sg(y, ¢) if the following conditions are satisfied:

1 _|_ l((z_f)f'(z) _ 1) < ¢§(Z)

14 f(2)
and
1((w=-Hgrw)
1+ (—g(w) 1) < ps(w),

where y € C\{0} z,w € A, £(|¢| = d)and the function g is given by (1.12).

Example 1.6 Taking u = A = 1, a function f(z) € X given by (1.1)is said to be in the
class ﬁf (v, ¢) if the following conditions are satisfied:
1+ ('@ = 1) < ¢¢(2)
and
1+ (g'w) = 1) < pe(w),
where y € C\{0} z,w € A, {(|¢| = d)and the function g is given by (1.12).
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- . : L
2. Coefficient estimates for the function class 24;2 (wA,7y)
In order to prove our main result, we recall the following lemma.

Lemma 2.1 [14] If h € P, then |c| < 2 for each k, where P is the family of all
functions hk analytic in 4 for which R(h(z)) > 0 and

he(z) =1+, (z=8) +c(z=8)*+ - for (z—¢) €A

Define the functions p;(z) and q;(z) by

14+uz(z)
(2= o = 1P =D + Pz =) +
and
1+v(2)
G@i= S =1 - O+ -7+

It follows that,

ug(z): =B = 2= ) + (p2— %) (2 - 9 + ]

pe(z)+1
and
qz(2)-1 1 2
= 252 o=+ (=D w57+ ]

Then p;(z) and q;(z) are analytic in & with p;(0) = 1 = q,(0).
Since ug, v;: A > A, the functions ps(z) and q;(z) have a positive real part in A,
and |p; ;| < 2 and |q; ;| < 2 for each i.

Theorem 2.1 Let f(z) is given by (1.1) be in the class Zfl;f’;(u, 4,v). Then
lY|B1y2By @.1)

JVIEZCA R+ (u=1) @A) 9318 420102 (By=B2) 03]

laz| <

and

ly|>Bf [¥|B1
193] = Grirez T @arnres (22)
where y € C\{0},0 <1< 1,0<u < 1and ¢, is given by (1.10).

Proof. It follows from (1. 13) and (1.14) that
1+ 2@ () aghr@) () 1] = giw@) @3

and

1+ 2@ -0 (B2) L aa gy (BT <1 = g, (24)
where p;(z) and q¢(w) in P and have the foIIowmg forms

s () = d¢ (2[p1 = + (p2 - Z) @ - O? + ) (2.5)

and

s (v w) = ¢; (2w - + (2 - L) w -7 + ). (26)
Now, equating the coefficients in (2.3) and (2.4), we get
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1 1

;(/1"'#)‘.02&2 = 531?’1,5 (2.7)

1 -1)(21 2a2 1 3 1

“[22 4 wypsas + ERETEL] = Sp, (p, e — B 4 1Bpl; (28)

1 1

—]‘/(/1+H)<P2‘12 = 531‘?1,5 (2.9)
and

1 [(42A+1)@s+@A+1)(u-1 1 a 1

| (Rt 2D 02 ) a3 — (24 + W9 | = 3 Bi(dog — 20) + 5 Badi

(2.10)

From (2.7) and (2.9), we get

Pre = —Qug (2.11)
and

8(A+ u)2p3a3 = y?*BE(p: + aiy). (2.12)

Now from (2.8), (2.10) and (2.12), we obtain

{r[2(22 + Wes + (1 — 122+ we3]1BF + 2(2 + w)* (B, — Bo)p3)aj =
V2B (26 + Q26)- (2.13)

Applying Lemma (2.1) for the coefficients p,, and q,;, we have the desired
inequality given in (2.1). Next, in order to find the bound on |a|, by subtracting (2.8)
from (2.10) and using (2.11), we get

%(2/1 +wesz(az —a3) = % (P25 — 92,6)-
Upon substituting the value of a2 from (2.12), we get
= YBI(0 443y | YBi(P2g—d2¢)
3 8(A+1)2p3 42A+ s
Applying Lemma (2.1) once again for the coefficients p; ¢, s, 1,6 and q, ¢, We
get

|(1 | < |)/|ZB% |Y|B1
317 (w203 ' @A+wes

Corollary 2.1 Let f(z) given by (1.1) be in the class Bé’f:(u, y, @), then
|a2| S |Y|B1\/ 231
(@ @es+=DTD)BT 42014028, -8)¢3)

and

ly|*BE |v1B1
T (w2 2+wes
where ¢,, is given by (1.10).

las]

Corollary 2.2 Let f(z) given by (1.1) be in the class 5;;" (v, ¢), then
Jv(2es-203)83+(81-8,)03]

and
lvI?Bf | |¥IB:
< 71 4 17171
las] = T + 5
where ¢,, is given by (1.10).
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Corollary 2.3 Let f(z) given by (1.1) be in the class F**°(4,y, ¢), then
|a2| < |Y|Bl\/_

[Ir@A+ DB+ 12(8,-B,) 03

and

lyI*B} ¥1B1
A+1)%0% * 2D
where ¢,, is given by (1.10).

laz| <

Corollary 2.4 Let f(z) given by (1.1) be in the class Z]-[ T4 " (y, @), then
|Y|31\/_
las| <

J |y3@3BZ+4(B1—B3) 3|

and
| | < |Y|231 Mi
3 493 ' 3¢5
where ¢,, is given by (1.10).
Remark 2.1 By taking y = (1 — @)cosBe™#, |B] <7; 0 < a < 1 we define a the

class Z¢q(u,/1 y) = ¢q(a B, 2, n) called the generalized class of g —bi-spirallike
functions of order (0 < a < 1) if it satisfy the following conditions:

: 171ln K ! 7rln #-l ol
e'f [(1 - ) (%;Z)) + 2(95.f (2)) (%(;)) ] < ¢s(z)cosp + isinp
and
i8 [1 _ 7y (Fmg )" !  (Tagw) “'1] -
e [(1 D ( o )+ A gw) ( - )| < ¢ew)cosp + isinp.
where0 <1<1;0<pu<1,and z,w € A.
By choosing ¢;(z) = (1+(z f)) for function f € Z (a B, A, 1) given by (1.1)
we can obtain the estimates |a,| and |az| on lines 5|m|Iar to that of Theorem 2.1.

3. Corollaries and Concluding remarks
For the class of strongly starlike functions of order (0 < @ < 1), let the function ¢
be given by

be(2) = (1”2 g) =14 2a(z—¢&) +2a%(z = ) + - (3.1)

which gives B, = 2a and B, = 2a?. From the corollaries 2.1 to 2.4 we state the
following corollary.

Corollary 3.1 Let f(z) is given by (1.1) be in the class Z¢ q (WA, 7). Then

lay| < 2|ly|la
Jre@iswes+a-n@ItPZI+H 020 -@)p]]

and
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4ly|Pa? 2|yle
T (H+wPe;  (2A+wes
where y € C\{0};0 <1< 1,0 <pu < 1and ¢, is given by (1.10).

las]

Corollary 3.2 Let f(z) given by (1.1), by choosing ¢;:(z) of the form (3.1), and by
Theorem 2.1, we state the following:
(2) For functions f € Bé’g (1, v, @), we have

2|y|a
laz| <

J[(l-a)(uﬂ)z+2|)/|(2+u)(u-1)]¢§+4|1/|2+u)
and
las| < 4lyPa? 2lyle
(1+W)293 ~ (2+Wes
(2) For functions f € Sé"’; (v, @), we have
|a2| < 2|yla
Jla-r-2iyiale3+ayian,

and
jas| < ML 4 I
(3) For functioZns fE€ 7—‘;:;" (4,7, @), we have
lay| < 2|y|a
Ja-@@a+2g342iria@ire;

and

4ly|Pa? 2|yle
las] < Garzer T @arires

(4) For functions f € Hy 7 (v, @) then, we have

2lyla

lay| < -
\/4(1—a)¢2+6lyla<p3

and
lyI?a? | 2lyla
<= 4 2
las] = T+ 3,
where ¢,, is given by (1.10).
On the other hand if we take
1+(1-2 -
$s(2) = T = 1420 - Pz - D +2A-PE -+ (0=
B <1, (3.2)
then B, = B, = 2(1 — ). From the corollaries2.1 to 2.4we state the following
corollary.

Corollary 3.3 Let f(z) is given by (1.1) be in the class Zf/;fg (u, A, 7). Then
|a2| < 2|Y|\/ (1_ﬁ)

B le[2<zz+m¢3+<u—1><zz+u)<p§]l

and



114 K.Vijaya et al

ly|I>Bf |y|By
<
195 = Gezer T @,
where y € C\{0};0 <1< 1,0 <pu < 1and ¢, is given by (1.10).

Corollary 3.4 By choosing ¢.(z) of the form (3.2), and by Theorem2.1,we state the
following results:
(2) For functions f € Béfg(y, v, B), we have
0| < 2ly/A-B)
2

 IrGHo[zes+ =103

and

| < HLA=E’ | 20ViG-p)

(1+2e3  Q@+wes’
(2) For functions f € S (v, B), we have

2ly1(1-B)
< —_ = 2
a2 = f2p,=07)
and
2(1_7\2 —
las| < 4yl (12 B) + lvI(1-B)
P2 P3
(3) For functions f € T;:;”(/l, v, ), we have
2ly|(1-B)
|2z = \/ (2A+1) @3
and
las| <

4ly?(a-p)? + 2lyI(1=8)
A+1)293 22+

(4) For functions f € }[,f:’;l(y, «) then, we have

2|y|(1-P)
lay| < /—3%

and
2ly|(1-p)
<
laz| < + 30,

where ¢,, is given by (1.10).

lyI2(1-p)?
Py

Concluding Remarks:

We can define various other subclass of Efi;f';(u, A,v) involving these operators and
specializing the parameters A,u,l,m one can state the various other interesting
subclasses of Zﬁl;f’;(u, A,v) as illustrated in the Examplel.1 to Examplel.4. Further

various interesting results (as in Theorem 2.1 )and the corresponding corollaries as
mentioned above can be derived easily and so we omit the details.Also,from the
corollaries 3.2, and 3.4, by taking y = 1, we can obtain the results studied earlier in
the literature (see [1, 5, 7, 9, 10, 12, 15, 17, 18, 19, 20, 21]).
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