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Abstract

This paper demonstrates that the Ho-Kalman model is a transformer of linear
recurring sequences. It is shown that the number of roots of the characteristic
equation for the output system comprises the roots of the input system and
eigenvalues of the system matrix. Different scenarios among the roots of the
input signal and the eigenvalues of the system matrix yield a rich variety in the
output signals. These theoretical results provide the insight in the complexity
of processes governed by the Ho-Kalman model. A number of computational
experiments are used to illustrate the theoretical results.
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1 Introduction

The identification of the underlying state-space model of the system from a sequence
of output data is a challenging system-theoretical problem. A first solution to this
theoretical problem that later became known as the reduced-order state-space
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realization problem for a time-invariant linear dynamical system was provided in
1965 in [1]. A particular factorization of the Hankel matrix of the discrete-time
process into the product of the observability matrix and the controllability matrix is
known as the Ho-Kalman realization method [1]. It took years of research to go from
the theoretical results described in [1] to a numerically reliable realization algorithm
[2].

The combination of deterministic realization theory based on the factorization of
the Hankel matrix, with the theory of Markovian and innovations representations,
gave rise to the stochastic theory of minimal realizations. The stochastic realization
problem was studied intensively during the early 1970s in connection with
innovations theory and spectral factorization theory [3, 4]. These methods are
substantially based on special factorizations of the Hankel matrix, which maps the
past outputs of the discrete-time process into the future outputs.

The Ho-Kalman algorithm has become very popular, not only as an exact
realization algorithm, but also by providing methods for approximate realization [5],
and by giving rise to interesting developments in the analysis of balancing properties
of state space models [6]. The respective realization algorithms have been a principal
landmark for the development of the so-called subspace identification methods [7].
Starting from the classical Ho-Kalman algorithm that solves the problem using
Markov parameter expansions, a generalization is obtained by analyzing the matrix
representations of the Hankel operators in generalized orthonormal bases [8].
Notwithstanding the growing popularity of the above methods, some aspects of their
applicability are not yet fully understood, especially in regards to the applicability of
these methods to systems driven by excitations different from the one hypothesized

[9].

1.1 The Main Objective Of This Paper

The main objective of this paper is to demonstrate that the Ho-Kalman model is a
transformer of linear recurrent sequences. The linear iterative Ho-Kalman model
reads:

xQ3F=  0,yQ30

x€@+13= Gu€@ Fox€;

y€+1= Hx€@+1;

n= 01,2,... (1)

where; GeC™; ®<C™™; HeC™ . Vectors ug =c*, x¢ =cm and yg¢ x=cCr
describe the input, the state and the output of the system (it is usually assumed that
p<q). Model (1) yields recurrent equalities:

xQ3= O©;
x€C= Gud@;
x@€ = GuqdGud;

x€@ = ch)"Gu(lflf is
=0

n=  1,23,... (2)
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Thus (1) can be rearranged into

yQ =0,y€@+1 = ZHdDjGu(l— jn=012...
= 3)

Then u = 6, and v = ¢ 7, denote input and output sequences of vectors.

We will show that if U is a linear recurring sequence then Y is also a linear recurring
sequence. Moreover, we will prove the relationship between the algebraic complexity
of the input and the output sequences.

2 Preliminaries
2.1 Elementary Operations With Sequences

The following elementary operations hold for two sequences (P;)i- and (4;)i;

P;,q; € C.
1. linear mixture:

a(p;)jzo +0(a;)j=0 = (ap; +b0;)jp, a0 EC, @)
2. shift operators:

P, Py, Psr o = 0. Py, PrPoe)

3. convolution:

(P))i= ™))z = [Zpr -qu]

o

)

the operation of convolution is commutative, associative and distributive. Also,
the operation of convolution has a priority over the operation of the summation.
4. differentiation:

P (005
o \oa ), (6)

. . .. oQ; .
if only elements p, = p, € are functions of 1 and derivatives %’;J =04,... do

~

exist.
The following equalities do hold:
1. shift operators:
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. e > Y > . T ) -
pk «)j,jeo*ﬁj,,eoj (;k 61_/]&0/*@ 6,-4-&0}" =012, ... 7

2. differentiation:
966, - P(—apj ]x
i =00
oL or )i, ®)

Proof. Subject to

QP Pr > €,0,, 0
= €. PPy 0.0,y
= q Podo: Pod; + p1Q01'”:
the equality Eq. (14) holds.
Analogous proof is valid for Eq. (14).

(VAN

2.2 The Order Of A Sequence
Let us consider a sequence:

The Hankel transform of the scalar sequence produces the sequence of
determinants of Hankel catalecticant matrixes d,;n=01, ..., where:

Po P10 P
d,., = det Poo Pe Praly g1
pn pn+1 p2n (10)
Definition 2.1 It is admitted that Hr¢o0,... =0, i.e. d, =d, =...=0.
The order of the sequence (P;)} is meZz,:
Hr(pj)T:O =m (11)

if the sequence of determinants of Hankel matrixes has the following structure:

(d,.d,...d_00,..) (12)

where d,#0 and d,, =d,,, =...=0, m=123, ....
If d,=0, VM, itisassumed that HrQp,... = +wo.
Note that Hr(p;)i= =0 yields p, =o0.
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Definition 2.2 Let Hr(p;)j- =M. Then the characteristic Hankel equation for the

sequence (P;) -, is defined as [2]:

P P Py
Pr P2 - Ppa
det) ... .. .. .. |=0.
Pn1 Pn o Poma
1 p P (13)

The expansion of the determinant in Eq. (13) yields an m-th order algebraic
equation for the determination of roots of the characteristic equation:

AP+ AP e AP A =0 (14)

where A #0 pecause 9n #0.

Theorem 2.3 Let Hr(pj)]io =M and the recurrence indexes of roots p,,p,,..,p, Of
the characteristic equation (Eq. (14)) are m,,m,...,m, accordingly; Z'r:lmr =m. Then the
following equality holds true:

| mr—l - )
pj = ;;/Irk(ijprjk;

(15)
where u,,p, €C; Mo 2 #0-

Rigorous proof of this theorem is given in [2].
Note that #rk(lijpgk =0 if only (ij =0 (what is true for all 0< j <k). Moreover,

0°=1; 0'=0*=..=0.
Coefficients x, can be found by solving the linear algebraic system of equations (
P1, Py oy are determined beforehand):

| m-1/ -

ZZ(UPB'% =p,;;j=0L.,m-1

r=1 k=0 (16)
This linear system of algebraic equations has one and the only one solution [2].

2.3 ldempotents and nilpotents of square matrices of order 2
Let us consider a square matrix of order 2:
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X, X
— 11 12
X.—{ :|,X11,...,X22€C.

Xa X
The eigenvalues of X are denoted as 4,4, eC:

2.3.1 The case when eigenvalues are different
Since 4, #4,, it is possible to construct two idempotents D, :

D, = 1/1 «-41; k1=12 k=l
Kk — N (]_8)

where | is the identity matrix. Matrices D, do satisfy the following equalities:
detD, =0.
D, +D, =1 (D, and D, are conjugate idempotents);

PerBimab k=121 5, = {t ol
) * 1.

4. The matrix X can be expressed as X =4,D, +4,D, .

N

w

2.3.2 The case when eigenvalues are equal
Let us denote 4, = 4, = 4,. Then the nilpotent N reads:

N = X—ﬂo| (19)

The nilpotent N does satisfy the following relationships:

1. N2:®;®;:|:O O:|.
00

2 detN=0

3. The matrix X can be expressed as: X = 4,1 +N..

Note that a scalar matrix X = 4,1 can be expressed in the form 4,1 = 4,D, + 4,D,
where ©,;D, _is any pair of conjugate idempotents — or (alternatively) in the form
A1 = 4,1 + N where the N =0, Note that nilpotents N and cN are similar nilpotents (
ceC).

2.3.3 Arithmetic operations with matrices
Let ©,;D, is a pair for idempotents of two different matrices X, and Y, . Then D,

and D, are also idempotents of matrices X, -Y, and X,+Y,.
Let X, =41+N and X, =41l +aN be nilpotent matrices having similar nilpotents.
Then the matrices X, .Y, and X, +Y, are nilpotent matrices with similar nilpotents.
Moreover, powers of x; and x} read:

X =D, + 5D, X0 =81 +nAg*N;n=0,12, ... (20)

(17)
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Detailed proofs of these properties of square matrices of order 2 are given in [1].

2.4 Unilateral Z-transform and its properties

Let us consider a scalar sequence (P;)j=. Unilateral Z-transform of this sequence is

defined as:

" 400 1
Z(pj)i= = ij Z—j;ZEC
=0

(21)

The region of convergence of Eq. (21) is the causal region || >, Where . is a

finite positive number. The following properties do hold true:
1. linear mixture:

Z€(p;) % +b(0) o = 8Z(p,) g +bZ(p;) i b e C
2. convolution:

Z€p)) 0 (@) 0 7 291 200

3. Z-transform of the shifted sequence:

Zék(p] JO/ Z(p] Tok 012

Proof.

1 1
Z(’(p),o, ZQ, py, Py [po 5 pl ) =Z(P;)i=o-
4. differentiation:

2P0 _ (0P )
oA oA ),

N

if only elements p, = p, € are functions of 1 and derivatives

exist.
5. differentiation of convolution:

~
24P ) *(A) 7= . 0€(p, ),o, 3Z(a;) o
P Z © Z 17 .
Y] Y (@;)=0 + (ID),o—a/1 ;
i . 006, o€ i
if derivatives L”;L/;j =0,1,... do exist.

04 04

~

26
L’;jzo,l,...
oA

(22)

(23)

(24)

do

(25)
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i . .
Example 1.z(pi)7, = Z,{?] = pr ; the region of convergence is |z > |-

3. The Z-Transform And Linear Recurrent Sequences
Lemma 3.1 Eq. (21)-(23) yield following relationships:

*Z(p")- i ) !
%:Z(k![;]p”‘] :%;k:o,l,z,....
P o €-p

j=0 .

Thus,

n ng-1 . * n -l
J) i _ z
{35n(ibt | “Eom et
k=1 r=0 =0 k=170 Px (26)

where p,, p,.....p, are all different; n, n eN; g, C; Z>mkax|,0k|. The proof
follows from previous definitions.

Lemma 3.2 Unilateral Z-transform of the convolution yields:

jyoo iy L__P z P z
Z(pf)j:o*(pzJ j=0 i - + .
PL=Pr Z=P1 Pr=P1 7P (27)

for p, #p,,and

Z j ® ok i ® \: z + z
(ﬁ) )J—O (p )J—O/ Z—p p(_pj (28)

for PL =P = p_
Proof. The proof of Eq. (27) follows from the equality:

z 7 ( z j _ [ P 1 o 1
: =1z | =2 . + .
I=p I-p, (_pll_pz Pr=Py I=P1 Pr=P1 L=P,
Analogously, the proof of Eq. (28) follows from the equality:

(Lj z.(;]:z.[i+ p j
z-p ¢-p° z2-p €-p’

= —— R

Lemmas 3.1 and 3.2 yield:

1J,y:o*(72] =0 - (71],,1:0"' : zj,y:o
P1~ P2 P2~ P1 (29)
and

(7]}0*6],,}:0 = (71,;«:0"',05(7],;;0 =P‘,DJ 14-,:0. )
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Thus, Gauss-Ostrogradsky theorem yields a relationship:

k)

z
Z.
{(_p1;m+l'(_pzj+l]

C z < z
= o B — —
kZ(; ‘ f—/?ljﬂ gﬁl f—Pzrl (31)
which does hold true when p, = p, (complex numbers «,, «,, ..., a,, Bys Bis
eeey Boand yy, 71y ---y 7men N general case depend on p,, p,, m and n).
Analogously,
Z[Zﬂjjpmj *((ij""] ]
m , n :
j=0 j=0
7 1+m+n 7
= Z- ﬁ = }/ S —
((_PE J kZ;‘ kt—P}k (32)

when p, =p, =p.
Corollary 1. Eq. (31) yields the following relationship:

©

(o) Gk ),
- §“k[(ij’)3k]j_o 20 ((:J”Zj'l_o (33)

forall mn=0,1,2,... where «,8,7<C.
Analogously Eq. (32) yields:

) Ch) el o

4.The algebraic structure of the Ho-Kalman model
Let U=q¢O (.. and Y= ¢Q,y(y€, .. are input and output sequences. Let us

introduce a sequence of linear operators K= &, K,.K,,... where K;=H®'G;

j=0.12,.... Then Eq. (3) yields the following relationship:
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Y= P&uUQ Ku€FKuQ Ku€@ FKu€rKud,..
= P&*U =@EK>U=K*@U_ (35)

Corollary 2. The equality:

PK*€U, +bU, =a@&*U, rb@K*U, (36)

holds true for all a,b e C and input sequences U, and U, . The proof follows from

Eq. (19) and properties of the convolution operator.
Without the loss of generality we do assume that p,g,m=2. The evolution of the

output sequences is now described by the following iterative equation:
el o
Y, < 0/

|:y1<1+1§: n|:hll h12:|{¢711 ¢’12:|j|:911 912:||:u16_j§
y, €+1 = hy hy @00 @00 ] [ G21 9o U, €~ ]

n= 2y (37)

o
= o

4.1 Types of the output sequence

y, €

y, €
Type 1 output sequence. If the matrix @ can be decomposed into a pair of

conjugate idempotents > and D (@ =4D+4,D), then Eq. (3) yields the expression

of the output sequence:
{yl 0% ) Aﬂ : BH ) H
y, € 0 0| |0

. 6+1] _Gog; IR B
{yzmj‘;“”ﬁ]ﬁum—j
Zn:ﬂij'ul(]_j Zn:/g'ulﬁ_j

+B| 1°

Zn:jij'uz('_j Zn:/g'uz(]_j
j=0 j=0

n= 01,2,...

Two different types of the output sequence ({ % n=012...) can be produced.

(38)
where 1, 4, eC are two different eigenvalues of @ ; A=HDG and B:= HDG.
Thus the output sequence reads:
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[#3n-02. ]

@L*u;o]w[ ot q%_]

i? ok ™ *
q’l,jn:o 4, 2/r=0 < q/’r‘ (39)

Type 2 output sequence. If the matrix @ has a single recurrent eigenvalue 2, C

CD:).O|+N, (40)

then Eq. (3) yields the expression of the output sequence:

el

YZQ 0

yl('+1 j j-1 (l J

{yzmj Z¢C+M ELQ—&
Zn:ﬂg-ul 6] Zjﬂg’l-ul(l—j

= c I’ +E| 7

Zﬂ(j)'uz(]_j Zjﬂéil'uz(]_j
j=0 j=0

n= 0,1,2,... (41)

where N is the nilpotent of @ @ =0 ; C=HG and E:=HNG. Then the output
sequence reads:

E
. P g0
Pﬁ‘% “c O/Fo*e q//fo d/l (Iq//j‘_
= +E )
yZﬁ n=1 Peoch*QZQ//j}:o 04‘=0*
d4, ¢ 1/40
(42)
Note that the scalar matrix
D= ﬂol (43)

can be produced from the Type 1 matrix at 4 = 4, := 4, or from the Type 2 matrix
at N=0. Then:
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{yl()%:{o} {ymH%:c P;ﬂé.ulﬁ—j |
R eI s I
= (44)

The expression of the output sequence then reads:
[ylei* | PG|
yZ(] n=0 P@cjj,;co*('zq::o

Theorem 4.1 Equations (9), (38) yield the equality Y = A@¢,*U "+B€¢,*U _
when A, = € 10; k=1,2. Analogously, equations (40), (42) yield the equality

(45)

>
40"

Y=C@Q,*U +E@Q,*U " when A, := and A, = @it

(45) yield Y =c€ ¢, *U _.

Equations (43),

i
0 _j=0

5. Algebraic Expressions Of The Output Sequence Produced By The

Ho-Kalman Model
Let the input sequence U is an algebraic progression:

U ::{inkzluj((,ri :

k=1 r=0

(46)
(\ ~ jor
~ | A~ . . Y- < ~
where U &r ] k£~(£kjr ; coefficients aCa®ecc; [0 ,|+[a%,|>0 for
akr’( B K K

k=1,2,....,m. Note that Eq. (46) does not require that roots p,, k =1,2,...,m should be
the same for both input scalar sequences — one of the coefficients ak‘ni_l or akﬁk:_l could

be equal to O (then the root p, would be associated only with one of the two input

sequences).

Five different cases can be singled out in respect to the relationship among roots
o (k=1,2....,m)and eigenvalues 4, (1=1.2).

The following Theorem can be formulated now.

Theorem 5.1 If the sequence of input signals into the Ho-Kalman model at
p,gm=2 is a linear recurrent sequence, then the output sequence is also a linear

recurrent sequence. Moreover, the set of roots of the output signals are comprised

from the set of roots of the input signals plus eigenvalues of the matrix @ .
The proof follows from the previous derivations.
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6.Computational Experiments

A number of computational experiments will be used to illustrate different possible
relationships among the eigenvalues of matrix @ and the roots of the characteristic
equation for the input sequences. Let us consider two input sequences of real

S~ g S ge™ .
numbers: SC= €&, and S¢=€% . Then the input of the system reads:

C C
u= 0 Xl
x& [ x¢

Moreover, we assume that both sequences s¢ and s ©- are period-3 sequences. Then,
roots of the characteristic equations for s¢ and s <~ read [10]:

s
Xy~ .
{i\}] The same input sequences are used for all examples.
Xy~

1 3. 1 3.
P =1 p, ——E"'?l,pg ——§—7I.
~ 272' Ar
Note that |p,|=|p,|=|ps|=1; arg, =0; arg@, S arg @, }?. The elements of

s¢€and s are formed by choosing different coefficients ,® =1; ,® =2; 4® =2
(the superscript denotes the number of the input sequence) are used for s¢ and

49 =2 4@ =_1; 4@ =_1 are used for S €=

i i
xf3:#1«3+(_%+§i] y§:+(—l—£i] 1€ j=012 ... k=12

5(1-1]|-1 < -
Thus, input of the system reads: u = [{OM 3 H 3 }j the orders of s¢and s¢€-

{_21 ‘J

are: HrSC=Hrs%=3.
Also, we fix G:[l 2} H

3 -1f
6.1 A, =4, #p,
3.5 -1 73 Ve
Let o=| 2 2 coa =B o B8 L (@ is an idempotent
IRl P R R S T T P
2 2 2

5 7
matrix); || =|4|=1; afg/%:?ﬂ; argﬂngl Note that according to Eg. (20)

0.5+ 2.5i i 05-25i  —i
®" = 2D, + 4D, Where p, = , D, = :
Aby 2D, ' { ~6.5i 0.5—2.5& ' { 6.5i 0.5+2.5i}
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: 1
'
%
11 "11
(©)
62.‘
;3 1

Figure 1: The set of roots of the characteristic equation for the output sequences; the
V3

greatest comon divisor is 5

According to Theorem 5.1, the number of roots of the characteristic equation for
the output sequence is 5: p,, p,, ps, 4, and A,. Note that all roots are different; the

greatest common divisor of arg, , arg@, , ... and arg€, _is % . Thus the analytical

expression of the output sequence reads:
C_ C k C Kk C Kk €k gk
Yo~ = ThoP1 +7720P2 +7730P3 + 145 + M55 A2
YE =GP 15505 1156 s 106 + 1155
where 5! ; s=15, =12, are scalar coefficients of the expansion and the period of

the output sequence is 12. Computational simulation of the Ho-Kalman model
confirms this analytical prediction (Fig. 2).

u(n)

B O B, N oW A~ O

200

y(n)

100t |/

-100

-200

5 10 15 20 25 30 35 40 45 50
(b) n

Figure 2: Input (part A) and output (part B) sequences of the Ho-Kalman model at
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5] [-1][-1 BS
- T S . 1 2 2 -1
U[MBH?’H os| 27 T plies[t B n[? 2 e
2 2 2

periodicity of the input sequences is 3; the periodicity of the output sequences is 12.
6.2 A #EA N =P = ps
As mentioned previously, the input of the system is the same as before. But now

53 1
we set o=| 2 _2 . A IESRCRY 4] =|4,|=1. The greatest common
133 5/3 1| 2t | AlEkRIEL
2 2 2
divider of arg@, ; arg@, ; arg@, ; arg4, and arg 4, is %

Now, according to Theorem 5.1, there exist 5 roots of the output signal — but only
3 of these roots are different:

. 1 AB. 1 B,

n=p=Lrs=p,= _E+7|1745 = P3 = _E_7|-

All modulus of the output roots are equal to 1. But since two roots are multiple,
the output signal is not periodic but diverges as the number of steps tends to infinity
(note that elements of ®' do generate periodic sequences):

Y& =mSor +nkos +knSplt + nfps +knfps

y& = bl +nps +knS ot +nS ok +knfps?

when 5! ; $s=123, 1=12, r=01 are scalar coefficients of the expansion.

Computational simulation of the Ho-Kalman model confirms this analytical
prediction (Fig. 3).

5

u(n)

y(n)

2000
1000

-1000
-2000

5 10 15 20 25 30 35 40 45 50

(b) :

Figure 3: Input (part A) and output (part B) sequences of the Ho-Kalman model at
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5/1-1]|-1 —ﬂ‘l R E 1 2 2 -
u= ) ) yeer |, D= 2 2 , G= and H= .
0| 3]]3 133 53 1 3 -1 -1 1
2 2 2
Eigenvalues of @ coincide with two roots of the input sequences. The output signal

diverges but the eigenvalues of ®" stay on the unit circle in the complex plane.
6.3 4 = A,;arg€, =arg@, ;arg€, =arg@,

53 1 2B
Now we assume o= 3 _3 3 |. The matrix is idempotent, but
38 55 1 g
3 3 3

V3

A, :—%i?i are inside the unit circle: |z|=|4,|<1. According to Eq. (20)
eigenvalues of matrix ®" vanish as » tends to infinity. The greatest common divider

of arg@, ; arg@, ; arg@, ; arg4 and argl, is % The output sequences become
periodic period-3 sequences after a short transient process (Fig. 4).

u(n)

B O P N W A~ oG

)n

10 15 20 25 30 35 40 45 50

o

y(n)

5 10 15 20 25 30 35

(c)

Figure 4: Input (part A) and output (part B) sequences of the Ho-Kalman model at
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5] [-1][-1 ShLL 2k
- T . _ . 1 2 2 -1
R HEHE RS R S R RN
3 33

The output sequences become period-3 sequences after a short transient.
6.4 4 =24%#p

¥y 2
Let ¢ = _62_5 u ;/11=/12=§=/10;\/10\<1: arg 4, =0.
4 6

Note that according to EQ. (20) " =51 +nazin, Where N:{ 26-25 ;5}

—0

n-1
Elements of matrix ®"vanish after some transient process (jim n@) =0) and the

output sequences become periodic period-3 sequences (Fig. 5).

5
=1
[ -
-~ 2+ Tl n
. all
i s
ok T 4,
........... n
4 aZl
n
0 a,,
'8 C 1 1 1 1 1 1 1 1 1 J
5 10 15 20 25 30 35 40 45 50
n
(b)
c
X 400f AQ)
200F T yz(n)
0k
-200F
-400¢ o e e N N
5 10 15 20 25 30 35 40 45 50
n
()
Figure 5: Input (part A) and output (part B) sequences of the Ho-Kalman model at
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_([5][-1][-1 vy L .
MBMJ oc § i e[t 2] w=[Z 73] oup
4 6

sequences become period-3 sequences after a transient process.

6.5 4 =24 =p
Lo

Let o= 225 3 . Then, 4 =2,=1=24,; |4|=1; arg4, =0. In this example the
42

elements of matrix ®" tend to infinity as limn =,

n—w

Figure 6: Input (part A) and output (part B) sequences of the Ho-Kalman model at
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of @ are equal to p,. The elements of @ tends to infinity and the output sequences
also diverges at quadratic speed.
6.6 1, =2,#%p,

4 1 3
Let @D{_E _1] Then, 4 =4, =§=/10; 4| >1; arg4, =0. Now the elements of
4

matrix ®" tend to infinity according to the exponential law.
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Figure 7: Input (part A) and output (part B) sequences of the Ho-Kalman model at

B e e A s

of @ are outside the unit circle. The elements of @ tends to infinity and the output
sequences also diverges at the same exponential speed.
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7.Conclusions

The main objective of this paper is to demonstrate that the Ho-Kalman model is a
transformer of linear recurring sequences — what is far from being trivial. Algebraic
expressions of the output sequence produced by the Ho-Kalman model are derived in
an explicit form; different scenarios among the roots of the characteristic equation of
the input signal and the eigenvalues of the system matrix @ are considered. These
results provide the insight in the complexity of processes governed by the Ho-Kalman
model. A number of computational experiments are used to illustrate the theoretical
results.

All derivations and computations are performed when the dimensions of the input,
the output signals and the system matrices are equal to 2. These results could be
extrapolated to higher dimensions without losing the generality - though the
applicability of the discussed properties of the Ho-Kalman model for complex real-
world systems remains a definite topic of future research.
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