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Abstract 

 
A new kind of sets callednanogeneralized-closed (briefly N g -closed) sets is 
introduced and studied in a nano topological space.The class of all N g -closed 
sets is strictly larger than the class of all nano -closed sets. Furthermore, prove 
that g -closed sets is a special type of N g -closed sets in a nano topological 
space. Some of their properties are investigated. Finally, some 
characterirzations of nano -regular and nano -normal spaces have been given.  
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Introduction 
LellisThivagar [1] introduced a nano topological space with respect to a subset X of an 
universe which is defined in terms of lower and upper approximations of X. The 
elements of a nano topological space are called the nano-open sets. He has also studied 
nano closure and nano interior of a set. Njastad [5], Levine [2] and Mashhour [3] 
respectively introduced the notions of - open, semi-open and pre-open sets.Since then 
these concepts have been widelyinvestigated. It was made clear that each -open set is 
semi-open and pre-open but the converse of each is not true. Njastad has shown that the 
family of - open sets is a topology on X satisfying . The families SO  of all 
semi–open sets and PO  of all preopen sets in  are not topologies. It was 
proved that both SO  and PO  are closed under arbitrary unions but not 
under finite intersection. 
     In this paper A new kind of sets calledN g -closed sets is introduced and studied in 
a nano topological space [1]( by short, NANO TOP).The class of all N g -closed sets is 
strictly larger than the class of all nano -closed sets. Furthermore, prove that g -closed 
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sets is a special type of N g -closed sets in a nano topological space. Some of their 
properties are investigated. Finally, some characterizations of nano -regular and nano 
-normal spaces have been given.  
 
Definition 1.1 [1] Let  be the universe, be an equivalence relation on  and 

 where UX  . If )(XR  satisfies the 
following axioms:  

1. )(, XU R  
2. The union of the elements of any subcollection of )(XR  is in )(XR  
3. The intersection of the elements of any finite subcollection of )(XR is in 

)(XR  
     Then )(XR  is a topology on U called the nanotopology on with respect to X . 
We call as the NANO TOPspace The elements of )(XR are called as nano-open sets.  
 
Definition 1.2[1] If ))(,( XU R is NANO TOP space with respect to X where X U

and if AU , then the nano interior of A  is defined as the union of all nano-open 
subsets of A  and it is denoted by )int( AN . That is, )int( AN is the largest nano-open 
subset of A . The nano closure of A  is defined as theintersection of all nano closed 
sets containing A  and it is denoted by )(ANcl . That is, )(ANcl is the smallestnano 
closed set containing A . 
 
Definition 1.3[1] A NANO TOPspace ))(,( XU R is said to be extremally 
disconnected, if the nanoclosure of each nano-open set is nano-open. 
 
Definition 1.4 [1] Let )(XR  be a NANO TOP on U  with respect to X . A subset 
A  of U  is said to be nanosemi-open [2](by short N -open) (resp. nanopreopen 
[3](by short N -open), -open [4](by short N -open), nano- -open (by 
short N -open) or nanosemi-preopen (by short N -open), nano- b -open(by 
short N -open) ) if ))(( AintclA  
     (resp.

))(())(())),((())),((()),(( AclintAintclAAclintclAAintclintAAclintA ). A 
subset A  is said to be nan- -open(by short N -open) if for each Ax , there 
exists a Nano regular open(by short N -open) set G  such that AGx . The 
complement of a nano- -open set is said to be nano- -closed.  
 
Definition 1.5Let )(XR  be a NANO TOP on U  with respect to X . A subset A  
of U  is said to be nano- -semi-open (resp. nano- -preopen ) if ))(( AIntclA  
(resp. ))(( AclintA ).  
     The family of all nanosemi-open (resp. nanopreopen, nano- -open, nano-
-open, nano- b -open, nano- -open, nano- -semi-open, nano- -preopen) sets in X  
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is denoted by )(XNSO  (resp. )(XNPO , )(XN , )(XN , )(XNBO , )(XON , 

)(XSON , ))(XPON .  
 
     The following lemma is useful in the sequel: 
 

Lemma 1.1Let )(XR  be a NANO TOP on U  with respect to X  and UBA, , 
then  

1. ))()int( ANclAAN .  
2. BA  implies that )int()int( BNAN  and )()( BNclANcl  

3. )int(=))int((int ANANN  and )(=))(( ANclANclNcl  
4. )(=)(int ANclUAUN  and )(int=)( ANUAUNcl  

 
Lemma 1.2Let )(XR  be a NANO TOP on U  with respect to X , then  

1. )int( ANx  if and only if there is a nano-open set Aw  such that wx  

2. )(ANclx  if and only if Aw  whenever )(Xwx R .  
3. If )(XA R , then )int(= ANA  and if A  is nano-closed, then 

)(= ANclA  
 
Remark 1.1Let )(XR  be a NANO TOP on U  with respect to X , then  

1. =)int(N  and XXNcl =)(  
2. )int( XN  is the union of all nano -open sets in X  
3. )(Ncl  is the intersection of all nano -closed sets in X  

 

 

Properties of N g -Closed Set 

 
Definition 2.1 Let )(XR  be a NANO TOP on U  with respect to X  then, UA  
is called a N g -closed set if BANcl )(  whenever )(XBA R . The complement 
of a N g -closed set is called a N g -open set 
 

Example 2.1 Let dcbaU ,,,=  with and baX ,= . Then 
the }},{},,,{},{,,{)( dbdbaaUXR NANO TOP on U  with respect to X . 

},{= baA is a N g -closed set 
 
Theorem 2.1Let )(XR  be a NANO TOP on U  with respect to X  then. If UA  
is N g -closed set, then AANcl )(  does not contain any non-empty closed set.  
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Proof. Let F  be a N g -closedsubset of U  such that AANclF )( , where A  is 
N g -closed. Since FU  is open, FUA  and A  is N g -closed, 

FUANcl )(  and thus )(ANclUF . Thus =)())(( ANclANclUF  
and hence =F .  
     If AANcl )(  does not contain any non-empty closed subset of U , then A  
need not be N g -closed in general. 
 

Corollary 2.1Let )(XR  be a NANO TOP on U  with respect to X and UA be a 
N g -closed set. Then AANcl =)(  if and only if AANcl )(  is closed.  
 
Proof. Let A  be a N g -closed set. If AANcl =)( , then =)( AANcl , and 

AANcl )(  is a closed set. Conversely, let AANcl )(  be a closed set, where A  is N
g -closed. Then by Theorem 2.1, AANcl )(  does not contain any non empty closed 
set. Since AANcl )(  is a closed subset of itself, =)( AANcl  and hence 

AANcl =)( . 
 
Theorem 2.2Let )(XR  be a NANO TOP on U  with respect to X and

)(ANclBA where A  is N g -closed. Then B  is N g -closed. 
 

Proof. Let )(XVB R . Since A  is N g -closed and VA , VANcl )( . Now, 
)(ANclB , )()( ANclBNcl  and hence VBNcl )( . 

 
Theorem 2.3Let )(XR  be a NANO TOP on U  with respect to X . Then A  is N g

-open if and only if )(int ANF  wherever AF  and F  is closed.  
 
Proof. Let A  be a N g -open set and AF , where F  is closed. Then AU  is a N
g -open set contained in an open set FU . Hence FUAUNcl )( , i.e. 

FUANU )(int . So )(int ANF . Conversely, suppose that )(int ANF  
for any closed set F  whenever AF . Let VAU , where )(XV R . Then 

AVU  and VU  is closed. By assumption, )(int ANVU  and hence 
VANUAUNcl )(int=)( . Therefore )( AU  is N g -closed and hence A  is N

g -open.  
 
Theorem 2.4Let )(XR  be a NANO TOP on U  with respect to X . Then the 
following are equivalent:  

1. For every N g -open set V  of U , VVNcl )( .  
2. Every subset of U  is N g -closed.  
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Proof.  

1.  (2). Let A  be any subset of U  and )(XVA R . Then by (1) 
VVNcl )(  and hence VVNclANcl )()( . Thus A  is N g -closed.  

2.  (1). Let )(XV R . Then by (2), V  is N g -closed and hence VVNcl )(
.  

 
Theorem 2.5Let )(XR  be a NANO TOP on U  with respect to X . If a subset A  
of U  is N g -open and ABAN )(int , then B  is N g -open.  
 
Proof. We have )(=)(int AUNclANUBUAU . Since AU  is N g

-closed, it follows from Theorem 2.2 that BU  is N g -closed and hence B  is N g

-open.  
     Now we introduce the following new definition: 
 
Definition 2.2Let )(XR  be a NANO TOP on U  with respect to X then )(XR is 
called a nano 1/2T -space (by short 1/2NT ) if for everyN g -closed A  of U , 

AANcl =)( .  
 
Theorem 2.6Let )(XR  be a NANO TOP on U  with respect to X . Then the 
implication (1)  (2) holds. If )()int( XxN R  for every Ux , then the 
following statements are equivalent:  

1. U  is a 
2
1NT -space.  

2. Every singleton is eitherN-closed or )(int= xNx . 
 
Proof 

1.  (2). Suppose x  is not a closed subset for some Ux . Then xU  is not 
N -open and hence U  is the only open set containing xU . Therefore 

xU  is N g -closed. Since U  is a 
2
1NT -space, 

xUxNUxU =)(int=)(  and thus )(int= xNx .  
2.  (1). Let A  be a N g -closed subset of U  and )(ANclx . We show that 

Ax . If x  is closed and Ax , then ))(( AANclx . Then AUx  and 
hence xUA . Since A  is a N g -closedset and xU  is an open subset of 
U , xUANcl )(  and hence )(int ANUx  . Therefore 

=))(()( ANclUANclx . This is a contradiction. Therefore, Ax . If 
)(int= xNx , since )(ANclx , then for every N -open set V  containing x , 

we have AV . But )(int= xNx  is N -open and Ax . Hence 
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Ax . Therefore, in both cases we have Ax . Therefore, )(ANclA  and 
hence U  is a 

2
1NT -space.  

Nano-Regular Spaces And Nano-Normal Spaces  
 
Definition 3.1 Let )(XR  be a NANO TOP on U  with respect to X . Then )(XR is 
said to be nano-regular ( by short NR ) if for each N-closed F  subset of U  and each 

Fx , there exist disjoint N-opensets A  and B  such that ax  and BF  .  
 
Theorem 3.1Let )(XR  be a NANO TOP on U  with respect to X . Consider the 
following statements:  

1. X  is NR .  
2. For each Ux  and each )(XA R

 with Ax , there exists )(XB R
 

such that ABcBx )( .  
     Then the implication (1)  (2) holds. If )()(int XAN R  for every N-closed A  
of U , then the statements are equivalent.  
 
Proof. 

1.  (2). Let )( AUx , where )(XA R
 . Then there exist disjoint G , 

)(XB R
 such that GAU )(  and Bx . Thus GUB  and hence 

AGUGUNclBNclBx =)()( .  
2.  (1). Let F  be a N-closedand Fx . Then )(XFUx R

 and hence 
there exists )(XB R

 such that FUBNclBx )( . Therefore, 
)()(int=)( XBUNBNclUF R
.  

 
Theorem 3.2Let )(XR  be a NANO TOP on U  with respect to X , and consider the 
following statements:  

1. X  is NR . 
2. For each closed set F  and Fx , there exists )(XA R

 and N g-open set
B  such that Ax , BF  and =BA .  

3. For each UV  and each closed set F  with =FV , there exist 
)(XA R

 and a N g-open set B such that AV , and =BA . Then 
the implications (1)  (2)  (3) hold. If )()(int XVN R  for every N

g-openset V  of U , then the statements are equivalent.  
 
Proof.  

1.  (2). Obvious.  
2.  (3). Let UV  and F  be a closed set with =FV . Then for Vx , 

Fx , and hence by (2), there exist )(XA R
 and a N g-open set B  such 
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that Ax , BF  and =BA . Hence AV , BF  and 
=BA .  

3.  (1). Let Fx , where F  is N-closed in U . Since =}{xF , by (3) 
there exist A  and a N g-closed set W  such that Ax , WF  and 

=WA . Then by Theorem 2.3 we have )(=)( XVWiF R
 and 

hence =BA .  
 
Definition 3.2Let )(XR  be a NANO TOP on U  with respect to X . Then )(XR  is 
said to be nano-normal ( by short NL )if for any two disjoint N-closed sets A  and B  
there exist two disjoint N -open sets 1F  and 2F  such that 1FA  and 2FB  .  
 
Theorem 3.3Let )(XR  be a NANO TOP on U  with respect to X , and consider the 
following statements:  

1. U  is NL . 
2. For any pair of disjoint closed sets A  and B  of U , there exist disjoint N

g-open sets 1F  and 2F of U  such that 1FA  and 2FB  .  
3. For each closed set A  and each open set B  containing A , there exists a N

g-open set 1F  such that 211 )( FFNclFA .  
     Then the implications (1)  (2)  (3) hold. If )()(int 1 XFN R

 and 
)( 1FNcl  is N -open for every N g-open 1F  of U , then the statements are equivalent.  

 
Proof.  

1.  (2). 1F  and 2F be a pair of disjoint N -closedof U . Then by (1) there 
exist disjoint N g-opensets 1F  and 2F  of U  such that 1FA  and VB  . 
Then (2) follows  

2.  (3). Let A  be a closed set and B  be an open set containing A . Then A  
and BU  are two disjoint N -closedsets. Hence by (2) there exist disjoint 
N g-open 1F  of U  such that 1FA  and 2FBU . Since 2F  is N

g-openand BU  is a N -closed set with 1FBU  , by Theorem 2.5, 
)(int 1FNBU . Hence BFNUFUNcl )(int=)( 22 . Thus 

BFUNclFNclFA )()( 211 .  
3.   (1). Let A  and B  be two disjoint closed subsets of U . Then A  is a 

N -closed set and BF1  is an N -open set containing A . Thus by (3) there 
exists a N g-openset 1F  such that BUFNclFA )( 11 . Thus by 
Theorem 2.5 )(int FNA  and )(FNclUB , where )(int 1FN  and 

)(int=)( 1FUNFNclU  are disjoint sets. Since 1F  is N g-open, 
)()(int 1 XFN R
 and )()(int 1 XFUN R

. Hence U  is NL . 
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