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Abstract 

 

In this paper the Extreme Value Theory and GARCH model are combined to 

estimate conditional quantile and conditional expected shortfall so as to estimate 

risk of assets more accurately. This hybrid model provides a robust risk measure 

for the Nairobi 20 Share index by combining two well known facts about return 

time series: which are volatility clustering, and non-normality leads to fat 

tailedness of the return distribution. We first fit GARCH models to our return 

data using pseudo maximum likelihood to estimate the current volatility and use 

a GPD-approximation proposed by EVT to model the tail of the innovation 

distribution of the GARCH model. 
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1. INTRODUCTION 

In recent years, both practitioners and academics from the financial community have 

become interested in extreme events analysis particularly concerning financial risk 

management. The quantification of market risk for derivative pricing, portfolio choice 

and for market risk management has been of crucial interest to financial institutions and 

researchers especially during the last two decades. Since the early 1990s VAR has been 

the leading tool for measuring risk. Indeed, the ability to estimate extreme market 

movements can be particularly useful for detecting risky portfolios. Supervisors 

increase the control on banks to make sure they have enough capital to survive in bad 
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markets. While risk is associated with probabilities about the future, one usually uses 

risk measures to estimate the total risk exposure. A risk measure summarizes the total 

risk of an entity into one single number. While this is beneficial in many respects, it 

opens up a debate regarding what risk measures that are appropriate to use and how one 

can test their performance. VAR quantifies the maximum loss for a portfolio under 

normal market condition over a given holding period with a certain confidence level. 

Despite been universal, conceptual simple and been easy to evaluate VAR has been 

criticised for not been able to account for tail risk. It only tells us the maximum we can 

lose if a tail event does not occur, but if tail event occurs, we can expect to lose more. 

It is also criticised for its lack of subadditivity (Artzner et al 1997). Because of the 

above limitations Artzner et. al (1997) propose a more coherent risk measure, expected 

shortfall to overcome the shortcoming of VaR. Expected Shortfall quantifies the 

expected value of the loss if a VaR violation has occurs. The Basel committee on bank 

supervision in 2012 raised the prospect of replacing VAR with expected shortfall as a 

risk measure. The greatest challenge confronting the implementation of ES as the 

leading measure of market risk is the unavailability of simple tools for backtesting it. 

In fact, Gneiting (2011) prove that ES is not elicitable, unlike VAR. This result spark a 

lot of debate, some scholars believe that since ES lack such an important mathematics 

property it is not backtestable. However, 2014, Szekely et al. propose three methods for 

backtesting ES without exploiting it backtestability. The approaches use to estimate 

VaR and Expected shortfall can be classified in three. First, we have the non-parametric 

historical simulation, which estimate the quantiles base on available past data. The 

second is the is the fully parametric models base on econometric model for volatility 

and the conditional normality (most models from the GARCH family and J.P Morgan 

Riskmetrics) describe the entire distribution of returns including possible volatility 

dynamic. Finally, we have extreme value theory approach, which model only the tails 

of the return distribution. This approach is more effective since VaR and ES estimate 

are only related to the tail of the probability distribution. Due to the appealing aspects 

of EVT, it have been widely use in literature for the calculation of VaR and ES over the 

past decade. It has been applied many fields such as finance (Gencay and Selcuk (2004); 

Embrenchts (1999); Daneilsson and deVries (1997); and McNeil and Frey (2000)), 

insurance (Tajvidi (1997); McNeil (1997)) and from hydrology (Davison and Smith 

(1990); Katz et al. (2002)). The EVT provide the fundamental framework for model 

rare events.It model the tail of the distribution and, hence have to potential to perform 

better than other approaches in predicting unexpected extreme changes (Dacorogna et 

al.(1995); Longin (2000)). However, none of these studies has reflected the current 

volatility background. McNeil and Frey (2000) propose a combine approach which take 

into account the two stylized facts exhibited by most financial time series, namely fat-

tailedness and stochastic. Within stock markets, implementing a risk measurement 
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methodology based on the statistical theory of extremes is an important issue. The rest 

of this paper is organized as follows. In section 2 and 3 we present an overview of the 

theoretical frame work of EVT. While in section 4 we present the data analysis and 

finally in section 5 we present the conclusion. 

 

2. GARCH-MODELS  

The ARCH models captures the stylized facts of real return data, but in order to have a 

good fit to real data we need a larger number of parameters, which reduce the data 

required for estimation. The Garch model introduce by Bollerslev (1986) added the 

concept for tomorrow volatility depends not only the past realizations but also depend 

on the errors of the volatility predicted. The Garch model has advantage over the ARCH 

model since it can capture the series correlation in squared residuals using a smaller 

number of parameters. The Garch have been extremely widely use since it integrate the 

two main characteristics of financial returns which are unconditional normalities and 

volatility clustering. In order to analyze data set of stock prices, we try to fit AR-

GARCH to the log returns. Here we use the simplest possible ARGARCH model with 

conditional variance of the return as a GARCH(1,1) model and mean model as AR(1). 

Let Yt be the return at time t be defined by the following stochastic volatility model 

                                                                 𝑌𝑡 = 𝜇𝑡 + 𝜎𝑡𝑍𝑡                                    equ. 1                                                                                         

where 𝜇𝑡 is the expected return on day t and 𝜎𝑡 is the volatility and 𝑍𝑡 gives the noise 

variable with a distribution 𝐹𝑍(𝑍) (commonly assumed to be standard normal). We 

assume that Yt is a stationary process. The most widely used suitable models are drawn 

from the ARCH/GARCH family. An autoregressive AR(1)-GARCH(1,1) process is 

given by 

𝜇𝑡 =   𝛼0 + 𝛼1𝑦𝑡−1 

                                                            and                                                             equ .2 

𝜎𝑡
2 = 𝛿0 + 𝛿1휀2

𝑡−1 + 𝛽𝜎2
𝑡−1 

 

 

Where 휀𝑡 = 𝑌𝑡−1 − 𝜇𝑡−1, 𝛿0, 𝛿1, 𝛽, 𝛼0, 𝛼1 and 𝛿1 + 𝛽 < 1 

 

 

3. EXTREME VALUE THEORY:  

Theextremevaluetheoryplaysafundamentalroleinmodellingmaximaofarandomvariable 

just like the central limit does in modelling sums of random variables. In all the two 

cases, the theory tells us what the limiting distribution. There are two ways of 

identifying extreme in real data. Suppose we consider random variable representing 

daily losses or returns. The first method is done by dividing the data in to blocks and 

consider the maximum in each block as extreme event. The other approach is focusing 
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on the realizations exceeding a giving high threshold. Any observation above the 

selected threshold considered an extreme event. The block maxima method is the 

traditional method used to analyse data with seasonality as for instance meteorological 

data. But the threshold method uses data more efficiently for that reason, seems to 

become of choice in recent application (M.Gilli et. al 2006) The EVT relates to the 

asymptotic behaviour or the extreme observation of a random variable. It provides the 

fundamentals for the statistical modelling of rare events and is used to compute tail 

related risk measures. In this paper, we adopt the POT model to identify the extreme 

observations that exceed a high threshold u. 

 

3.1 Generalized Pareto Distribution and The Peak over Threshold Model (POT)  

3.1.1: Theory Theorem 1: (Pickands (1975), Balkema and de Haan (1974)).  

For a large class of underlying distributions F, the excess distribution function 𝐹𝑢 can 

be approximated by GPD for an increasing threshold u 

𝐹𝑢(𝑦) ≈ 𝐺𝜀,𝛽 , 𝑢 → ∞                                           equ. 3 

𝐺𝜀,𝛽  is the Generalized Pareto Distribution which is given by 

 

𝐺𝜀,𝛽 (𝑧) = {
1 − (1 −

𝜀𝑧

𝛽
)

−1

𝜀
𝑖𝑓 휀 ≠ 0

1 − 𝑒𝑥𝑝 (−
𝑧

𝛽
)  𝑖𝑓   휀 = 0

                                        equ. 4 

For 𝑦𝜖[0, (𝑌𝐹 − 𝑢)] if   휀 > 0  and 𝑦𝜖 [0, −
𝛽

𝜀
]  if  휀 < 0 . Here 휀 is the GPD shape 

parameter and 𝛽 is the GPD scale Definition (Distribution of exceedances): The 

distribution of excess over threshold τ for a random variable Y with df F is given by 

 

𝐹𝑢(𝑥) = 𝑃(𝑌 − 𝑢 ≤ 𝑦|𝑌 > 𝑢) =
𝐹(𝑥+𝑢)−𝐹(𝑢)

1−𝐹(𝑢)
=

𝐹(𝑦)−𝐹(𝑢)

1−𝐹(𝑢)
            equ. 5 

For  0 < 𝑦 < 𝑦𝐹 − 𝑢    where 𝑦𝐹 < ∞is the right endpoint of F and 𝑥 = 𝑦 − 𝑢. 𝐹𝑢 is 

the conditional excess. VaR and ES If there is an extreme distribution F with right 

endpoint 𝑌𝐹 , we can assume that for some threshold u , 𝐹𝑢(𝑦) = 𝐺𝜀,𝛽 (𝑦)  for 0 ≤ y <

𝑌𝐹 − u  and      ε∈R  and  σ > 0. For y≥u, 

�̂�(𝑦) = 𝑃(𝑌 > 𝑢)𝑃(𝑌 > 𝑦|𝑌 > 𝑢) 

= �̂�(𝑢)𝑃(𝑌 − 𝑢 > 𝑦 − 𝑢|𝑌 > 𝑢) 

= �̂�(𝑢)�̂�(𝑦 − 𝑢) 

= �̂�(𝑢) (1 + 휀
𝑦−𝑢

𝛽
)

−1

𝜀
                                                equ.6 

Given F(u) the this gives formula for the tail probability. The inverse equ 9 gives the 

extreme quantiles of the distribution or at best the VaR. For q ≥ F(u) , VaR is given by 
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𝑒𝑞 = 𝑢 +
𝜀

𝛽
[(

𝑛(1−𝑞)

𝑘
)

−𝜀

− 1]                                  equ.7 

 

For 휀 < 1 the ES is given by 

𝐸𝑆𝑞 =
1

1−𝑞
∫ 𝑒𝑞(𝐹)𝑑𝑥

1

𝑞
=

𝑉𝑎𝑅𝑞

1−𝜀
+

𝛽−𝜀𝑢

1−𝜀
                                equ.8 

Analytically expressions for VaR and ES can also be defined as a function of estimated 

GPD parameters. Using (equ 5.)  𝐹(𝑦) = (1 − 𝐹(𝑢))𝐹𝑢(𝑥) + 𝐹(𝑢)  if n is the total 

observations and k the number of observations above τ and we replace 𝐹𝑢 by the GPD 

and F(u) by  
𝑛−𝑘

𝑛
 , we get an estimator for tail probabilities (Smith, 1987) 

�̂�(𝑦) = 1 −
𝑘

𝑛
(1 +

𝜀

𝛽
(𝑦 − 𝑢))

−1

𝜀

                                           equ.9 

The inverse of (equ. 9) with a probability q gives the VaR 

𝑉𝑎𝑅�̂� = 𝑒𝑞 = 𝑢 +
�̂�

�̂�
[(

𝑛(1−𝑞)

𝑘
)

−𝜀

− 1]                                    equ. 10 

Using (equ. 8) the ES is given by 

𝐸𝑆�̂� =
𝑉𝑎𝑅�̂�

1−�̂�
+

�̂�−�̂�𝑢

1−�̂�
                                             equ. 11 

In POT method GPD is fitted to the excess distribution (value above threshold a τ) by 

MLE and the confidence interval estimates are calculated by profile likelihood and then 

the unconditional or static estimates for VaR and ES are calculated 

 

4.1  DATA PRESENTATION 

The data set in our empirical study are the daily Nairobi 20 Share index, it comprises 

of the most performing companies at the Nairobi Security Exchange from 

January,01,2000 to December,31, 2015.The daily returns is obtain by taking the 

diff erence between log of today price and yesterday price. The plot of the daily price 

series and the daily returns are shown in the figure below. The plot show the daily 

fluctuations of the series. It shows that the daily NSE exhibit very high volatility since 

the graph has almost no smooth area. The plot reveals trends with high uncertainty in 

the NSE. 𝑌𝑡 = log (
𝑝𝑡+1

𝑃𝑇
) 
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Figure 1.The daily Price Series of NSE 20 Share index and Daily Returns 

 

Table 1. Descriptive Statistics of Returns 

 

Statistics Values 

Mean 0.000137 

Median  0.00000 

Maximum 0.210300 

Minimum -0.0210300 

St. Dev. 0.0115313 

Skewness -0.3226848 

Kurtosis 83.6088 

ADF-test -14.371 

Jargue Bera Test 2827919.203(0.00) 

P-P test -4766.8 

Observation 4017 

 

Table 1: The daily returns have positive mean showing an upward movement of the 

share prices. The daily returns exhibit negative kurtosis and negative skewness 

indicating that they are from non-normal distribution, which is confirm by Jargue Bera 
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statistics. According to the Ljung-Box Q(16) and 𝑄2(16) statistics there is presence of 

serial correlation, as well as volatility. Moreover, the results of augmented Dickey-

Fuller and Phillips-Perron unit root tests reject the null hypothesis of a unit root in this 

series, indicating that they are stationary and may be modelled directly without further 

transformation. Fig.1 and Table.1 demonstrate the defining characteristics of the stock 

market: high volatility, occasional extreme movements, and volatility clustering and fat 

tailed distributions. These findings support the need for the GARCH model to filter the 

data series and then to apply the EVT to it. 

 

4.2 Fitting AR(1)-Garch(1,1) to the data 

Table 2: presents the estimated parameters of the AR(1)-GARCH(1,1) model on the 

daily return series. Both the constant term and the parameters in the AR(1)- Garch(1,1) 

are found to significant at 5% level except the 𝛿0 which is negligible since it is too 

small. 

Table 2. Descriptive Statistics of Standardized Residuals 

 

 Coefficient Std Error P-value 

Mean Equation 

𝛼0 0 0.000219               0.000005 0.00000 

𝛼1 0.175258 0.000065 0.00000 

Variance Equation 

𝛿0 0.000000 0.000000 0.56531 δ1 

𝛿1 0.063246 0.000034 0.00000 

𝛽 0.929179 0.000365 0.00000 

 

Table 3: present the descriptive statistics of the standardized residuals. However, it 

appears that skewness and excess kurtosis remain in the standardized residuals, it is also 

noted that neither the return series nor the standardized residual series are normally 

distributed as suggested by Jaque-Bera statistics. The significant value of ljung-Box 

Q(16) statistic in Table 1. Indicates that raw returns are serially correlated and hence 

are not iid as required by EVT. The Ljung-Bx test for the standardized residuals has a 

nonsignificant Q(16) statistic. Thus indicating that the filtering produces residuals 

which are nearly iid on which EVT can be implemented. Also according 𝑄216) statistic 

of standardized residuals it suggests that the A(1)-GARCH(1,1) model is well specified. 

All these findings motivate the second stage of McNeil and Frey’s (2000) EVT 

implementation, where fat tails of the standardized residuals are explicitly modelled. 
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Table 3. Descriptive Statistics of Standardized Residuals 

 

Statistics Values 

Mean 0.04859 

Median -0.02366 

Maximum 16.97378 

Minimum -41.17451 

St. Dev. 1.446948 

Skewness -9.604694 

Kurtosis 297.165 

ADF-test -14.552(0.01) 

Jargue Bera Test 2827919.203(0.00) 

P-P test -4766.8(0.01) 

Observation 4017 

 

 

4.3  Determination of Thresholds:  

Threshold selection is still an area of ongoing research in the literature, which can be 

of the critical importance. Coles (2001) states that the selection of the threshold process 

always is a trade-off  between the bias and variance. If the threshold is too low, the 

asymptotic arguments underlying the derivation of the GPD model are violated. By 

contrast, too high a threshold will generate fewer excesses (y−τ) to estimate the shape 

and scale parameter leading to high variance. There are three graphical methods of 

estimating the threshold 

1. Quantile- Quqntile Plot: We use QQ-plot for two reasons; first is it complete the 

Jargue Bera test for normality. This means that JB test shows that residuals are 

not normal while the QQ-plot also shows that the standardized residuals are 

heavy tail, which is the basis for the application EVT. The secondly it  can be 

used to check if the data satisfies GPD .According to Picklands (1975) and 

Balkema (1974) if the empirical plots seem to follow a reasonable straight with 

a positive slope above a certain threshold, then our data follows GPD. Hence 

according our QQ-plot our data follows a GPD from our plot with a scale 

parameter and shape parameter. Here we chose the threshold where an 

approximation by the GPD is reasonable by detecting an area with linear shape 

on the plot. According to QQ-Plot of the residuals against the normal 

distribution, our data are heavy tail, since the plot is convex on the left and 

concave on the right. Hence we cannot assume that the data is conditional 

normal. The thickness of the tails of the distribution of returns is in favour of 
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our choice of EVT modelling tails and more precisely the choice of the POT 

method for modelling the distribution tails. 

  

 
 

2. Mean Residuals life Plot The MEF (Fig. 2) of negative returns use to estimate 

thresholds. From the MEF, the thresholds can be chosen as 0.598 for the right 

tail based on the criterion of linearity in the MEF plots. 

 

 
 

3. Hill Plot The plot of the shape parameter against the exceedances in the figure is 

helpful in threshold selection. Figures shows the variation of the Hill estimator of the 
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tail index ε compared to the number of exceptions and thresholds are correspondents. 

The choice of the tail index begins by the region where the graph becomes relatively 

stable. This corresponds to a number equal to overflow k = 860 and a threshold for the 

u= 0.598 for our series 

 

 
 

4.4 Estimation of GPD Parameters:  

The next is to estimate the scale parameter β and shape parameter ε by fitting the GPD 

to standardized residuals. The shape parameter determine the type of distribution for 

our data. Since it positive, these indicate that our data belongs to maximum domain of 

attraction of Frechet Distribution, which is heavy distribution. The estimates of the 

scale parameter, sharp parameters and the threshold is given in table 4 

 

Table 4. GPD Parameters and Extreme Quantiles 

 

 Value 

Number of Exceedances k  4017 

Threshold u  0.598 

Total number observation n  860 

% number of exceedances  0.2158327 

GPD shape parameter ε  0.1052843 

GPD scale parameter β  0.5126895 

𝑉𝑎𝑅(𝑍)0.99 2.41716 

𝑉𝑎𝑅(𝑍)0.995 2.960712 

𝐸𝑆(𝑍)0.99 3.242869 

𝐸𝑆(𝑍)0.995 3.81176 

 

 



Expected Shortfall Estimation Using Extreme Theory 85 

 

 

4.5 Conditional VaR and Conditional ES:  

In table 4 we have the estimates of the unconditional extreme quantiles. To obtain the 

conditional VaR we combine unconditional quantile    𝑒𝑞
𝑡+1 conditional volatility and 

the estimates of the conditional mean estimates. Hence, the conditional VaR is given 

by 

𝐶𝑉𝑎𝑅𝑞
𝑡+1 = �̂�𝑡+1 + �̂�𝑡+1 (𝑢 +

휀̂

�̂�
[(

𝑛(1 − 𝑞)

𝑘
)

−𝜀

− 1]) 

 

Expected Shortfall is a more desirable risk measure according it more attractive 

theoretical properties. it overcomes the limitations of VaR. Estimation of CES under 

extreme condition, requires estimation of volatility 𝜎𝑡 and using appropriate extreme 

value distribution to obtain the quantile. Hence, the CES is given by 

 

𝐶𝐸𝑆𝑞
𝑡+1 = �̂�𝑡+1 + �̂�𝑡+1 (

𝑉𝑎𝑅�̂�

1 − 휀̂
+

�̂� − 휀̂𝑢

1 − 휀̂
) 

 

Where 𝑉𝑎𝑅�̂� is the unconditional VaR  which can be computed as  𝑒�̂�. The results of 

the one horizon conditional VaR estimates and Conditional are given Table 5. 

 

Table 5. Conditional VaR and Conditional ES 

 

 Value 

𝐶𝑉𝑎𝑅0.99 0.0230963 

𝐶𝑉𝑎𝑅0.995 0.2751487 

𝐶𝐸𝑆0.99 0.0311876 

𝐶𝐸𝑆0.995 0.03612826 

 

The VaR is estimating as 2.31% at the 1%. These implies for the lower 1% daily return, 

the daily loss in the NSE 20 Share index value may exceed 3.12% in expectation. Hence 

if we invest in market portfolio, we 99% confident that our daily loss in the worst-case 

scenario will not exceed 2.31% during one trading day. Likewise for the 99.5% we 

confident that our daily loss at will not exceed 3.61% in expectation during one trading 

day.   
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CONCLUSION 

Due to the degree of volatility seen in the financial markets over the past years markets 

has been considered that complex and nonlinear dynamic system. Hence, the Extreme 

Values theory has proof to be powerful in estimating the extreme events in a risky 

market based on sound statistical methodology. In this paper we exhibit how EVT can 

be use in modelling tail risk measure such as VaR and ES. We apply the method on the 

daily returns of Nairobi 20 Share index The conditional approach is more plausible 

since financial series exhibit stochastic volatility are non iid. The objective was to get 

standardized residuals, which approximate iid on which we can fit the GPD. 

 

 

REFERENCES  

 

[1] Artzner, P., Delbaen, F., Eber, J.M.  and  Heath, D. (1999), Coherent measures 

of risk, Journal of Economic Perspectives Vol. 15 (no.4) 

[2] Chiu, C. L. ; Lee, M.  C. and Hung, J. C.; (2005)., Estimation of Value-at-Risk 

under jump dynamics and asymmetric information,Vol. 15, No. 15, journal of 

Applied Financial Economics , Pages 1095-1106 

[3] Coles, S. (2001), An introduction to statistical modeling of extreme values, 

Springer-Verlag London Ltd 

[4] Danielsson, J., de Haan, L., Peng, L. and  de Vries, C. (2001), Using a bootstrap 

method to choose the sample fraction in tail index estimation, Journal of 

Multivariate Analysis Vol. 76 (no. 2). 

[5] Embrechts, P., Klüppelberg, C.  Mikosch, T. (1997), Modelling extremal events 

for insurance and finance, Springer. 

[6] Frad ,  Zouari, H. and  Ezzeddine, (2014), Estimation of value-at-risk measures 

in the Islamic stock market: Approach based on Extreme Value Theory (EVT), 

Vol. 3, No.2, Journal of World Economic Research, Pages 15-20 

[7] Giles, D.  E. and Feng, H. and Godwin, R., T, (2015); Bias-corrected maximum 

likelihood estimation of the parameters of the generalized Pareto distribution, 

vol. 45, No. 8, Communications in Statistics - Theory and Methods, Pages 2465-

2483 

[8] Gneiting T.,(2011),Making and Evaluating Point Forecasts, Journal Journal of 

the American Statistical Association ,Volume 106, 2011 - Issue 494 

[9] J.P Morgan, (2014),{RiskMetrics Technical Document. 

[10] Karmakar, M., (2013,  Estimation of tail-related risk measures in the Indian 

stock market: An extreme value approach, Vol. 22, No. 3, Review of Financial 

Economics, Pages 79-85, 



Expected Shortfall Estimation Using Extreme Theory 87 

[11] Lancine K,  Denis D. , Gilles S., and  Ollivier   T.; , Extreme Value at Risk and 

Expected Shortfall During Financial Crisis, SSRN Electronic Journal 

[12] Manfredk G.; and  Evis,L. ,(2006); An Application of Extreme Value Theory 

for Measuring Financial Risk, volume 27, no. 2-3, journal of Comput Econ, 

Pages 207-228 

[13] McNeil, A. J.,(1997),Estimating the tails of loss severity distributions using 

extreme value theory ,Astingbulletin,Vol.27,no. 1, 1997. 

[14] McNeil, A. J. and Frey, R. (2000), Estimation of tail-related risk measures for 

heteroscedastic financial time series: an extreme value approach, Journal of 

Empirical Finance Vol. 7 (no. 3–4) 

[15] McNeil, A. J., Frey, R. and  Embrechts, P. (2005), Quantitative risk 

management: Concepts, techniques, and tools, Princeton University Press., 

[16] Ozun, A.  and Cifter, At. and Yilmazer, S. , (2010); Filtered extreme-value 

theory for value-at-risk estimation: evidence from Turkey, Vol. 11; no. 2, The 

Journal of Risk Finance, pages 164-179 

[17] Su, Y. C.; Huang, H. C. and Lin, Y. J.,(2011); GJR-GARCH model in value-at-

risk of financial holdings Volume 21,no. 24 ,Journal of Applied Financial 

Economics, Pages 1819-1829 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



88 Kebba Bah, Dr. Joseph Munga'tu  and  Dr. Antony Waititu 

 

 

 

 

 

 

 

 

 


