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Abstract 

 

The purpose of this paper is to prove a common fixed point theorem on six 

self maps of a complete fuzzy metric space using the concept of compatible 

mappings of type (K). 
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1. INTRODUCTION  

The concept of the fuzzy set was introduced by Zadeh[5]. Then, fuzzy metric space 

was initiated by Kramosil and Michalek[7]. George and Veeramani [1] modified the 

notion of fuzzy metric space with the help of continuous t-norm. Many authors proved 

fixed point theorem in fuzzy metric space using various types of compatible 

mappings. Recently K.Jha, V.Popa and K.B.Manandhar [4] introduced the concept of 

compatible mappings of type (K) in metric space. The aim of this paper is to prove a 

common fixed point theorem for compatible mappings of type (K) in complete fuzzy 

metric space.   

 

DEFINITIONS AND PRELIMINARIES 

Definition 1.1 [1]A binary operation * :[0,1][0,1] [0,1] is called continuous  t-

norm  if  * satisfies the following conditions. 

(i) * is commutative and associative 
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(ii) * is continuous 

(iii) a*1=a for all a∈[0,1] 

(iv) a*b ≤ c*d whenever  a ≤c and b≤ d for all a, b,c,d [0,1] 

 

Definition 1.2 [1] A 3-tuple (X, M,*) is said to be fuzzy metric space if X is an 

arbitrary set,* is continuous t- norm and M is a fuzzy set on X2(0,∞) satisfying the 

following conditions for all x,y,zX, s,t0                      

(i) M(x,y,0)=0 

(ii) M(x,y,t)=1  for all t>0  if and only if x=y 

(iii) M(x,y,t)= M(y,x,t) 

(iv) M(x,y,t) * M(y,z,s) ≤ M(x,z,t+s) 

(v) M(x,y,.) : [0,∞) →[0,1] is left continuous 

 

Example 1.3 (Induced fuzzy metric space) [1] Let (X,d) be a metric space defined 

a*b=min{a,b} for all x,y∈X and t>0,  

( , , ) ( )
( , )

t
M x y t a

t d x y
 

  

Then (X, M,*) is a fuzzy metric space.  We call this fuzzy metric M induced by metric 

d is the standard fuzzy metric.   

From the above example every metric induces a fuzzy metric but there exist no metric 

on X satisfying (a). 

 

Definition 1.4 [1] Let (X,M,*) be a fuzzy metric space then a sequence <xn> in X is 

said to be convergent to a point xX , if  

lim ( , , ) 1 0.n
n

M x x t for all t


 
 

 

Definition 1.5 [1] A sequence <xn> in X is called a cauchy sequence if 

lim ( , , ) 1 0 0.n p n
n

M x x t for all t and p


  
 

 

Definition 1.6 [1] A fuzzy metric space (X, M,*) is said to be complete if every 

cauchy sequence is convergent to a point in X. 

 

Lemma 1.7 [7] Let (X,M,*) be a fuzzy metric space.  For all x,yX, M(x,y,.) is non 

decreasing. 

 

Lemma1.8 [9] Let (X,M,*) be a fuzzy metric space if there exists k(0,1) such that  

M(x,y,kt)≥M(x,y,t) then x=y. 
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Proposition 1.9 [9] In the fuzzy metric space (X, M,*) if a*a≥a for all a[0,1] then 

a*b= min{a,b} 

 

Definition 1.10 [2] Two self maps S and T of a  fuzzy metric space (X,M,*)  are said 

to be compatible mappings if   
n

lim M(STxn,TSxn,t )=1, whenever  <xn> is a sequence 

in X  such that 
n

lim Sxn=
n

lim Txn= z  for some  z∈X.  

 

Definition 1.11 [3]Two self maps A and S of a  fuzzy metric space (X,M,*)  are said 

to be compatible of type (A)  if   
n

lim M(ASxn, SSxn ,t )=1 and   
n

lim M(SAxn, AAxn ,t 

)=1 whenever  <xn> is a sequence in X  such that 
n

lim Axn=
n

lim Sxn= z  for some  

z∈X and t>0. 

 

Definition 1.12[4]  Two self maps A and S of a  fuzzy metric space (X,M,*)  are said 

to be compatible of type (P) if   
n

lim M(SSxn,AAxn,t )=1, whenever  <xn> is a 

sequence in X  such that 
n

lim Axn=
n

lim Sxn= z  for some  z∈X.  

 

Definition 1.13 [5] Two self maps A and S of a  fuzzy metric space (X,M,*)  are said 

to be compatible of type (K) iff   
n

lim M(AAxn,Sz,t )=1 and   
n

lim M(SSxn,Az,t )=1 

whenever  <xn> is a sequence in X  such that 
n

lim Axn=
n

lim Sxn= z  for some  z∈X 

and t>0. 

 

The following examples shows that the mapping compatible (compatible mappings of 

type (A), compatible mappings of type (P)) and compatible mappings of type (K) are 

independent. 

 

Example 1.14 Let X=[0,1] be a complete metric space, A and S are two self maps on 

X defined by  

A(x)=1, S(x)=1/8 for x[0,1/2]-{1/4}, A(x)=1/8, S(x)=1 for x=1/4 and A(x)=1/2-x/2, 

S(x)=x/2 for x=(1/2,1].  Choose a sequence {xn}=1/2+1/n then as n, A(xn) and 

S(xn) both converges to 1/4. Also AA(xn) 1, AS(xn) 1, SS(xn) 1/8 and SA(xn) 

1/8, shows that the mappings are not compatible, compatible of type(A) and 

compatible of type(P) but the mappings are compatible of type(K). 
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Example 1.15 Let X=[0,1] be a complete metric space, A and S are two self maps on 

X defined by  

A(x)=x, S(x)=1/4 for x[0,1/2]-{1/4}, A(x)=1/8, S(x)=x for x=1/4 and A(x)=1/2-x/2, 

S(x)=x/2 for x=(1/2,1].  Choose a sequence {xn}=1/2+1/n then as n, A(xn) and 

S(xn) both converges to 1/4.  Also AA(xn) 1/4, AS(xn) 1/4, SS(xn) 1/4 and 

SA(xn) 1/4, shows that the mappings are  compatible, compatible of type(A) and 

compatible of type(P) but the mappings are not compatible of type(K). 

 

2. MAIN RESULT 

Theorem 2.1 Let (X, M,*) be a complete fuzzy metric space with t*t≥t for all t[0,1] 

and with the condition lim
𝑡→∞

𝑀(𝑥, 𝑦, 𝑡) = 1 for all x, yX.  Let A,B,P,Q,S and T are 

self maps from X into itself such that  

(i) P(X)AB(X),Q(X) ST(X) 

(ii) the pairs (A,T) (B,P),(B,T),(S,B) and (Q,T) are commuting  

(iii) A,B,S and T are continuous 

(iv) the pairs (P,ST) and (Q,AB)  are compatible of type (K) 

(v) there exists k(0,1) such that  

(vi) M(Px,Qy,kt)  ≥  

M(STx,Px,t)*M(ABy,Qy,t)*M(STx,ABy,t)*M(ABy,Px,t)* 

                                     M(STx,Qy,2t)   

for all x,yX and t>0 

then A,B,S,T ,P and Q have a unique common fixed point in X. 

 

Proof: Since P(X)AB(X) for any x0X, there exists a point x1X such that 

Px0=ABx1.  Since Q(X) ST(X),for this x1 ,we choose a point x2X such that 

Qx1=STx2.  Inductively ,we can construct  a sequence {yn} in X as follows   

y2n=Px2n=ABx2n+1 and y2n+1=Qx2n+1=STx2n+2 for n=0,1,2….,for all t>0 and k(0,1) 

then we have  

M(y2n+1,y2n+2,kt )= M(Px2n+1,Qx2n+2,kt) 

                           ≥  M(STx2n+1,Px2n+1,t)*M(ABx2n+2,Qx2n+2,t)*M(STx2n+1,ABx2n+2,t) 

                                      *M(ABx2n+2, Px2n+1,t)*M(STx2n+1,Qx2n+2,2t)  

                           =M(y2n,y2n+1,t)*M(y2n+1,y2n+2,t)*M(y2n,y2n+1,t) 

*M(y2n+1,y2n+1,t)*M(y2n,y2n+2,2t)                                                    

                           = M(y2n,y2n+1,t)*M(y2n+1,y2n+2,t)*M(y2n,y2n+1,t) *1*M(y2n,y2n+2,2t)  

                             ≥ M(y2n,y2n+1,t)*M(y2n+1,y2n+2,t) *M(y2n,y2n+1,t) *M(y2n+1,y2n+2,t) 

                             ≥ M(y2n,y2n+1,t)*M(y2n+1,y2n+2,t) 

M(y2n+1,y2n+2,kt)  ≥ M(y2n,y2n+1,t)*M(y2n+1,y2n+2,t) 

Similarly,  M(y2n+2,y2n+3,kt)  ≥ M(y2n+1,y2n+2,t)*M(y2n+2,y2n+3,t). 
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Therefore for n is even or odd we have, M(yn+1,yn+2,kt)  ≥ M(yn,yn+1,t)*M(yn+1,yn+2,t) 

Consequently  M(yn+1,yn+2,t)  ≥ M(yn,yn+1,t/k)*M(yn+1,yn+2,t/k) 

By repeating above inequality we get, 

M(yn+1,yn+2,t)  ≥ M(yn,yn+1,t/k)*M(yn+1,yn+2,t/k
m) 

Thus since   M(yn+1,yn+2,t/k
m)→1 as m→∞,we have   M(yn+1,yn+2,kt)  ≥ M(yn,yn+1,t). 

By Lemma {yn} is a cauchy sequence in X, which is complete hence {yn} is 

converges to a point zX. Also the subsequences {Px2n},{Qx2n+1},{ABx2n+1} and 

{STx2n+2} of {yn} converges to z. 

The pair (P,ST) is compatible mappings of type (K), then PPx2n→STz  and 

ST(STx2n)→Pz  as n→∞. Since ST is continuous then the pair (P,ST) implies 

ST(Px2n)→STz  and ST(STx2n)→STz as n→∞. Therefore STz=Pz. 

 

The pair (Q,AB) is compatible mappings of type (K), then QQx2n+1→ABz  and 

AB(ABx2n+1)→Qz  as n→∞. Since AB is continuous then the pair (Q,AB) implies 

AB(Qx2n)→ABz and AB(ABx2n)→ABz as n→∞. Therefore ABz=Qz. 

 

Put x=Px2n,y=Qx2n+1 in (iv) of Theorem 2.1, 

M(P(Px2n),Q(Qx2n+1),kt)≥     

                       

M(ST(Px2n),Px,t)*M(AB(Qx2n+1),Q(Qx2n+1),t)*M(ST(Px2n),AB(Qx2n+1),t)* 

                       M(AB(Qx2n+1),P(Px2n),t)*M(ST(Px2n),Q(Qx2n+1),2t)  

Letting n→∞,  

M(STz,ABz,kt)≥ M(STz,STz,t)*M(ABz,ABz,t)*M(STz,ABz,t)*M(ABz,STz,t)* 

                                     M(STz,ABz,2t) 

M(STz,ABz,kt)≥ M(STz,ABz,t) 

STz=ABz. 

Therefore Pz=Qz=STz=ABz.  

 

Put x=x2n,y=z  in (iv) of Theorem 2.1, 

M(P x2n,Qz,kt)≥ M(ST x2n,P x2n,t)*M(ABz,Qz,t)*M(ST x2n,ABz,t)*M(ABz,P x2n,t)* 

                                     M(ST x2n,Qz,2t)   

M(z,Qz,kt)≥ M(z,z,t)*M(ABz,Qz,t)*M(z,ABz,t)*M(ABz,z,t)* M(z,Qz,2t) 

Qz=z 

Therefore ABz=STz=Pz=Qz=z. 

 

Put x=Bz and y=z in (iv) of Theorem 2.1,  

M(P(Bz),Qz,kt)≥ 

M(ST(Bz),P(Bz),t)*M(ABz,Qz,t)*M(ST(Bz),ABz,t)*M(ABz,P(Bz),t)* 

                                     M(ST(Bz),Qz,2t) 
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M(Bz,z,kt)≥ M(Bz,Bz,t)*M(z,z,t)*M(Bz,z,t)*M(Bz,z,t)* M(Bz,z,2t) 

                                      

M(Bz,z,kt)≥ M(Bz,Bz,t) 

Bz=z. 

ABz=z implies Az=z 

Put x=z and y=Tz 

M(Pz,Q(Tz),kt)≥ 

M(STz,Pz,t)*M(AB(Tz),Q(Tz),t)*M(STz,AB(Tz),t)*M(AB(Tz),Pz,t)* 

                                     M(STz,Q(Tz),2t) 

M(z,Tz,kt)≥ M(z,z,t)*M(Tz,Tz,t)*M(z,Tz,t)*M(Tz,z,t)* M(z,Tz,2t) 

                                      

M(Tz,z,kt)≥ M(Tz,z,t) 

Tz=z 

STz=z gives Sz=z 

Therefore Az=Bz=Sz=Tz=Pz=Qz=z. 

 

Uniqueness: 

Let w be another common fixed point of A,B,S,T,P and Q then 

Aw=Bw=Sw=Tw=Pw=Qw=w. 

Put x=z and y=w in inequality 

M(z,w,kt)= 

M(Pz,Qw,kt)≥ M(STz,Pz,t)*M(ABw,Qw,t)* 

                        M(STz,ABw,t)*M(ABw,Pz,t)* M(STz,Qw,2t) 

                    = M(z,w,t) 

M(z,w,kt)≥M(z,w,t) 

We get z=w. 
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