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Abstract: 

 

The paper is about the edge domination of the graph. The change in the edge 

domination number is observed under the operation edge addition to the 

graph. The necessary and sufficient condition is proved under which the edge 

domination number increases when an edge is added to the graph also the 

necessary and sufficient condition is proved under which the edge domination 

number decreases when an edge is added to the graph. 
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1. Introduction:  

Various graph operations have been considered in graph theory. In particular, the 

effect of these operations on various parameters like domination number, 

independence number, vertex covering number etc. have been studied by several 

authors. It is interesting to know what happens to the parameters related to the edges 

of the graph when a new edge is added between non-adjacent vertices of the graph. In 

this paper, we initiate the study of edge domination and the effect on the edge 

domination number of the graph under the operation edge addition to the graph. The 

concept of edge domination is introduced by Mitchell and Hedetniemi [1]. We prove 

the necessary and sufficient condition under which the edge domination number 

increases or decreases when a new edge is added between two non-adjacent vertices 

of the graph. We consider only finite, simple and undirected graphs. 
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For the graph G=(V (G), E(G)), a subset F of an edge set E(G) is said to be an edge 

dominating set of the graph G if for every edge e not in F is adjacent to some edge in 

F [3]. An edge dominating set with minimum cardinality is a minimum edge 

dominating set. The cardinality of a minimum edge dominating set is the edge 

domination number (denoted by (G)) of the graph G [3]. The minimum edge 

dominating set is also known as a  -set of the graph G. The set of vertices {w | vw  

E(G)} is called the neighbourhood of vertex v and it is denoted by N(v) also 

N[v]=N(v)  {v} [3]. 

 

 

2. Edge addition to the graph:  

Let G=(V (G), E(G)) be the graph and u, v are non-adjacent vertices of the graph G. 

Let e=uv then G + e denotes the graph whose vertex set is same as V(G) and the edge 

set is equal to E(G)  {e}. 

 

Examples 2.1 Consider the graphs P4, P3 and C4 of row 1 in the following figure 1. 

The graphs after addition of an edge to each graph of row 1 are given in row 2. 

 

 
 

Figure 1 

 

 

The change of edge domination number after addition of an edge to the graph is 

indicated with examples (i), (ii) and (iii) of figure 1. 

(i)  Consider the path graph P4 ((i) of row 1) with vertices 1, 2, 3, 4. The edge 

domination number of the path graph P4 is 1. If an extra edge is added 

between the vertices 1 and 4 of P4 then it gives the cycle graph C4 ((i) of row 
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2) with vertices 1, 2, 3, 4. The edge domination number of C4 is 2. In this 

example, the edge domination number increases when an edge is added. 

(ii)  Consider the path graph P3 ((ii) of row 1) with vertices 1, 2, 3. The edge 

domination number of the path graph P3 is 1. If an extra edge is added 

between the vertices 1 and 3 of P3 then it gives the cycle graph C3 ((ii) of row 

2) with vertices 1, 2, 3. The edge domination number of C3 is 1. In this 

example, the edge domination number does not change when an edge is added. 

(iii)  Consider the cycle graph C4 ((iii) of row 1) with vertices 1, 2, 3, 4. The edge 

domination number of the cycle graph C4 is 2. If an extra edge is added 

between the vertices 2 and 4 of C4 ((iii) of row 2) then the edge domination 

number of the resultant graph is 1. In this example, the edge domination 

number decreases when an edge is added. 

 

From the above three examples, it is clear that if x and y are non-adjacent vertices of 

the graph G then the edge domination number of G may increase, decrease or does not 

change when a new edge xy is added to the graph. 

 

Edge addition and increase in the edge domination number 

First we prove a necessary and sufficient condition under which the edge domination 

number increases when an edge is added between non-adjacent vertices of the graph. 

 

Theorem 2.2 Let G be a graph. x and y are non-adjacent vertices of the graph G then  

(G + xy) > (G) if and only if there is a minimum edge dominating set F1 of G + xy, 

which can be expressed as F1=F   {e}, where e=xu for some u ∈ N(x) or e=yv for 

some v  N(y) or e=xy and F is a minimum edge dominating set of G. 

 

Proof Suppose that  (G + xy) > (G). 

Let F be a minimum edge dominating set of G then F cannot be an edge dominating 

set of G + xy. It is obvious that F can not dominate the edge xy. This means that for 

every neighbour u of x and for every neighbour v of y, xu does not belong to F and yv 

does not belong to F. Also xy does not belong to F. Select any neighbour u of x and 

let F1=F  {xu} then obviously F1 is a minimum edge dominating set of G + xy. 

Similarly, if we take any neighbour v of y then F1=F  {yv} is a minimum edge 

dominating set of G + xy. Also F  {xy} is a minimum edge dominating set of G + xy. 

Conversely, suppose there is a minimum edge dominating set F1 of G + xy, which can 

be expressed as above, then  (G + xy)=|F1| > |F|= (G). Hence  (G + xy) > (G). 

 
Corollary 2.3 If (G + xy) > (G) then (G + xy)= (G) + 1. 

If F  E is any set of edges of the graph G then V(F) denotes the set of end vertices of 

edges of F. 

 

Theorem 2.4 Let G be a graph. x and y are non-adjacent vertices of the graph G then 

(G + xy) > (G) if and only if x  V(F), y  V(F) for every minimum edge 

dominating set F of G. 
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Proof Suppose that (G + xy) > (G). Let F be any minimum edge dominating set of 

G then F cannot be an edge dominating set of G + xy. In particular F cannot dominate 

xy therefore x cannot be an end point of any edge in F and similarly y cannot be an 

end point of any edge in F. It proves that x  V(F)  and y  V(F). 

Conversely, suppose that the conditions hold. First suppose that (G + xy)= (G). Let 

F1 be any minimum edge dominating set of G + xy then xy  F1 because otherwise x ∈ 

V(F1) and y ∈ V(F1). Thus F1 contains edges of only G and dominates all the edges of 

G. Therefore F1 is a minimum edge dominating set of G but F1 also dominates the 

edge xy, therefore there is an edge e in F1 such that either x is an end point of e or y is 

an end point of e. This means that x ∈ V(F1) or y ∈ V(F1). Which is a contradiction. 

Therefore (G + xy)= (G) is not possible. 

Suppose that (G + xy) < (G). Let F1 be any minimum edge dominating set of G + 

xy then the edge xy ∈ F1. Let u be any vertex adjacent to x and v be any vertex 

adjacent to y. Now F=(F1-{xy})  {xu, yv}. Then obviously F is a minimum edge 

dominating set of G and x ∈ V(F), y ∈ V(F). This is a contradiction. Therefore (G + 

xy) < (G) is also not possible. Therefore (G + xy) > (G). 

 
Remark 2.5 The sets F1, F2, . . . , Fk are all the minimum edge dominating sets of G. 

Let T=V(F1)  V(F2)  ∙ ∙ ∙  V(Fk). Consider the set S=V(G)-T. If x, y ∈ S and x, y are 

non-adjacent then x and y do not belong to V(Fi) for every i. Therefore (G + xy) > 

(G). Let m be the cardinality of a maximum independent set contained in S with m ≥ 

2, if m is even (odd) then there are    pairs of non-adjacent vertices, which are 

mutually disjoined. When for each pair {x, y}, the edge xy is added to the graph G, the 

edge domination number increases by 1. Thus, we can add   edges to the 

graph G sequentially and we get a graph whose edge domination number is (G) +   

if m is even. ( (G) +    if m is odd). 

 

Edge addition and decrease in the edge domination number 

Result 2.6 Let G be a graph. x and y are non-adjacent vertices of the graph G. If (G 

+ xy) < (G) then xy  F1, for every minimum edge dominating set F1 of G + xy. 

Proof Suppose that for some minimum edge dominating set F0 of G + xy, if an edge 

xy  F0 then F0 dominates all the edges of G and F0 consists of edges of only G. 

Therefore F0 is an edge dominating set of G, which contradicts the fact that (G + xy) 

< (G). Therefore xy belongs to every minimum edge dominating set of G + xy. 

 
Theorem 2.7 (G + xy) < (G) only if for every minimum edge dominating set F1 of 

G + xy 

(1)  xy  F1 and 

(2)  There is no edge incident at x which is in F1 and there is no edge incident at y 

which is in F1. 

 

Proof Suppose that (G + xy) < (G). 
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(1)  is already proved. 

(2)  Suppose that there is a minimum edge dominating set F1 of G + xy such that 

some edge ux ∈ F1. 

 

Case 1: Suppose that there is some edge vy which is also in F1 then F1-{xy} is an edge 

dominating set of G, which is a contradiction. 

 

Case 2: Suppose that there is no edge incident at y which is in F1 then select an 

arbitrary edge vy and consider the set F=(F1-{xy})  {vy}, then |F1|=|F| and F1 is an 

edge dominating set of G. It implies that (G) ≤  |F|=|F1|= (G + xy). Therefore there 

is no edge incident at x which is in F1 and similarly, there is no edge incident at y 

which is in F1. 

 
Theorem 2.8 Let G be a graph. x and y are non-adjacent vertices of the graph G then 

(G + xy) < (G) if and only if there is a minimum edge dominating set F of G and 

there are edges xu, yv in F such that N(u)-{v} ⊆ V(F)-{v} and  N(v)-{u} ⊆ V(F)-{u}. 

Proof  Suppose that the condition is satisfied. Let F be the minimum edge dominating 

set of G which satisfies the required condition. Now consider F0=(F-{xu, yv})  {xy}. 

Then |F0| < |F|. Let f be an edge of G + xy. If f=xy then f ∈ F0. If f=xu or f=yv then f is 

adjacent to the edge xy of F0. Suppose that f is an edge whose one end vertex is u and 

the other end vertex is z. 

 

Case 1(i): u and v are non adjacent then z ∈ N(u) and therefore by the given condition 

z ∈ V(F)-{v}. Therefore there is an edge zw ∈ F such that zw is adjacent to f. 

Obviously, zw ≠ xu. Therefore zw is an edge of F0 which is adjacent to zu. 

 

Case 1(ii): Suppose that uv is an edge and uv ∉ F. By the given condition z V(F)-{v}. 

Therefore there is an edge zt ∈ F which is adjacent to uz. Note that z ≠ v therefore zt ≠ 

yv. Therefore zt is an edge of F0 which is adjacent to f. 

 

Case 2: Suppose that uv is an edge and uv ∈ F. Note that in this case uv ∈ F0. If one 

end vertex of f is u or v or x or y then f is adjacent to an edge uv which is a member of 

F0 or f=xy. Thus F0 is an edge dominating set of G + xy. Thus (G + xy) ≤  |F0| < 

|F|= (G). 

Conversely, suppose that  (G + xy) < (G). Let F0 be any minimum edge 

dominating set of G + xy then xy ∈ F0. As proved in Theorem 2.7, xu ∉ F0 for every 

edge xu and yv ∉ F0 for every edge yv. Take arbitrary edges xu and yv and let F=(F0-

{xy})  {xu, yv}. We prove that F satisfies the required condition. Let f  be any edge 

of G. If f=uv and uv ∈ F0 then f ∈ F. Suppose that f=uv and uv ∉ F0 then f is adjacent 

to xu which is in F. Suppose that u and v are non adjacent and one end vertex of f is u 

then f is adjacent to xu which is in F. Similarly if one end vertex of f is v then f is 

adjacent to yv. Similarly if one end vertex of f is x or y then f is adjacent to xu or yv 

respectively and xu, yv ∈ F. Suppose that the end vertices of f are different from x, y, 

u, v then f is an edge of G + xy and therefore f is adjacent to some edge h of G + xy 

whose one end vertex is not any one of x, y, u, v. Thus h is an edge of F and F is an 
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edge dominating set of G + xy. Since |F|=|F0| + 1 and (G + xy) < (G), F is a 

minimum edge dominating set of G. Suppose that uv is an edge such that uv ∈ F0 then 

uv ∈ F. Suppose that uv is an edge but uv ∉ F. Let z ∈ N(u) then uz is an edge of G. If 

z=v then z ∈ V(F). Since uv is an edge and uv ∉ F, there is an edge zt ∈ F which is 

adjacent to uz then obviously z ∈ V(F). Thus N(u)-{v} ⊆ V(F)-{v}. Similarly, N(v)-

{u} ⊆ V(F)-{u}. 

 
Corollary 2.9 Let G be a graph. x and y are non-adjacent vertices of the graph G. If 

(G + xy) < (G) then (G + xy)= (G)-1. 
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