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Abstract

In this paper we will show that some properties are preserved under the Normal map,
Stereographic projection, Inversion map, Conform map and Lambert projection.
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1. Introduction

Let M be a topological n-manifold and S be an atlas of M. If the atlas S is differentiable
of class Ck, than M is called Ck n-manifold [1]. Let M and N be C∞ n-manifolds. If the
map f : M −→ N is differentiable, then the map f∗ which is defined as f∗ : TM(p) −→
TN(f(p)) for every p ∈ M is called jacobian map or differentiation map of [1].

Let M be a hypersurface of En and N = (a1, a2, . . . , an) be a unit normal vector
field of M. The transformation

Sp : TM(p) −→ TM(p)

Xp −→ Sp(Xp) = DXp
N = (N[a1], N[a2], . . . , N[an])

is called shape operator of M [1].

Definition 1.1: Let M be a hypersurface of En. Given a curve α on M. If tangent
vector at every point of α, is a principal direction then curve α is called a line of curvature
of M [2].

Theorem 1.2: Let M1 and M2 be two hypersurfaces in En. If the curve α of of
intersection M1 and M2 is a line of curve on M1 and M2, then their angle is constant
along the curve α.

If the angle of M1 and M2 surfaces is constant along their curve α of intersection and
if the curve α is curvature line on one surface, then the curve α is a curvature line also
on the other one.
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Proof: Let N1 and N2 be normal vector fields of M1 and M2, respectively. If a curve
α is a curvature line on M1 and if α̇ is tangent vector field of α , then by Radrigues’s
formula, we have

S(α̇) = Dα̇N1 = dN1

dt
= λα̇,

If a curve α is a curvature line on M2 and if α̇ is tangent vector field of α, then

S(α̇) = Dα̇N2 = dN2

dt
= λ∗α̇ (1.1)

It follows that
cosθ =< N1, N2 >

and

d

dt
(cosθ) = d

dt
< N1, N2 >

= <
dN1

dt
, N2 > + < N1,

dN2

dt
>

where θ is the angle between M1 and M2 surfaces. By (2) and (1), we have

d

dt
(cosθ) = λ < α̇, N2 > +λ∗ < N1, α̇ >= 0

Because, the tangent α̇ of a curve α is orthogonal to normal vector fields N1 and N2 at
every point. Hence we have

d

dt
(cosθ) = 0

that is
θ = constant.

Let the curve α be curvature line of M1. By Rodrigues’s formula

dN1

dt
= λα̇

Since the angle θ between M1 and M2 is constant, we have

d

dt
(cosθ) = <

dN1

dt
, N2 > + < N1,

dN2

dt
>

0 = < λα̇, N2 > + < N1,
dN2

dt
> .

Since < λα̇, N2 >= 0, < N1, (
dN2

dt
) >= 0, this means that at any point of α, (

dN2

dt
) ∈

TM1(α). We also know (
dN2

dt
) ∈ TM2(α). Therefore,

dN2

dt
∈ TM1(α)

⋂
TM2(α),
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that is
dN2

dt
is in the direction of tangent of α. The intersection of the tangent phanes

TM1(α) and TM2(α)is the line in the direction of the tangent α̇ of α, where θ �= 0. Thus,
dN2

dt
= λ∗α̇ whenever θ �= 0. This proves that α is a curvature line on hypersurface M2.

If θ = 0, N1 = N2 along α and
dN2

dt
= λα. �

2. Preserved Properties under Manifold Maps

Definition 2.1: Let M and Mr be two hypersurface in En and let

f∗ : χ(M) → χ(Mr)

be an adjoint transformation of

f∗ : χ(M) → χ(Mr).

It is said that the curvature line α is preserved by f if S(T) = λT and (Sr)(f∗(T)) =
µ(f∗(T)) where α is the line of curvature and T is the tangent vector of α. Here S and
Sr are shape operators of hypersurface M and Mr, respectively [2].

2.1. Normal Map

Definition 2.2: The hypersurface Mr, defined by,

Mr = (p1 + ra1(p)), (p2 + ra2(p)), . . . , (pn + ran(p))

is called a parallel hypersurface of M, where M is a hyper surface in En, and the unit
normal vector field N of M is defined by

N =
∑

ai

∂

∂xi

, ai ∈ C∞(M, R).

The map
f : M −→ Mr

p −→ f(p) = (p1 + ra1(p)), (p2 + ra2(p)), . . . , (pn + ran(p))

is called a normal mapping from M into Mr [3].

Lemma 2.3: Let M be a hypersurface of En and TM(p) be a tangent space of M. Then
for pεM, Xp ∈ TM(p)

f∗(Xp) = X̄p|f(p) + r.SX̄p|f(p).

Lemma 2.4: Let Mr be a parallel hypersurface of M and let f : M −→ Mr be a
normal map. Then
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1) for every X ∈ χ(M)

Sr(f∗(X)) = SX̄

2) if S(X) = kX for every X ∈ χ(M)

Sr(f∗(X)) = k

1 + rk
f∗(X).

Proof: 1) Let us consider the values

N =
n∑

i=1

ai

∂

∂xi

Nr =
n∑

i=1

ci

∂

∂xi

, ai(p) = ci(f(p))

X =
n∑

j=1

bj

∂

∂xj

Then we get

S(x) = DXN

=
n∑

i=1

X[ai] ∂

∂xi

=
n∑

i=1

X[ciof ] ∂

∂xi

=
n∑

i,j,k=1

bj

∂ci

∂fk

.
∂fk

∂xj

.
∂

∂xi

=
n∑

i=1

(

n∑
k=1

∂ci

∂fk

.

n∑
j=1

∂fk

∂xj

bj)
∂

∂xi

=
n∑

i=1

f∗X[ci] ∂

∂xi

S(x) =
n∑

i=1

f∗X[ci] ∂

∂xi

|f(p)

⇒ ¯S(x) = Df∗XNr

¯S(x) = Sr(f∗X)
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2) Let X ∈ χ(M), for S(X) = kX. Since

f∗|p(X) = X̄|f(p) + r. ¯S(X)|f(p)

by Lemma 2.1 and from the relation S(X) = kX ⇒ ¯S(X) = kX̄, we get

f∗|p(X) = X̄|f(p) + rkX̄|f(p)

X̄|f(p) = 1

1 + rk
(f∗X).

Since
Sr(f∗X) = S̄X

by 1, we obtain

Sr(f∗X) = kX̄ = k

1 + rk
(f∗X).

Theorem 2.5: Let Mr be a parallel hypersurface of M and let f : M −→ Mr be a
normal map. Then f preserves curvature lines, umbilik points and third fundamental
forms.

Proof: Assume that α : I −→ M is a curvature line on M. Then

S(T) = λT

for each tangent vector field T . By Lemma (2.1)

Sr(f∗(T)) = k

1 + rk
f∗(T),

k

1 + rk
= λ

Sr(f∗(T)) = λf∗(T)

This shows that the line of curvature is preserved under the normal map.
Let p be an umbilik point of M. Then

S(Xp) = λXp

for every XP ∈ TM(p) and λ ∈ R. Since

f∗(Xp) = X̄p|f(p) + r.SX̄p|f(p),

by Lemma (2.1)

f∗(Xp) = (1 + rλ)X̄p
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So, we have, for every f∗(Xp) ∈ TMr(f(p))

Sr(f∗(Xp)) = S(X̄p) = X̄p|f(p)

= λ

1 + rλ
|f∗(Xp)

or

Sr = λ

1 + rλ
I|f(p)

This means that f(p) is an umbilic point of Mr.
Assume that III and IIIr are third fundamental forms of M and Mr, respectively.

Then, it is clear that, for every X, Y ∈ χ(M) and p ∈ M,

IIIr(f∗(Xp), f∗(Yp)) = < Sr(f∗(Xp), Sr(f∗(Yp) >

= < ¯S(X), ¯S(Y) > |f(p)

= < S(X), S(Y) >

= III(Xp, Yp)

3. Stereographic Projection

Definition 2.6: Given a hypersphere Sn
c and a hyperplane Hn in En+1. Let Sn

c

⋂
Hn =

0. A map
σ : Sn

c /b → Hn

defined by σ(p) = q for every P ∈ Sn
c /b and q ∈ Hn is called stereographic projection,

where b ∈ Sn
c is a symetric of a ∈ En+1 with respect to c [3].

The analytic statement of stereographic projection:
If Sn

c passes through origin and its center c is on axis − xn+1,we have (Figure 2.1),

σ(P) = rP − bPn+1

r − Pn+1
) (3.1)

The derivative map of σ: Consider

σ : Sn
c → Hn

(x1, x2, . . . , xn+1) = (x̄1, x̄2, . . . , x̄n, 0)

σ(X) = x̄i = rxi

r − xn+1
(3.2)



Some Manifold Maps 55

By (4), we obtain the derivate operator σ∗ as

σ∗ |p= x1

r − xn+1




1 0 . . . 0 0
x1

r − xn+1

0 1 . . . 0 0
x2

r − xn+1
. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

0 0 . . . 0 1
xn

r − xn+1




Theorem 2.7: The stereographic projection preserves the line of curvature and umbilic
point.

Proof: Let us consider stereographic projection

σ : Sc
n/b −→ Hn.

Let Sk be a shape operator for hypersphere and let Sd be a shape operator for hyperplane.
We get

Sk(T) = λT, ∀T ∈ χ(Sc
n/b)

when the curve α : I −→ Sc
n/b be a line of curvature on hypersphere and T is a tangent

vector field of α. Since
Sd(σ∗(T)) = O.σ∗(T),

σ∗(T), which is the image for the tangent vector fields under σ∗, is a principal direction.
Hence every curve is a line of curvature on hyperplane. This completes the proof of l.
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Let p ∈ Sc
n/b be a umbilic point. Then

Sk(Xp) = λXp

for every Xp ∈ TSc
n/b(p). On the other hand σ(p) is an umbilic point since

Sd(σ∗(Xp)) = O.σ∗(Xp) |f (p)

and
Sd = 0.In.

3.1. Inversion Map

Definition 2.8: Mn defined by

Mn = Hn

⋃
{P∞}

is called n- dimensional Mobius space under σ : Sc
n −→ Hn stereographic projection,

where σ(p) = p∞.

Definition 2.9: Let ϕ : Sn −→ Sn be a symetric map with respect to hyperplane Hn,
which passes from the center of Snand is parallel of Mn. Then ψ by

ψ = σoϕoσ
−1 : Mn −→ Mn

is called inversion map (Figure 2.2).

The analytic statement of ψ : We obtain

ψ(p) = r2 = p

<= p, = p >
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since
ϕ(p1, p2, . . . , pn+1) = (p1, p2, . . . , pn, r − pn+1)

σ(p) = b + r

r − pn+1
(p − b) = rp − bpn+1

r − pn+1

σ−1(= p) = b <= p, = p > + = pr2

r2+ <= p, = p >

where = p �= p, = p �= 0 and = p ∈ Mn.

This map ψ doesn’t change the points of hypersphere with center 0 and radius r.
The derivative map of a map ψ is obtained in the following way,

ψ∗ |X= r2

(
∑n

i=1 xi
2)2




n∑
i=1

xi
2 − 2x1

2 − 2x1x2 . . . − 2x1xn

−2x1x2

n∑
i=1

xi
2 − 2x2

2 . . . − 2x2xn

. . . . . . . .

. . . . . . . .

. . . . . . . .

. . . . . . . .

−2x1xn − 2x2xn . . .

n∑
i=1

xi
2 − 2xn

2




where

ψ(X) = r2X

< X, X >
, X ∈ Mn.

Theorem 2.10: The inversion map preserves the line of curvatures.

Proof:
ψ : Mn −→ Mn

X −→ ψ(X) = r2X

‖X‖2

The normal vector field N = (a1þa2, . . . , an) of Mobius space Mn defined by

Mn = Hn

⋃
{P∞}

is a constant vector field. Hence, for every X ∈ ℵ(Mn),

S(X) = DXN

= X[N]
= 0

S = 0n.
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This shape operator is the same at every point of Mobius space Mn. When α : I −→ Mn

is a curvature line and T is tangent vector field of α, it follows that

S(T) = 0.T.

Hence,since
S(ψ∗(T)) = 0.ψ∗(T)

for ψ∗(T), we obtain that every line is a principal direction and every curve is a curvature
line.

3.2. Conform Map

Definition 2.11: Suppose M and M ′ be two manifolds and let

f : M −→ M ′

be a C∞ maps. If ∀p ∈ M, there exists a function λ in a positive reel C∞ class on M

< f∗X, f∗Y > |P = λ2(p) < X, Y >, ∀X, Y ∈ χ(M)

then the function f is called a conform map. λ is called a scaler function [5].

Theorem 2.12: Conform maps preserves angles.

Proof: The intersection of the curves c1and c2 at the point p is the angle between tangent
of these curves on the manifold from Figure 2.3, we get

cosϕ = < f∗(T1), f∗(T2) >

‖f∗(T1)‖‖f∗(T2)‖ = cosθ
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if θ than 90◦,then the angles ϕ between the intersection of the corresponding curves f(c1)

and f(c2) becomes ϕ. In other words, we get

< f∗(T1), f∗(T2) >= 0.

Thus,this preserves orthogonality.

Theorem 2.13: If a differentiable f is a conform mapping of a hypersurface M into a
hypersurface M ′, then f preserves the property of curve lines.

Proof:
f : M −→ M ′, for∀p ∈ M

< f∗(T1), f∗(Tn−1) >= λ2(P) < T1, Tn−1 >, ∀T1, Tn−1 ∈ χ(M).

Letpbe a point on the hyperspaceM and the orthogonal curves family c1, c2, . . . , cn−1
be a curve lines passing at the pointP . Then, corresponding vector fieldsT1, T2, . . . , Tn−1
become fundamental direction (Figure 2.4)

Since f differentiable, f∗ exists and the figure of Ti is f∗(Ti). T1, T2, . . . , Tn−1, N

form an n tuple orthogonal system on the M.Since f is a conform maps, it preserves
angles. So, {f∗(T1), f∗(T2) . . . , f∗(Tn−1), f∗(N)} constitute an orthogonal system is
preserved. By the theorem Dupin, the curves {f(c1), f(c2), . . . , f(cn−1)} become curve
lines on the M ′. So, a conform maps f preserves the property of curve lines.

Corollary 2.14: The direction of the lines of the curvature whose images of tangent
vector fields under f∗ are perpendicular to e3 under f is the lines of curvature on the C2.
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3.3. Lambert Projection

Lambert projection is a projection from E3 into cylinder (Figure 2.5)[4]. Consider an
equation of a cylinder:x2 + y2 = 1, (z = t, arbitrary) and an equation of a sphere:
x2 + y2 + z2 = 1.

The equation of a Lambert projection is obtained as: By similarity triangles OX′Q′
OXQ

ŌX

¯OX′ = ŌQ

¯OQ′ , ŌQ = 1

so,
x

x′ =
√

x2 + y2

1
, x′ = x√

1 − z2

and

x′2 + y′2 = 1,
x2

1 − z2
+ y′2 = 1, y′ = y√

1 − z2
.

From this
f : S2 −→ C2

f(x, y, z) = (
x√

1 − z2
,

y√
1 − z2

, z).

The derivative map of f can be obtained as follows:

f∗ =




1√
1 − z2

0
zx

(1 − z2)3/2

0
1√

1 − z2

zy

(1 − z2)
3/2

0 0 1



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Theorem 2.15: The Lambert projection preserves the line of curvature that consist of
meridian and parallel circles.

Proof: Consider
Sk(T) = λ, λ = constant

for a curvature line, x : I −→ S2, and a tangent vector field T . Then it is enough to find
lines such that

SC = (f∗(T)) = µf∗(T)

where SC is a shape operator of cylinder. We will find the,lines such that

e3 = f∗(X)

for X ∈ χ(S2). Since
f∗(X) = (0, 0, 1)

for X = (x1, x2, x3), it follows that

X =
(

− zx

1 − z2
, − zy

1 − z2
, 1

)
.

Curvature lines whose image are e3 :
Since

X = λX(
− zx

1 − z2
, − zy

1 − z2
, 1

)
=

(
− zx

1 − z2
, − zy

1 − z2
, 1

)

we find that
λ = 1.

For the operator SC = O2 of a cylinder, we write

SC(f∗(X)) = 0f∗(X).

Corollary 2.16: The curves whose images of tangent vector fields under f∗ are e3, are
lines of curvature on a cylinder.

Here are the lines of curvature whose images of tangent vector fields under f∗ are
perpendicular to e3.

Since SC = I2, in the direction, perpendicular to e3, we have

SC(f∗(X)) = f∗(X).

f∗(X) = (x1, x2, 0).

This shows that the curvature lines whose principal directions are perpendicular to e3,
are lines of curvature.
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