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Abstract

In this paper we will show that some properties are preserved under the Normal map,
Stereographic projection, Inversion map, Conform map and Lambert projection.
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1. Introduction

Let M be a topological n-manifold and S be an atlas of M. If the atlas S is differentiable
of class C* , than M is called C* n-manifold [1]. Let M and N be C* n-manifolds. If the
map f : M —> N is differentiable, then the map f, whichis defined as f, : Ty (p) —
Tn(f(p)) for every p € M is called jacobian map or differentiation map of [1].

Let M be a hypersurface of E" and N = (aj, ay, ..., a,) be a unit normal vector
field of M. The transformation

Sp : Tm(p) — Tu(p)
Xp — Sp(Xp) = Dx,N = (Nla1], Nlaz], ..., Nlan])
is called shape operator of M [1].

Definition 1.1: Let M be a hypersurface of E". Given a curve @ on M. If tangent

vector at every point of «, is a principal direction then curve « is called a line of curvature
of M [2].

Theorem 1.2: Let M| and M, be two hypersurfaces in E”. If the curve o of of
intersection M| and M> is a line of curve on M| and M5, then their angle is constant
along the curve «.

If the angle of M| and M> surfaces is constant along their curve « of intersection and
if the curve « is curvature line on one surface, then the curve « is a curvature line also
on the other one.
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Proof: Let N1 and N, be normal vector fields of M| and M, respectively. If a curve
« is a curvature line on M and if « is tangent vector field of « , then by Radrigues’s
formula, we have

. dN, .
S(a) = DyN|1 = — = A,

dt
If a curve « is a curvature line on M; and if « is tangent vector field of «, then
. dN> -
S(a) = DyNy = o =\« (1.1)

It follows that
cosd =< N, Ny >

and
i(cos@) = i < N1, Ny >
dt dt
= <@,N2>+<N1,@>
dt d

where 6 is the angle between M| and M, surfaces. By (2) and (1), we have
d
E(COSQ) =A<d N»>4+LA* <Ni,a>=0

Because, the tangent « of a curve « is orthogonal to normal vector fields N; and N, at
every point. Hence we have

d

—(cos0) =0

7 l( )
that is

6 = constant.

Let the curve o be curvature line of M. By Rodrigues’s formula

dN, )
— = A
dt
Since the angle 6 between M| and M5 is constant, we have
d (cosh) dN; N <N dN>
—(cos = < —, >4 < , — >
dt dr 7 "
) dN,
0 = <ka,N2>+<N1,7>.

. . dN» . . dN>
Since < Aa, N» >= 0, < Ny, (——=) >= 0, this means that at any point of «, (_t) €

dt d
dN
Ty, (o). We also know (d_tz) € Ty, (o). Therefore,

— €T @ [T (@),
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. dNy . . o . .
that is —— is in the direction of tangent of . The intersection of the tangent phanes

t
Ty, (o) and Ty, (0)is the line in the direction of the tangent ¢ of o, where 6 # 0. Thus,

dN.
d_t2 = A*& whenever 6 # 0. This proves that « is a curvature line on hypersurface M.

dN
If9:O,N1:Nzalongaandd—tzzka. [ |

2. Preserved Properties under Manifold Maps

Definition 2.1: Let M and M, be two hypersurface in E" and let

fe i x(M) — x(M,)

be an adjoint transformation of

fe i x(M) — x(M,).

It is said that the curvature line « is preserved by f if S(T) = AT and (S,)(f«(T)) =
1 (f (1)) where « is the line of curvature and 7 is the tangent vector of o. Here S and
Sr are shape operators of hypersurface M and M, respectively [2].

2.1. Normal Map
Definition 2.2: The hypersurface M,, defined by,

M, = (p1 +rai(p)), (p2 +razx(p)), ..., (pn +ra,(p))

is called a parallel hypersurface of M, where M is a hyper surface in E”, and the unit
normal vector field N of M is defined by

The map
f:M— M,

p —> f(p) = (p1+rai(p)), (p2 +rax(p)), ..., (pu +ray(p))

is called a normal mapping from M into M, [3].

Lemma 2.3: Let M be a hypersurface of E"” and T);(p) be a tangent space of M. Then
for peM, X, € Ty (p)

f«(Xp) = X_p|f(p) + r-SX_p|f(p)-

Lemma 2.4: Let M, be a parallel hypersurface of M and let f : M — M, be a
normal map. Then
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1) forevery X € x(M) _
Sr(f«(X)) = SX

2) if S(X) = kX for every X € x(M)

Sr(f«(X)) = 1+—kf*( )-

Proof: 1) Let us consider the values

" )

N = Z“i@
i=1 !
n

0
N, = Zcia—xi,ai(P)=Ci(f(P))

i=1

Then we get

S(x) = DxN

Z ac; dfr 9
N T3 fi dx; dx;

i, jk=1

aci om0
N Z(Za;k Z b5
e

i=1 k=1

- )
= Y fuXle]—

i1 ax,-

. 3
S = ) fXleil—l i
i=1 !

= S(x) = Dy xN,
S(x) = S (fX)
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2) Let X € x(M), for S(X) = kX. Since
Filp(O = X1 py + S| 1p)
by Lemma 2.1 and from the relation S(X) = kX = S(X) = kX, we get

FlpX) = Xy +rkX| i)

- 1
Xlpp = m(f*x)-

Since .
S:(f:X) = 8X

by 1, we obtain

- k
Sr(f*X) =kX = l—l——rk(f*X)

Theorem 2.5: Let M, be a parallel hypersurface of M and let f : M — M, be a
normal map. Then f preserves curvature lines, umbilik points and third fundamental
forms.

Proof: Assume that @ : I —> M is a curvature line on M. Then
S(T) = AT
for each tangent vector field 7. By Lemma (2.1)

k

k
Sr(f*(T)) - mf*(T), 1—|——rk:A

S(f«(D) = Afu(D

This shows that the line of curvature is preserved under the normal map.
Let p be an umbilik point of M. Then

S(Xp) =A1X,
for every Xp € Ty(p) and A € R. Since

[(Xp) = Xplsp +r-SXplfp),

by Lemma (2.1)

f*(Xp) = +V)L))_(p
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So, we have, for every f.(X,) € Ty, (f(p))

Sr(f*(Xp)) = S(X_p):X_plf(p)

2
= X
T /)

or

A
S, = —— 1
r 5 | 7(p)

This means that f(p) is an umbilic point of M,.
Assume that /11 and /11, are third fundamental forms of M and M, respectively.
Then, it is clear that, for every X, Y € x(M) and p € M,

HI(fo(Xp), fu(Yp) = < §(fi(Xp), Sr(fu(Yp) >
= < 8X), 80 > |qp)

< S(X), S(Y) >

11I(X,. Y))

3. Stereographic Projection

Definition 2.6: Given a hypersphere S” and a hyperplane H, in E"™!. Let S” ﬂ H, =
0. A map
o:8./b— H,

defined by o(p) = g forevery P € S| /b and g € H,, is called stereographic projection,
where b € S7 is a symetric of a € E™*! with respect to ¢ [3].

The analytic statement of stereographic projection:
If S passes through origin and its center c is on axis — x,1,we have (Figure 2.1),

P—bP
o(P) = r—”“) (3.1)
r— Ppi

The derivative map of o: Consider
. n
o:S8. — H,
(xl’x27 ---7-xl’l+]) - (-x_19-x_2’ s ’x_}’l’o)

o(X) = 5 = — 3.2)
r— Xn+1
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(10...00 —1—
r— Xp+1
01...00 2
r — Xn+1
xl ........
0. -
*pr_-xn—H ........
00 01 —
\ r_xn—i-l}

Theorem 2.7: The stereographic projection preserves the line of curvature and umbilic
point.

Proof: Let us consider stereographic projection
o:8"/b— H,.

Let Sx be a shape operator for hypersphere and let S; be a shape operator for hyperplane.
We get
Sk(T) = AT, VT € x(S."/b)

when the curve o : I —> S." /b be a line of curvature on hypersphere and 7 is a tangent
vector field of «. Since

Sa(04(1)) = 0.04(D),

o«(T), which is the image for the tangent vector fields under oy, is a principal direction.
Hence every curve is a line of curvature on hyperplane. This completes the proof of /.
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Let p € S." /b be a umbilic point. Then
Sk(Xp) =AX,
for every X, € Ts,n/p(p). On the other hand o(p) is an umbilic point since
Sd(0x(Xp)) = 0.04(X)p) | (P)

and
Sq=0.1,.

3.1. Inversion Map

Definition 2.8: M" defined by
M" = H, | J{Px)

is called n- dimensional Mobius space under o : S." —> H,, stereographic projection,
where o(p) = po-

Definition 2.9: Let ¢ : " — §” be a symetric map with respect to hyperplane H,,
which passes from the center of S"and is parallel of M". Then v by

V= 0,0o0 L M" —> M"

is called inversion map (Figure 2.2).

The analytic statement of 1/ : We obtain

2 =p

<:p’:p>

v(p) =
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since
(p(pl’ p29 ""pn+]) = (pl7 p2, ---7pl’l’r_pn+1)
rp—>b
o(p) = b+ (p—b) = 14 Pn+1
r'— Pn+1 I — DPn+1

where=p#p, =p#0 and =p e M".
This map 1 doesn’t change the points of hypersphere with center 0 and radius r.
The derivative map of a map  is obtained in the following way,

(5 )
2:)@2—2)612 —2x1x2 . .. —2X1x,
i=1
n

—2x1x2 E xi2—2x22 L. — 2x0xy,
2 i=1

_
(Z?:] xiz)z ........

1#* |X:

n
—2X1X, — 2X2%, . . . in2—2xn2
i=1 )

\

where
2

v =% xemn
<X, X '

Theorem 2.10: The inversion map preserves the line of curvatures.
Proof:
v M — M"
r’X

X = v =1xp

The normal vector field N = (a;bay, ..., a,) of Mobius space M" defined by
M" = H, | J{Pu)
is a constant vector field. Hence, for every X € X(M"),
S(X) = DxN
= X[N]
=0
S = 0,.
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This shape operator is the same at every point of Mobius space M". When« : I —> M"
is a curvature line and T is tangent vector field of «, it follows that

S(T) =0.T.

Hence,since
S(W(D) = 0.9(T)

for v, (T), we obtain that every line is a principal direction and every curve is a curvature
line.

3.2. Conform Map
Definition 2.11:  Suppose M and M’ be two manifolds and let
fM—M
be a C* maps. If Vp € M, there exists a function A in a positive reel C* class on M
< X, LY > |p=2%p) < X,Y >, VX, Y € x(M)
then the function f is called a conform map. A is called a scaler function [5].

Theorem 2.12: Conform maps preserves angles.

M

Proof: The intersection of the curves c1and ¢ at the point p is the angle between tangent
of these curves on the manifold from Figure 2.3, we get

< fu(T), fi(T2) >
cosp = =
| S (TON f (Tl
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if 6 than 90° then the angles ¢ between the intersection of the corresponding curves f(c)
and f(cy) becomes ¢. In other words, we get

< f*(Tl)v f*(Tz) >=0.

Thus,this preserves orthogonality.

Theorem 2.13: If a differentiable f is a conform mapping of a hypersurface M into a
hypersurface M’, then f preserves the property of curve lines.

Proof:
f:M— M, forNpe M

< fo(T), fu(Tho1) >=2*(P) < T1, Ty >,VT1, Ty—1 € x(M).

Tt ﬂ[ n-lJ

Let p be apoint on the hyperspace M and the orthogonal curves family ¢y, ca, . .., ¢—1
be acurve lines passing at the point P. Then, corresponding vector fields 71, T», ..., T,—1
become fundamental direction (Figure 2.4)

Since f differentiable, f, exists and the figure of 7; is f.(T;). Th, T>, ..., T,—1, N
form an n tuple orthogonal system on the M.Since f is a conform maps, it preserves
angles. So, {f.(T1), f«(T2) ..., fx(T,—1), f«(N)} constitute an orthogonal system is
preserved. By the theorem Dupin, the curves { f(c1), f(c2), ..., f(ch—1)} become curve
lines on the M’. So, a conform maps f preserves the property of curve lines.

Corollary 2.14: The direction of the lines of the curvature whose images of tangent
vector fields under f, are perpendicular to e3z under f is the lines of curvature on the C2.
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3.3. Lambert Projection

Lambert projection is a projection from E> into cylinder (Figure 2.5)[4]. Consider an
equation of a cylinder:x2 + y2 = 1, (z = t, arbitrary) and an equation of a sphere:
Py 4=l

e > .
e Py, zd
7<=>?§ \F’(x', V.7
e
\\____;"’
\\_

The equation of a Lambert projection is obtained as: By similarity triangles OX'Q’

0XQ

O_X _ O_Q 00 =1
ox’ 09’
S0,
x x4y, x
x 1 T 1 —z2
and )
2 2 X 2
Xy =1, 1— pH =1 = 1y_z2'
From this
f:8*— c?
. 3.2) = (s~ 2).
V-2 J1-22
The derivative map of f can be obtained as follows:
1 0 X
1—22  (1=2»)3%2
f* = 0 1 2y

VI=22 (1-22)?
0 0 1
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Theorem 2.15: The Lambert projection preserves the line of curvature that consist of
meridian and parallel circles.

Proof: Consider
Si(T) = A, A = constant

for a curvature line, x : I —> $%, and a tangent vector field 7. Then it is enough to find
lines such that

Sc = (f«(D) = pfu(D
where Sc is a shape operator of cylinder. We will find the,lines such that
e3 = f«(X)

for X € X(SZ). Since

for X = (x1, x2, x3), it follows that

X zy
X=(- - 1),
( -2 1-2 )

Curvature lines whose image are e3 :

Since
X=X
_Zx_zyl__zx_zyl
1—22" 1=27z% o 1—-2722" 1=z
we find that
A=1.

For the operator S¢ = O, of a cylinder, we write

Sc(f«(X)) = 0f(X).

Corollary 2.16: The curves whose images of tangent vector fields under f; are e3, are
lines of curvature on a cylinder.

Here are the lines of curvature whose images of tangent vector fields under f, are
perpendicular to e3.
Since S¢ = I, in the direction, perpendicular to e3, we have

SC(f*(X)) = f*(X)

f+(X) = (x1, x2,0).

This shows that the curvature lines whose principal directions are perpendicular to e3,
are lines of curvature.
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