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Abstract 

 

Bageerathiet. al. introduced and studied fuzzy C-closed sets in a fuzzy 

topological space where C: [0, 1] [0, 1]. Using this complement function 

they defined the concepts of fuzzy C-regular closed sets, fuzzy C-α-closed 

sets, fuzzy C-semi-closed sets, fuzzy C-pre-closed sets. The purpose of this 

paper is to introduce C-fuzzy regular closed sets, C-fuzzy α-closed sets, C-

fuzzy semi-closed sets, C-fuzzy pre-closed sets, C-fuzzy β-closed sets, C-

fuzzy strongly pre-closed sets with respect to arbitrary complement function C 

and discussed their basic properties. 
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1. Introduction 

Bageerathiet. al. introduced and studied the concepts of fuzzy C-regular closed sets, 

fuzzy C-α-closed sets, fuzzy C-semi-closed sets, fuzzy C-pre-closed sets by using 

arbitrary complement function. In this paper C-fuzzy regular closed sets, C-fuzzy α-

closed sets, C-fuzzy semi-closed sets, C-fuzzy pre-closed sets, C-fuzzy β-closed sets, 

C-fuzzy strongly pre-closed sets are introduced and characterized by using the 

arbitrary complement function C: [0, 1] [0, 1]. 

The concepts that are needed in this paper are discussed in the second section. The 

notions of C-fuzzy regular closed sets, C-fuzzy α-closed sets, C-fuzzy semi-closed 
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sets, C-fuzzy pre-closed sets, C-fuzzy β-closed sets, C-fuzzy strongly pre-closed sets 

are respectively introduced in section 3. 

Throughout this paper (X, ) is a fuzzy topological space in the sense of Chang[7]. 

 

 

2. Preliminaries 

Definition 2.1 

Let (X,) be a fuzzy topological space. Then a fuzzy subset  of X is called 

(i)  fuzzy regular open in (X, ) if int cl =,[1] 

(ii)  fuzzy-open in (X, ) if int cl int,[6] 

(iii)  fuzzy semi-open in (X, ) if cl int,[1] 

(iv)  fuzzy pre-open in (X, ) if int cl ,[6] 

(V) fuzzy β-open in (X, ) if  cl int cl .[8] 

 

A fuzzy subset  of a fuzzy topological space (X, ) is said to be fuzzy regular closed 

(resp. fuzzy -closed, resp. fuzzy semi-closed, fuzzy pre-closed, fuzzy β-closed) if 

1 is fuzzy regular open (resp. fuzzy -open, resp.fuzzy semi-open, fuzzy pre-open). 

 

Definition 2.2 

Let  be a fuzzy subset of a fuzzy topological space X. Then  is said to be 

(i) fuzzy strongly pre-open if int(pcl).[10] 

(ii) fuzzy strongly pre-closed if its complement is fuzzy strongly pre-open.[10] 

 

Lemma 2.3 

Let (X, ) be a fuzzy topological space. Then  is fuzzy strongly pre-closed if and 

only if cl(pint) ≤ . [9] 

 

Definition 2.4 

A complement function C is said to satisfy 

(i) the boundary condition if C(0)=1 and C(1)=0, 

(ii) monotonic condition if x≤ y implies C(x)  C(y), for all x, y  [0,1], 

(iii) in volutive condition if C(C(x))=x, for all x, y  [0,1].[9] 

 

Lemma 2.5 

Let C: [0, 1]  [0, 1] be a complement function that satisfies the monotonic and in 

volutive conditions. Then for any family {α: α } of fuzzy subsets of X, we have 

(i) C({α: α})={C (α): α}={(Cα): α} and 

(ii) C ({α: α})={C(α): α}={(Cα): α}.[2] 

 

Definition 2.6 

A fuzzy subset  of X is fuzzy C-closed in (X,) if C is fuzzy open in (X,). The 

fuzzy C-closure of  is defined as the intersection of all fuzzy C-closed sets 

containing . The fuzzy C-closure of  is denoted by clC that is equal to {: , 

C}.[2] 
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Lemma 2.7 

If the complement function C satisfies the monotonic and involutive conditions, then 

for any fuzzy subset  of X, 

(i) C (int)=clC(C) and C(clC)=int(C), 

(ii)  ≤ clC, 

(iii) If  then clCclC, 

(iv) is fuzzy C-closed iffclC=.[2] 

 

Definition 2.8 

A fuzzy subset  of X is called 

(i) fuzzy C-regular-open if intclC=.[2] 

(ii) fuzzy C-α-open if intclCint.[2] 

(iii) fuzzy C-semi-open if there exists a  such that clC.[2] 

(iv) fuzzy C-pre-open if there exists a  such that clC. [2] 

 

Lemma 2.9 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is fuzzy C-pre-open if and only if int(clC). [2] 

 

Lemma 2.10 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is fuzzy C-semi-open in X iffclC(int).[2] 

 

Definition 2.11 

A fuzzy subset  of X is called 

(i) fuzzy C-regular-closed if clCint=. [2] 

(ii) fuzzy C-α-closed if clCintclC. [2] 

(iii) fuzzy C-pre-closed if clCint. [2] 

 

Lemma 2.12 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is fuzzy C-regular-open if and only if C is fuzzy C-regular-

closed. [2] 

 

Lemma 2.13 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is fuzzy C-α-closed if and only if C is fuzzy C-α-open. [2] 
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Lemma 2.14 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is 

(i)  fuzzy C-semi-closed in X if and only if intclC, 

(ii)  fuzzy C-semi-closed if and only if C is fuzzy C-semi-open. [2] 

 

Lemma 2.15 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is 

(i) fuzzy C-pre-closed if and only if C is fuzzy C-pre-open, 

(ii) arbitrary intersection of fuzzy C-pre-closed sets is fuzzy C-pre-closed.[2] 

 

Lemma 2.16 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then a fuzzy set  of a fuzzy 

topological space (X,) is 

(i)  fuzzy C-β-open if and only if clCintclC, 

(ii)  fuzzy C-β-closed if and only if intclCint, 

(iii)  fuzzy C-β-closed if and only if C is fuzzy C-β-open.[8] 

 

Definition 2.17 

Let  be a fuzzy subset of a fuzzy topological space X. Then  is said to be 

(i) fuzzy C-strongly pre-open if and only if int(pclC), 

(ii) fuzzy C-strongly pre-closed if and only if clC (pintC) .[4] 

 

Lemma 2.18 

Let  be a fuzzy subset of a fuzzy topological space (X,) and C be a complement 

function that satisfies the monotonic and involutive conditions. Then  is fuzzy C-

strongly pre-closed if and only if C is fuzzy C-strongly pre-open.[4] 

 

Lemma 2.19 

(i) arbirtary union of fuzzy α-open sets is fuzzy α-open,[6] 

(ii) arbirtary union of fuzzy semi-open sets is fuzzy semi-open, [1] 

(iii) arbirtary union of fuzzy pre-open sets is fuzzy pre-open,[6] 

(iv) arbirtary union of fuzzy β-open sets is fuzzy β-open.[8] 

(v) arbitrary union of fuzzy strongly pre-open sets is fuzzy strongly pre-open.[4] 

 

Lemma 2.20 

Let C be a complement function that satisfies the monotonic and involutiveconditions. 

Let be a fuzzy subset of a fuzzy topological space (X,). Then C(cl())=int (C).[5] 
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3. C-fuzzy η-closed sets 

Definition 3.1 

Let  be a fuzzy subset of a fuzzy topological space (X, ). 

Let C: [0, 1] [0, 1] be a complement function. Then  is 

(vi) C-fuzzy regular closed if C is fuzzy regular open, 

(vii) C-fuzzy α-closed if Cis fuzzy α-open, 

(viii) C-fuzzy semi-closed if C is fuzzy semi-open, 

(ix) C-fuzzy pre-closed if C is fuzzy pre-open, 

(x) C-fuzzy β-closed if C is fuzzy β-open, 

(xi) C-fuzzy strongly pre-closed set if Cis fuzzy strongly pre-open set. 

 

Proposition 3.2 

Let C: [0, 1] [0, 1] be a complement function that satisfies the monotonic and 

involutive conditions. Let  be a fuzzy subset of a fuzzy topological space (X, ). 

Then every fuzzy regular closed set is fuzzy C-regular closed. 

 

Proof 

Suppose  is fuzzy regular closed. Then =cl int(). By taking complement on both 

sides, C=C(cl int()). Then by using Lemma 2.8(i) and Lemma 2.20, C=intclC(C). 

By using Definition 2.8(iv), C is fuzzy C-regular open. Then by Lemma 2.14,  is 

fuzzy C-regular closed. 
 

The converse of the above Proposition is not true as shown in the following example. 

 

Example 3.3 

Let X={a, b} and let ={0*, {a0.5, b0.7}, {a0.4, b0.6}, 1*} be a fuzzy topology on X. The 

family of all fuzzy closed sets={0*, {a0.5, b0.3}, {a0.6, b0.4}, 1*}. Let C(x)=
21 x  be 

a complement function that satisfies the monotonic and involutiveconditions. The 

family of all fuzzy C-closed sets={0*, {a0.866, b0.714}, {a0.92, b0.86}, 1*}. Let =(0.816, 

0.714). ThenclCint ()=(0.816, 0.714). This follows that =clCint (). Then  is fuzzy 

C-regular closed. Also cl int()=(1,1). Then  ≠ clCint (). Therefore  is not fuzzy 

regular closed. 

 

Remark 3.4 

The conclusion of Proposition 3.2 does not hold if the monotonic and involutive 

conditionsof C are dropped and the example is given below. 

 

Example 3.5 

Let X={a, b, c} and let ={0*, {a0.2, b0.3, c0.3}, {a0, b0.2, c0.4}, {a0.3, b0.3, c0.4}, {a0.2, 

b0.2, c0.3}, 1*} be a fuzzy topology on X. The family of all fuzzy closed sets={0*, 

{a0.8, b0.7, c0.7}, {a0.7, b0.8, c0.6}, {a0.7, b0.7, c0.6}, {a0.8, b0.8, c0.7},1*}. Let C(x)=x
2
be a 

complement function then C does not satisfy the monotonic and involutive conditions. 

The family of all fuzzy C-closed sets={0*, {a0.447, b0.548, c0.548}, {a0.548, b0.447, c0.63}, 
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{a0.548, b0.548, c0.63}, {a0.447, b0.447, c0.548},1*}. Let =(0.7, 0.7, 0.6). Then cl 

int()=(0.7, 0.7, 0.6). This implies that =cl int(). Therefore  is fuzzy regular 

closed. Also clCint()=(0.447, 0.447, 0.548). This implies that  ≠ clCint(). Therefore 

 is not fuzzy C-regular closed. 

 

Proposition 3.6 

Let C: [0, 1] [0, 1] be a complement function that satisfies the monotonic and 

involutive conditions. Then every C-fuzzy regular closed set is fuzzy C-regular 

closed. 

 

Proof 

Suppose  is C-fuzzy regular closed. Then by Definition 3.1(i), C is fuzzy regular 

open. By using Definition 2.1(i), C=intcl(C). By taking complement on both sides, 

C(C)=C(intcl (C)). Then by using Lemma 2.7 and Lemma 2.20, 

C(C)=clCint(C(C)). Since C satisfies the involutive condition, =clCint(). By 

Definition 2.13,  is fuzzy C-regular closed. 

 

Remark 3.7 

The conclusion of Proposition 3.6 does not hold if the monotonic and involutive 

conditions of C are dropped as shown below. 

 

Example 3.8 

Let X={a, b, c} and let ={0*, {a0, b0, c0.3}, {a0.6, b0, c0}, {a0.6, b0, c0.3}, 1*} be a 

fuzzy topology on X. Let C(x)=
3

4

x

x
 be a complement function that does not satisfy 

the monotonic and involutive conditions. Let =(0, 0, 0.24) then C=(0, 0, 0.3). We 

have int cl (C)=(0, 0, 0.3). This implies that C=int cl (C). Therefore  isC-fuzzy 

regular closed. Also clCint()=(0, 0). This implies that  ≠clCint(). It follows that  is 

not fuzzy C-regular closed. 

 

Proposition 3.9 

Let C: [0, 1] [0, 1] be a complement function that satisfies the monotonic and 

involutive conditions. Let  be a fuzzy subset of a fuzzy topological space (X, ). 

Then 

(i) every fuzzy α-closed set is fuzzy C-α-closed, 

(ii) every fuzzy semi-closed set is fuzzy C-semi-closed, 

(iii) every fuzzy pre-closed set is fuzzy C-pre-closed, 

(iv) every fuzzy β-closed set is fuzzy C-β-closed, 

 

Proof 

Suppose  is fuzzy α-closed. Then  cl intcl(). By taking complement on both 

sides, by using Lemma 2.5, CC(cl int cl()). Then by using Lemma 2.7 and 

Lemma2.20,CintclCint(C).Then by Definition 2.8, C is fuzzy C-α-open. Then by 

Lemma 2.13,  isfuzzy C-α-closed. This proves (i). 
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Suppose  is fuzzy semi-closed. Then intcl(). By taking complement on both 

sides, by using Lemma 2.5, CC(intcl()). Then by using Lemma 2.7 and Lemma 

2.20, CclCint(C). Then by Lemma 2.8, C is fuzzy C-semi-open. Then by Lemma 

2.14(ii),  is fuzzy C-semi-closed. This proves (ii). 

Suppose  is fuzzy pre-closed. Then  cl int(). By taking complement on both 

sides, by using Lemma 2.5, CC(cl int()). Then by using Lemma 2.7 and Lemma 

2.20, CintclC(C). Then by Lemma 2.8,C is fuzzy C-pre-open. Then by Lemma 

2.15(i),  is fuzzy C-pre-closed. This proves (iii). 

Suppose  is fuzzy β-closed. Then int cl int(). By taking complement on both 

sides, by using Lemma 2.5, CC(int cl int()). Then by usingLemma 2.7 and 

Lemma 2.20,CclCintclC(C). Then by Lemma 2.16(i), C is fuzzy C-β-open. Then 

by Lemma 2.16(iii),  is fuzzy C-β-closed. This proves (iv). This completes the proof 

of the Proposition. 

 

The converse of the above Proposition is not true as shown in the following example. 

 

Example 3.10 

Let X={a, b} and let ={0*, {a0.3, b0.5}, {a0.7, b0.4}, {a0.3, b0.4}, {a0.7, b0.5}, 1*} be a 

fuzzy topology on X. Let C(x)=
21 x  be a complement function that satisfies the 

monotonic and involutive conditions. Let =(0.8, 0.9) then clCintclC ()=(0.714, 

0.866). It follows that,  ≥ clCintclC(). Therefore  is fuzzy C-α-closed. Also cl int cl 

()=(1,1).Then ≱ cl int cl (). It follows that  is not fuzzy α-closed.Let =(0.9, 0.9) 

then intclC ()=(0.7, 0.5). It follows that, ≥ intclC(). Therefore  is fuzzy C-semi-

closed. Also intcl()=(1, 1). Then ≱int cl (). It follows that  is not fuzzy semi-

closed. 

 

Example 3.11 

Let X={a, b} and let ={0*, {a0.5, b0.7}, {a0.4, b0.6}, 1*} be a fuzzy topology on X. Let 

C(x)=
21 x  be a complement function that satisfies the monotonic and involutive 

conditions. 

Let =(0.9, 0.8) thenclCint()=(0.816, 0.714). It follows that,  ≥ clCint(). Therefore 

 is fuzzy C-pre-closed. Also cl int=(1, 1). Then ≱ cl int(). It follows that  is not 

fuzzy pre-closed. Let =(0.83, 0.83). Then intclCint()=(0.5, 0.7). It follows that,  ≥ 

intclCint(). Therefore  is fuzzy C-β-closed. Also int cl int=(1, 1).Then ≱int cl 

int(). It follows that  is not fuzzy β-closed. 

 

Example 3.12 

Let X={a, b} and let ={0*, {a0.7, b0.7}, 1*} be a fuzzy topology on X.Let C(x)=
21 x  be a complement function that satisfies the monotonic and involutive 

conditions. Let =(0.8, 0.8). Then it can be calculated that pint=(0.5, 0.5). Then 

clCpint=(0.714, 0.714). This implies that  ≥ clCpint. Therefore  isfuzzy C-

strongly pre-closed. Also cl pint=(1, 1). This implies that ≱cl pint. Therefore  is 
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not fuzzy strongly pre-closed. 

 

Remark 3.13 

The conclusion of Proposition 3.12 does not hold if the monotonic and 

involutiveconditions of C are dropped as shown below. 

 

Example 3.14 

Let X={a, b} and let ={0*, {a0.5, b0.2}, {a0.3, b0.4}, {a0.5, b0.4}, {a0.3, b0.2}, 1*} be a 

fuzzy topology on X. Let C(x)=x
2 

be a complement function that does not satisfies the 

monotonic and involutive conditions.Let =(0.5, 0.6). Then cl int cl ()=(0.5, 0.6). 

This implies that  cl int cl (). Therefore  is fuzzy α-closed. Also 

clCintclC()=(0.548, 0.447). This implies that clCintclC() ≰ . Therefore  is not C-

fuzzy α-closed. 

 

Example 3.15 

Let X={a, b, c} and let ={0*, {a0, b0, c0.3}, {a0.6, b0, c0}, {a0.6, b0, c0.3}, 1*} be a 

fuzzy topology on X. Let C(x)=x
2 

be a complement function that does not satisfies the 

monotonic and involutive conditions. Let =(0.7, 0.7, 0.7). Then int cl ()=(0.6, 0, 

0.3). This implies that int cl (). Therefore  is fuzzy semi-closed. Also 

intclC()=(1, 1, 1). This implies thatintclC() ≰. Therefore  is not C-fuzzy semi-

closed. 

 

Example 3.16 

Let X={a, b, c} and let ={0*, {a0.3, b0.7, c0}, {a0.5, b0.2, c0.6}, {a0.5, b0.7, c0.6}, {a0.3, 

b0.2, c0}, 1*} be a fuzzy topology on X. Let C(x)=
x

x

1

2
 be a complement function 

that does not satisfies the monotonic and involutive conditions.Let =(0.5, 0.4, 0.4). 

Then cl int()=(0.5, 0.3, 0.4). This implies that  cl int(). Therefore  is fuzzy pre-

closed.Also clCint()=(0.33, 0.539, 0.429). This implies thatclCint() ≰. Therefore  

is not C-fuzzy pre-closed. 

 

Example 3.17 

Let X={a, b} and let ={0*, {a0.4, b0.7}, {a0.5, b0.4}, {a0.5, b0.7}, {a0.4, b0.4}, 1*} be a 

fuzzy topology on X. Let C(x)=
3

4

x

x
 be a complement function that does not 

satisfies the monotonic and involutive conditions. Let =(0.5, 0.4). Then int cl 

int()=(0.5, 0.4). This implies that int cl int(). Therefore  is fuzzy β-closed. Also 

intclCint()=(1, 1). This implies that intclCint() ≰. Therefore  is not C-fuzzy β-

closed. 

 

Proposition 3.18 

If C satisfies the monotonic and involutive conditions then 

(i) every C-fuzzy α-closed set is fuzzy C-α-closed, 

(ii) every C-fuzzy semi-closed set is fuzzy C-semi-closed, 
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(iii) every C-fuzzy pre-closed set is fuzzy C-pre-closed, 

(iv) every C-fuzzy β-closed set is fuzzy C-β-closed, 

 

Proof 

Suppose  is C-fuzzy α-closed. Then by Definition 3.1(ii), C is fuzzy α-open. By 

using Definition 2.1(ii), Cint cl int(C). By taking complement on both sides, by 

using Lemma 2.5, C(C)  C(int cl int(C)), Then by using Lemma 2.7 and Lemma 

2.20,C(C) clCintclC (C(C)). Since C satisfies the involutivecondition clCintclC. 

Therefore by using Definition 2.10,  is fuzzy C-α-closed. This proves (i). 

Suppose  is C-fuzzy semi-closed. Then by Definition 3.1(iii), C is fuzzy semi-open. 

By using Definition 2.1(iii), Ccl int(C). By taking complement on both sides, by 

using Lemma 2.5, C(C) C(cl int(C)). Then by using Lemma 2.7 andLemma 2.20, 

C(C) intclC (C(C)). Since C satisfies the involutivecondition,intclC (). 

Therefore by using Lemma 2.14(ii),  is fuzzy C-semi-closed. This proves (ii). 

Suppose  is C-fuzzy pre-closed. Then by Definition 3.1(iv), C is fuzzy pre-open. 

By using Definition 2.1(iv), Cint cl (C). By taking complement on both sides, by 

using Lemma 2.6, C(C) C(int cl (C)), Then by using Lemma 2.7 and Lemma 2.20, 

C(C) clCint(C(C)). Since C satisfies the involutivecondition clCint. Therefore 

by using Definition 2.17,  is fuzzy C-pre-closed. This proves (iii). 

Suppose  is C-fuzzy β-closed. Then by Definition 3.1(v), C is fuzzy β-open. It 

follows that Ccl int cl (C). By taking complement on both sides, by using Lemma 

2.5, C(C)  C(cl int cl (C)), Then by using Lemma 2.7 and Lemma 2.20, C(C) 

intclCint(C(C)). Since C is involutive,intclCint(). Therefore by using Lemma 

2.16(ii),  is fuzzy C-β-closed. This proves (iv). 
 

The converse of the above Proposition is not true as shown in the following example. 

 

Example 3.19 

Let X={a, b} and let ={0*, {a0.3, b0.5}, {a0.7, b0.4}, {a0.3, b0.4}, {a0.7, b0.5}, 1*} be a 

fuzzy topology on X. Let C(x)=
21 x  be a complement function that satisfies the 

monotonic and involutive conditions. Let =(0.82, 0.9) then C=(0.57, 0.44). It can 

be calculated that clCintclC ()=(0.714, 0.866). It follows that,  ≥ clCintclC(). 

Therefore  is fuzzy C-α-closed. Also int cl int(C)=(0.3, 0.5). It follows that C≰cl 

int cl (C). Hence  is not C-fuzzy α-closed. Let =(0.83, 0.8) then C=(0.57, 0.44).It 

can be calculated thatintclC ()=(0.7, 0.5). It follows that,  ≥ intclC(). Therefore  is 

fuzzy C-semi-closed. Alsocl int(C)=(0.3, 0.5). It follows that C≰cl int (C). Hence 

 is not C-fuzzy semi-closed. 

 

Example 3.20 

Let X={a, b} and let ={0*, {a0.7, b0.6}, {a0.5, b0.9}, {a0.7, b0.9}, {a0.5, b0.6}, 1*} be a 

fuzzy topology on X. Let C(x)=
x

x

21

1




be a complement function that satisfies the 
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monotonic and involutive conditions. Let =(0.4, 0.4) then C=(0.33, 0.33). It can be 

calculated thatclCint ()=(0, 0). It follows that,  ≥ clCint(). Therefore  is fuzzy C-

pre-closed. Alsoint cl (C)=(0, 0). It follows that C≰int cl (C). Therefore  is not 

C-fuzzy pre-closed. 

Let =(0.8, 0.83) then C=(0.6, 0.56). It can be calculated thatintclCint ()=(0.7, 0.5). 

It follows that,  ≥ intclCint(). Therefore  is fuzzy C-β-closed. Also cl int cl 

(C)=(0.7, 0.5). It follows that C≰int cl (C). Therefore  is not C-fuzzy β-closed. 

 

Remark 3.21 

The conclusion of Proposition 3.19 does not hold if the involutive conditionof C is 

dropped and the counter examples are given below. 

 

Example 3.22 

Let X={a, b} and let ={0*, {a0.4, b0.7}, {a0.5, b0.4}, {a0.5, b0.7}, {a0.4, b0.4}, 1*} be a 

fuzzy topology on X. Let C(x)=
3

4

x

x
 be a complement function that does not 

satisfies the monotonic and involutive conditions. Let =(0.4, 0.4). Then C=(0.47, 

0.47). It can be calculated thatcl intcl(C)=(0.5, 0.6). This implies that C≤ int cl 

int(C). Therefore  is C-fuzzy α-closed. Also clCintclC()=(0.429, 0.636). This 

implies that clCintclC() ≰. Therefore  is not fuzzy C-α-closed. 

 

Example 3.23 

Let X={a, b, c} and let ={0*, {a0.2, b0.3, c0.3}, {a0, b0.2, c0.4}, {a0.3, b0.3, c0.4}, {a0.2, 

b0.2, c0.3}, 1*} be a fuzzy topology on X. Let C(x)=x
2 

be a complement function then 

C does not satisfy the monotonic and involutive conditions. Let =(.09,.09,.09) then 

C=(0.3, 0.3, 0.3). It can be calculated that cl int (C)=(0.8, 0.8, 0.7). This implies 

that C≤ cl int(C). Therefore  is C-fuzzy semi-closed. Also intclC()=(1, 1, 1). This 

implies that intclC() ≰. Therefore  is not fuzzy C-semi-closed. Let =(0.4, 0.4, 

0.4). Then int cl(C)=(0.3, 0.3, 0.4). This implies that C≤ int cl (C). Therefore  is 

C-fuzzy pre-closed. Also clCint()=(0.447, 0.447, 0.548). This implies that clCint() 

≰. Therefore  is not fuzzy C-pre-closed. 

Let =(0.2, 0.2, 0.3). Then C=(.04,.04,.09). It can be calculated that cl int 

cl(C)=(0.7, 0.7, 0.6). This implies that C≤ cl int cl (C).Therefore  is C-fuzzy β-

closed. Also intclCint()=(0.3, 0.3, 0.4). This implies that intclCint() ≰. Therefore  

is not fuzzy C-β-closed. 

 

Proposition 3.24 

Let C: [0, 1] [0, 1] be a complement function that satisfies the monotonic and 

involutive conditions. Let  be a fuzzy subset of a fuzzy topological space (X, ). 

Then 

(i) Every fuzzy strongly pre-closed set is fuzzy C-strongly pre-closed. 

(ii) Every C-fuzzy strongly pre-closed set is fuzzy C-strongly pre-closed. 
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Proof 

Suppose  is fuzzy strongly pre-closed. Then by Lemma 2.3,  cl pint (). By taking 

complement on both sides, by using Lemma 2.5, CC(cl pint()). Then by using 

Lemma 2.7 andLemma2.20, CintpclC(C). Then by Definition 2.17, C is fuzzy C-

strongly pre-open. Then by Lemma 2.18,  is fuzzy C-strongly pre-closed. Thus (i) 

proved. 

Suppose  is C-fuzzy strongly pre-closed. Then by Definition 3.1(vi), C is fuzzy 

strongly pre-open. By using Definition 2.2, Cintpcl(C). By taking complement on 

both sides, by using Lemma 2.5, C(C) C(intpcl(C)), Then by using Lemma 2.7 

and Lemma 2.20, C(C) clCpint(C(C)). Since C satisfies the monotonic condition, 

clCpint(). Therefore by using Definition2.17,  is fuzzy C-strongly pre-closed. 

This proves (ii).This completes the proof of the Proposition. 

 

 

Proposition 3.25 

Let (X, ) be a fuzzy topological space and let C be a complement function that 

satisfies the monotonic and involutive conditions. Then 

(i) arbitrary intersection of C-fuzzy α-closed sets is C-fuzzy α-closed, 

(ii) arbitrary intersection of C-fuzzy semi-closed sets is C-fuzzy semi-closed, 

(iii) arbitrary intersection of C-fuzzy pre-closed sets is C-fuzzy pre-closed, 

(iv) arbitrary intersection of C-fuzzy β-closed sets is C-fuzzy β-closed, 

(v) arbitrary intersection of C-fuzzy strongly pre-closed sets is C-fuzzy strongly 

pre-closed. 

 

Proof 

Let {i} be a collection of all C-fuzzy α-closed sets of afuzzy topological space X. 

Then by Definition 3.1(ii), {Ci} be a collection of all fuzzy α-open sets. By using 

Lemma 2.19(i), we have {Ci} is fuzzy α-open. By using Lemma 2.5(ii), C{i} is 

fuzzy α-open. By Definition 3.1(ii), iis C-fuzzy α-closed. This proves (i). 

Let {i} be a collection of all C-fuzzy semi-closed sets of a fuzzy topological space 

X. Then by Definition 3.1(iii), {Ci} be a collection of all fuzzy semi-open sets. By 

using Lemma 2.19(ii), we have  {Ci} is fuzzy semi-open. By using Lemma 2.5(ii), 

C{i} is fuzzy semi-open. By Definition 3.1(iii), iis C-fuzzy semi-closed. This 

proves (ii). 

Let {i} be a collection of all C-fuzzy pre-closed sets of a fuzzy topological space X. 

Then by Definition 4.1(iv), {Ci} be a collection of all fuzzy pre-open sets. By using 

Lemma 2.19(iii), we have  {Ci} is fuzzy pre-open. By using Lemma 2.5(ii), C{i 

} is fuzzy pre-open. By Definition 3.1(iv), iis C-fuzzy pre-closed. This proves (iii). 

Let {i} be a collection of all C-fuzzy β-closed sets of a fuzzy topological space X. 

Then by Definition 3.1(v), {Ci} be a collection of all fuzzy β-open sets. By using 

Lemma 2.19(iv), we have {Ci} is fuzzy β-open. By using Lemma 2.5(ii), C{i} is 

fuzzy β-open. By Definition 3.1(v), iis C-fuzzy β-closed. This proves (iv). 

Let {i} be a collection of all C-fuzzy strongly pre-closed sets of afuzzy topological 
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space X. Then by Definition 3.1(vi), {Ci} be a collection of all fuzzy strongly pre-

open sets. By using Lemma 2.19(v), we have {Ci} is fuzzy strongly pre-open. By 

using Lemma 2.5(ii), C{i} is fuzzy strongly pre-open. By Definition 3.1(ii), iis 

C-fuzzy strongly pre-closed. This proves (v). This completes the proof of the 

proposition. 
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