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ABSTRACT 

 

In this paper, the concepts offuzzy pre -nowheredense set, fuzzy pre -first 

categoryset and fuzzy pre -second categoryset in fuzzy topological spaces, 

are introduced and studied. By means of fuzzy pre -nowhere dense sets, the 

concept of fuzzypre -Baire space is defined and several characterizationsof 

fuzzy pre -Baire spacesare studied. Several examples are given to illustrate 

the concepts introduced in this paper. 
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1. INTRODUCTION 

In order to deal with uncertainties, the idea of fuzzy sets, fuzzy set operations was 

introduced by L. A. Zadeh [15] in his classical paper in the year 1965, describing 

fuzziness mathematically for the first time. Among the first fields of Mathematics to 

be considered in the context of fuzzy sets was general topology. The concepts of 

fuzzy topology was defined by C. L. Chang [6] in the year 1968. The paper of Chang 

paved the way for the subsequent tremendous growth of the numerous fuzzy 

topological concepts. Since then, much attention has been paid to generalize the basic 

concepts of general topology in fuzzy setting and thus a modern theory of fuzzy 

topology has been developed. 

The concepts of Baire spaces have been studied extensively in classical topology [7], 

[8] and [10]. The concept of fuzzy  –nowhere dense sets in classical topology, was 

introduced and studied By Jiling Cao andSina Greenwood [9]. This concept in fuzzy 
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setting was introduced and studied by G. Thangarajand E. Poongothai[14]and by 

means of fuzzy nowhere dense sets, the concept of fuzzy  –Baire spaces was 

introduced and studied in [14]. A. S. Bin Shahna [5] introduced the concept of fuzzy 

pre-open sets in fuzzy topological spaces. In this paper, the concepts of fuzzypre 

nowhere dense sets are introduced and studied. By means of fuzzy pre 

nowhere dense sets, the concept of fuzzy pre Baire space isintroduced and 

several characterizations of fuzzy pre Baire spaces are studied. The inter-

relationshipbetween pre Baire spaces and fuzzy Baire spaces havebeen 

established in thispaper. 

 

 

2. PRELIMINARIES 

In order to make the exposition self-contained, we give some basic notions and results 

used in the sequel. In this work by (X, T) or simply by X, we will denote a fuzzy 

topological space due to CHANG. Let X be a non-empty set and I the unit interval [0, 

1]. A fuzzy set  in X is a mapping from X into I. 

 

Definition 21 [6]: Let  and  be fuzzy sets in X. Then, for all  

(i)  

(ii)  

(iii)  

(iv)  

(v)  

For a family  of fuzzy sets in the union  and intersection 

, are defined respectively as 

(vi)  

(vii)  

 

Definition 2. 2[6 ]: Let (X, T) be a fuzzy topological space and  be any fuzzy set in 

(X, T). Thefuzzy interior and the fuzzyclosure of a fuzzy set are defined 

respectivelyas follows: 

(i).  int ( )  { | ,  T} 

(ii).  cl ( )  { | 1  T }. 

 

Lemma 2. 1 [1]: For a fuzzy set  of a fuzzy topological space X, (i). 1  Int (

Cl (1  and (ii). 1  Cl ( ) = Int (1 – ). 

 

Definition 2. 3 [12]: A fuzzy set  in a fuzzy topological space (X, T) is called fuzzy 

dense if there exists no fuzzy closed set μ in (X, T) such that λ  μ 1. That is, cl 

( )  1, in (X, T). 

 

Definition 2. 4 [12]: A fuzzy set λ ina fuzzy topological space (X, T) is calledfuzzy 

nowhere dense if thereexists no non-zero fuzzy open set μ in (X, T) such that μ  cl 

(λ). That is, int cl (λ) 0, in (X, T). 
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Definition 2. 5 [5]: A fuzzy set λ in a fuzzy topological space(X, T) is called 

(i).  a fuzzy pre-open setin (X, T) ifλ intcl (  

(ii).  a fuzzy pre-closed set in (X, T) ifcl int (  

 

Definition 2. 6 [5]: Let (X, T) be afuzzytopological space. The fuzzy pre-interior and 

the fuzzy pre-closure of a fuzzy set are defined respectivelyas follows: 

(i)  { | ,  is a fuzzy pre-open set of X } ; 

(ii)  pcl ( )  { |  is a fuzzy pre-closed set of X }. 

 

Definition 2. 7 [5]: A fuzzy set in a fuzzy topological space (X, T) is calleda fuzzy 

pre-closed set if pcl and fuzzy pre-open set if . 

 

Lemma2. 2 [5]: Let be afuzzy set of a fuzzy topological space (X, T). Then, (i). 

 and (ii).  

 

Definition 2. 8 [2]: A fuzzy set λ in a fuzzy topological space (X, T) is called a fuzzy 

Fσ-set in (X, T) if where (1  λi)  T for i. 

 

Definition 2. 9 [2]: A fuzzy set λ in a fuzzy topological space (X, T) is called a fuzzy 

G-set in (X, T) if where λi  T for i. 

 

Definition 2. 10 [8]: A fuzzy set  in a fuzzy topological space (X, T) is called a 

fuzzy first category if , where  are fuzzy nowhere dense 

sets in (X, T). Any other fuzzy set in (X, T) is said tobe of fuzzy second category 

in (X, T). 

 

Theorem 2. 1[4]: Let be a fuzzy set of a fuzzy topological space (X, T). Then, 

 
 

Theorem 2. 2[4]: Let be a fuzzy set of a fuzzy topological space(X, T). Then, the 

following properties hold: 

(1)  

(2)  

 

Theorem 2. 3[4]: Let be a fuzzy set of a fuzzy topological space(X, T). Then, 

 

 

Lemma 2. 3 [4]: Let and μ be fuzzysets of a fuzzy topological space (X, T). Then, 

(i).   

(ii) . . 

 

Remarks2. 1: From the abovelemmaone can easily establish the following properties: 

(1) .  

(2) . . 
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Definition2. 11 [14]: Let (X, T) be a fuzzy topological space. A fuzzy set in (X, T) 

is called a fuzzy pre nowhere dense set if there exists no non-zero fuzzy pre-open 

set in (X, T)such that That is, in (X, T). 

 

 

3. FUZZY PRE NOWHERE DENSE SETS 

Definition 3. 1: A fuzzy set  in a fuzzy topological space (X, T) is called a fuzzy pre 

-set in (X, T) if λ , where ( are fuzzy pre-closed sets in (X, T). 

 

Definition 3. 2: A fuzzy set  in a fuzzy topological space (X, T) is called a fuzzy pre 

-setin (X, T) if , where ( are fuzzy pre-opensets in (X, T). 

 

Definition 3. 3: A fuzzy set in a fuzzy topological space (X, T) is called a fuzzy 

pre nowhere dense set if  is a non-zero fuzzy pre -set in (X, T) such that 

pint( ) 0. 

 

Definition 3. 4: A fuzzy set  in a fuzzy topological space(X, T) is calledfuzzy pre 

dense if there exists no fuzzy pre-closed set μin (X, T) such thatλ That is, 

pcl ( )  1, in (X, T). 

 

Example 3. 1: Let X={a, b, c}. The fuzzy sets are defined on X as follows: 

is defined as  

is defined as  

 is defined as  

Then T= {0, } is clearly a fuzzy topology 

on X. Now consider the fuzzy set in (X, T). Then, 

is a fuzzy pre -set in (X, T) and and hence is a fuzzy pre 

nowhere dense set in (X, T). The fuzzy set , is a 

fuzzy pre -set in (X, T) and , impliesthat is not a fuzzy 

pre nowhere dense set in (X, T). 

 

Remarks 3. 1: If arefuzzy pre nowhere dense sets in afuzzy 

topologicalspace(X, T), then need not bea fuzzy pre nowhere dense set in (X, 

T). For, consider the following example: 

 

Example 3. 2: Let X={a, b, c}. The fuzzy sets are defined on X as follows: 

 isdefined as  

is defined as  

isdefined as  

Now  ] and are 

fuzzy pre -sets in (X, T). Also  0 and 0. Therefore  are 

fuzzy pre nowhere dense sets in (X, T). Clearly is a fuzzy pre -set in (X, 

T). On computation, impliesthat ( is not a fuzzy pre 

nowhere dense set in (X, T). 
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Proposition 3. 1: Afuzzy set is afuzzypre nowhere dense set in a fuzzy 

topologicalspace (X, T)if and only if ( is a fuzzy pre dense and fuzzypre -

setin (X, T). 

 

Proof: Let be a fuzzy pre nowhere dense set (X, T). Then , 

where( are fuzzy pre-closed setsin (X, T) and . Then 

and hence by lemma 2. 2, . Also

 where ( are fuzzy pre-open sets in (X, T) implies that is a 

fuzzy pre -set in (X, T). Hence, ) is a fuzzy pre dense and fuzzy pre -set in 

(X, T). 

Conversely, let bea fuzzy pre denseand fuzzypre -set in (X, T). Then, 

, where ( are fuzzy pre-open sets in (X, T) Now 

, where ( are fuzzy pre-closed sets in (X, T). Hence 

is a fuzzy pre -set in (X, T)and

since is a fuzzy pre densein(X, T)]. Therefore is afuzzy pre nowhere 

dense set in (X, T). 

 

Proposition 3. 2: If is a fuzzy pre dense set in a fuzzy topological space (X, T) such 

that where is a fuzzy pre -set in (X, T), then  is a fuzzy pre 

nowhere dense set in (X, T). 

 

Proof: Let  be a fuzzy pre dense set in (X, T) such that Now 

implies that 

and hence Therefore, is a fuzzy pre -set in (X, T) such that 

 and hence is a fuzzy pre nowhere dense set in (X, T). 

 

Proposition 3. 3: If is a fuzzy pre -set and fuzzy pre nowhere dense set in (X, T), 

then isa fuzzy pre nowhere dense set in (X, T). 

 

Proof: Now for any fuzzy set in (X, T). Then, . 

Since is a fuzzy pre nowhere dense set in (X, T), and hence 

. Since  is a fuzzy pre -set such that is afuzzy pre 

nowhere dense set in (X, T). 

 

Definition3. 5: Let (X, T) be a fuzzy topological space. A fuzzyset in (X, T is called 

fuzzy pre first category if where  are fuzzy pre nowhere 

dense sets in (X, T). Any other fuzzy set in (X, T) is said to be of fuzzy pre second 

category in (X, T). 

 

Definition 3. 6: Let be a fuzzy pre first category set in (X, T). Then 

iscalled a fuzzy pre residual set in (X, T). 

 

Definition 3. 7: A fuzzy topological space (X, T) is called fuzzy pre first category 

if the fuzzy set is a fuzzy pre first categoryset in (X, T). That is, 
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where are fuzzypre nowhere dense sets in (X, T). Otherwise, (X, 

T) will becalled a fuzzy pre second category space. 

 

Proposition 3. 4: If is a fuzzy pre first category set in a fuzzy topological space 

(X, T), then there is a fuzzy pre -set in (X, T) such that  

 

Proof: Let be a fuzzy pre first category set in (X, T). Then where 

are fuzzy pre nowhere dense sets in (X, T). Now [ (i=1 to 

are fuzzy pre open sets in (X, T). Then  is a fuzzy pre -

set in (X, T) and Now 

implies that . 

Hence That is, and is a 

fuzzy pre -set in (X, T). Let Hence, if  is a fuzzy pre first 

category set in(X, T), then there is a fuzzy pre -set in (X, T)such that  

 

Proposition 3. 5: If is a fuzzy pre first category set ina fuzzy topological space 

(X, T), then there is a fuzzy pre -set in (X, T) such that where is 

afuzzy pre -set in (X, T). 

 

Proof: Let be a fuzzy pre first category set in (X, T). Then 

where are fuzzy pre nowhere dense sets in (X, T). Now 

[ (i=1 to are fuzzy pre open sets in (X, T). Then, 

 is a fuzzy pre -set in (X, T) and 

Now  

That is,  and is a fuzzy pre -set in (X, T). Let 

Hence, if is a fuzzy pre first categoryset in (X, T), then there is a fuzzy 

pre -set in (X, T) such that where is a fuzzy pre -set in (X, T). 

 

Proposition 3. 6: If the fuzzypre dense sets arefuzzy pre open sets in a fuzzy 

topological space (X, T) and if  is a fuzzy pre first category set in (X, T), then is 

a fuzzy pre first category set in (X, T). 

 

Proof: Let be a fuzzy pre first category set in (X, T), where the fuzzy 

sets  are fuzzy pre nowhere dense sets in (X, T). Then  and 

are fuzzy pre -sets in (X, T). Now  implies that 

 and hence By hypothesis, the fuzzy pre dense sets

are fuzzy preopen sets in (X, T) and hence  are fuzzy pre closed sets in (X, 

T). Then,  and  implies that That 

is,  are fuzzy pre nowhere dense sets in (X, T). Therefore is a 

fuzzy pre first category set in (X, T). 
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Proposition 3. 7: If is a fuzzy pre closed set in a fuzzy topological space (X, T) and 

if , then is a fuzzy pre  nowhere dense set in (X, T). 

 

Proof: Let be a fuzzy pre closed set in (X, T). Then we have Now 

implies that  is a fuzzy pre nowhere dense 

set in (X, T). 

 

Proposition 3. 8: If is a fuzzy closed and fuzzy  nowhere dense set in a fuzzy 

topological space(X, T), then in (X, T). 

 

Proof: Let be a fuzzy  nowhere dense set in (X, T). Then is a fuzzy -set such 

that By theorem 2. 1, we have Then, 

[since is a fuzzyclosed set, and hence That 

is, in (X, T). 

 

Proposition 3. 9: If the fuzzy sets and  are fuzzy pre  nowhere dense sets in a 

fuzzy topological space (X, T), then  is a fuzzy pre nowhere dense set in (X, 

T). 

 

Proof: Let and be fuzzy pre  nowhere dense sets in (X, T). Then, and are 

fuzzy pre -sets and Since and are fuzzy pre -sets in 

(X, T), ), where ( are fuzzy pre-closed sets in (X, T) and , 

where ( are fuzzy pre-closed sets in (X, T). Now ( (

. Let ( Then ). Since  are fuzzy 

pre closed sets in (X, T), and Then, 

= . But 

)……(2). From (1) and (2), ) =  and hence  is a 

fuzzy pre closed set in (X, T). This implies that is a fuzzy pre closed set in (X, T). 

Therefore is a fuzzy pre -set in (X, T). Also 

= 0 . Therefore Hence  is a fuzzy pre -set 

such that Therefore is a fuzzy pre  nowhere dense set in 

(X, T). 

 

Proposition 3. 10: If each fuzzy  nowhere dense set is a fuzzy closed setin a 

fuzzy topological space (X, T), then is a fuzzy pre  nowhere dense set in (X, T). 

 

Proof: Let be a fuzzy  nowhere dense set in (X, T). Then  is a fuzzy -setin (X, 

T) suchthat By theorem 2. 1, Since is a fuzzy 

closed set in (X, T), Then That is,  

0 Hence,  is a fuzzy pre  nowhere dense set in 

(X, T). 
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4. FUZZY PRE  BAIRE SPACES 

Definition 4. 1: Let (X, T) be a fuzzy topological space. Then (X, T) is called a fuzzy 

pre Baire spaceif ( where are fuzzy pre nowhere dense 

sets in (X, T). 

 

Example 4. 1: Let X {a, b, c}. The fuzzy sets are defined on X as follows: 

 is defined as  

 is definedas  

 is defined as  

Then T =

 is a fuzzytopology onX. Now 

and  

and  

and  

and

. Then are fuzzy pre  nowhere dense sets in (X, T) and also

and therefore (X, T) is a fuzzy pre Baire space. 

 

Proposition 4. 1: Let (X, T) be a fuzzy topological space. Then the following are 

equivalent: 

(1).  (X, T) isa fuzzypre Baire space. 

(2).  foreach fuzzy pre first category set in (X, T). 

(3).   for each fuzzy pre residual set in (X, T). 

 

Proof: (1) (2). Let be a fuzzy first category set in (X, T). Then 

( where are fuzzy pre nowhere dense sets in (X, T). Then, 

( Since (X, T) is a fuzzy pre Baire space, 

( Hence, for a fuzzy pre first category set in (X, 

T). 

(2) (3). Let be a fuzzy pre residual set in (X, T). Then  is a fuzzy pre 

first category set in (X, T). By hypothesis, Then, by lemma2. 2, 

Hence, , fora fuzzy pre residual set in (X, T). 

(3) (1). Let be a fuzzypre first category set in (X, T). Then 

( where are fuzzy pre nowhere dense sets in (X, T). Now is a 

fuzzy pre first category set in (X, T), implies that is a fuzzy pre residual 

set in (X, T). By hypothesis, Then, by lemma 2. 2,  

Hence Thatis, where are fuzzy pre  

nowhere dense sets in (X, T). Hence (X, T) is a fuzzy pre Baire space. 

 

Proposition 4. 2: If , where are fuzzy pre dense and 

in (X, T), then (X, T) is a fuzzy pre Baire space. 
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Proof: Now  implies that . Then, by lemma 

2. 2,  and hence we have Let

. Then, Since  are fuzzy pre dense and pre 

in (X, T), by proposition 3. 1,  are fuzzy pre  nowhere dense sets in 

(X, T). Hence, we have , where are fuzzy pre  nowhere 

dense sets in (X, T). Therefore, (X, T) is a fuzzy pre Baire space. 

 

Proposition 4. 3: If the fuzzy topological space (X, T) is a fuzzy pre Baire space, 

then (X, T) is a fuzzy pre second category space. 

 

Proof: Let (X, T) be a fuzzy pre Baire space. Then, ( where 

are fuzzy pre nowhere dense sets in (X, T). Then,  [otherwise, 

, implies that ( which in turn implies 

that 0 = 1, a contradiction]. Hence (X, T) is a fuzzy pre second category space. 

 

Remark 4. 1: The converse of the above proposition need not be true. A fuzzy pre 

second category space need not be a fuzzy pre Baire space. For, considerthe 

following example: 

 

Example 4. 2: Let X {a, b, c}. The fuzzy sets are defined on X as follows: 

is defined as  

is defined as  

 is defined as  

Then, clearly T

is afuzzy topology on X. Now

is a fuzzy pre -

set in (X, T) and and hence is a fuzzy pre nowhere dense set in (X, 

T).  (

 is a fuzzy pre -set in (X, T) and . Hence is a fuzzy pre 

nowhere dense set in (X, T). Now ( . Therefore (X, T) is a fuzzy pre 

second category space. But and therefore (X, T) is not a 

fuzzy pre Baire space. 

 

Remark 4. 2: A fuzzy pre Baire space need not be a fuzzy pre Baire space. For, 

consider the following example: 

 

Example 4. 3: Let X {a, b, c}. The fuzzy setsλ are defined on X as follows: 

 is defined as  

is defined as  

 is defined as  

Then T

is a fuzzy topology on X. Now 
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are fuzzy pre nowhere dense sets in (X, T). 

. Therefore, ) is a fuzzy pre first category set in (X, T). But 

Hence, (X, T) is not a fuzzy preBaire space. Now 

 and

Hence is a fuzzy pre nowhere dense sets in (X, T). Now the fuzzy 

(  is a fuzzy pre first category set in (X, T) and Hence (X, 

T) is a fuzzy pre Baire space. 

 

Proposition 4. 4: If the fuzzy topological space (X, T) is a fuzzypre Baire space and 

if the fuzzy pre nowhere dense sets in (X, T) are fuzzy pre -sets in(X, T), then (X, 

T) is a fuzzypre Baire space. 

 

Proof: Let (X, T) be a fuzzy pre Baire space such that every fuzzy pre nowhere dense 

set is a fuzzy pre -set in (X, T). Since (X, T) isa fuzzy pre Baire space, 

( where are fuzzy pre nowhere dense sets in (X, T). Also 

since are fuzzy pre -sets andfuzzy pre nowhere dense sets in (X, T), 

byproposition3. 3, are fuzzypre  nowhere densesets in (X, T). Hence, 

( where are fuzzy pre  nowhere dense sets in (X, T), 

implies that(X, T) is a fuzzy pre  Baire space. 

 

Proposition 4. 5: Let (X, T) be a fuzzy topological space. 

If where are fuzzy pre denseand fuzzy pre in (X, T), 

then (X, T) is a fuzzy pre second category space. 

 

Proof: Now , implies that Then 

. Since are fuzzy pre-dense and fuzzy pre in (X, T), by 

proposition 3. 1, are fuzzy pre nowhere dense sets in (X, T). Hence, 

where are fuzzy pre nowhere dense sets in (X, T). 

Hence (X, T) is not a fuzzy pre first category space. Therefore (X, T) is a fuzzy 

pre second category space. 

 

Proposition4. 6: Ifafuzzy topological space (X, T) is a fuzzy pre Baire space, 

thenno non-zero fuzzy pre-open set is a fuzzy first category set in (X, T). 

 

Proof: Let be a non-zero fuzzy pre-open set in a fuzzy pre Baire space (X, T). 

Suppose that , where the fuzzy sets are fuzzy pre nowhere 

dense sets in (X, T). Then Since (X, T) is a fuzzy pre 

Baire space, This implies that Then we will 

have a contradiction, since is a fuzzy non-zerofuzzy set in (X, T). 

Hence no non-zerofuzzy pre-open set isa fuzzy pre first category set in (X, T). 
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