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Abstract 
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Introduction 
The notion of intuitionistic fuzzy set (IFS) was introduced by Atanassov [1] as a 
generalization of Zadeh’s fuzzy sets. IFS makes description of the objective world 
become more realistic, practical and accurate, making it very promising. Instead of 
using fuzzy approach, past researchers have studied IFSs to be applied in variety of 
area such as decision making[10], medical diagnostics[9] and pattern recognition[4] 
and seem to be more popular than fuzzy sets in recent years. Author has already 
introduced the notion of t-intuitionistic fuzzy cosets of an intuitionistic fuzzy module 
and t-intuitionistic fuzzy quotient module in [8] In this paper, we introduce the notion 
of t-intuitionistic fuzzy cosets of an intuitionistic fuzzy normal subgroup and t-
intuitionistic fuzzy quotient group and discuss some of their properties. 
 
 
Preliminaries 
We first recall some definition for the sake of completeness of the topic under study.  
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Definition (2.1)[1] Let X be a fixed non-empty set. An intuitionistic fuzzy set (IFS) A 
of X is an object of the following form A = {< x, μA (x), νA (x) >: x ∈X}, where μA: 
X  [0, 1] and νA: X  [0, 1] define the degree of membership and degree of non-
membership of the element x ∈X respectively and for any x ∈X, we have 0 ≤ μA (x) + 
νA (x) ≤ 1.  
 
Remark (2.2) (i): When μA (x) + νA (x) = 1, i.e. when νA (x) = 1-μA (x) = μA

c (x). 
Then A is called fuzzy set. (ii) We use the notation A = (μA, νA) to denote the IFS A 
of X.  
 
Definition (2.3)[ 5 ]: Let G be a group. An intuitionistic fuzzy subset (IFS) A = (μA, 

νA) of G is called intuitionistic fuzzy subgroup (IFSG) of G if  
(i) μA (xy) ≥ μA (x) ∧ μA (y)  
(ii) μA (x-1) = μA (x)  
(iii) νA (xy) ≤ νA (x) ∨ νA (y)  
(iv) νA (x-1) = νA (x), for all x, y ∈G 

 
 Or Equivalently A is IFSG of G if and only if  
 μA (xy-1) ≥ μA (x) ∧ μA (y) and νA (xy) ≤ νA (x) ∨ νA (y)  
 
Definition (2.4)[5] An IFSG A = (μA, νA) of a group G is said to be intuitionistic 
fuzzy normal subgroup of G (In short IFNSG) of G if 

(i) μA (xy) = μA (yx) 
(ii) νA (xy) = νA (yx), for all x, y ∈G 

 
 Or Equivalently A is an IFNSG of a group G is normal if and only if  
 μA (y-1 x y) = μA (x) and νA (y-1 x y) = νA (x), for all x, y ∈G 
 
Definition (2.5)[5]: Let A be intuitionistic fuzzy set of a universe set X. Then (α, β)-
cut of A is a crisp subset Cα, β (A) of the IFS A is given by  
 Cα, β (A) = { x: x ∈X such that μA (x) ≥ α, νA (x) ≤ β },  
 
where α, β ∈ [0, 1] with α + β ≤ 1. 
 
Theorem (2.6) [ 5,7 ]: If A is IFS of a group G. Then A is IFSG (IFNSG) of G if and 
only if Cα, β (A) is a subgroup (normal) of group G, for all α, β ∈ [0,1] with α + β ≤ 1. 
 
 
t-Intuitionistic fuzzy quotient group 
Definition (3.1) Let A be an IFSNG of a group G. Let t ∈ [0,1]. For any x∈G 
 Define an IFS t

xA  of G called t – Intuitionistic fuzzy coset of A in G as follows 
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Proposition (3.2) Let S be the set of all t – intuitionistic fuzzy cosets of an IFNSG A 
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 Therefore ⊗ is well defined operation on S. 
 
Lemma (3.3): If A is IFNSG of a group G. Then  
 ,1   =           Nx  =   Nx  ,   for  x , x G ,  wherer    N = C ( )t t
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 Now, we show that if N x = N x′, then =     t t

x xA A ′ Let for some y∈G, 
 (y)  (y)    t t

x xA A ′≠  
i.e. ( ) ( )1 1 1 1min{ ( ),  }, max{ ( ) ,1 - } min{ ( ),  }, max{ (x ) ,1 - }A A A Axy t xy t x y t y tμ ν μ ν− − − −′ ′≠  
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 Suppose μA (x y-1) < t and μA (x′ y-1) ≥ t  
 Therefore νA (x y-1) ≤ 1-t and νA (x′ y-1) ≤ 1-t 
 ⇒ x′ y-1 ∈Ct, 1-t (A) = N  
 ⇒ N x′ y-1 = N ⇒ Nx y-1 = N (Using (*)) 
 ⇒ x y-1 ∈ N and so μA (x y-1) ≥ t, a contradiction  
 
 Similarly, if μA (x y-1) ≥ t and μA (x′ y-1) < t also leads to contradiction  
 Therefore either μA (x y-1) ≥ t and μA (x′ y-1) ≥ t i.e. νA (x y-1) ≤ 1-t and νA (x′ y-1) 
≤ 1-t or μA (x y-1) < t and μA (x′ y-1) < t i.e. νA (x y-1) ≤ 1-t and νA (x′ y-1) ≤ 1-t 
 
In the first case  
 Min { μA (x y-1), t } = t and max { νA (x y-1), 1-t } = 1-t  
 And so A ( ) ( ,  1 )t

x y t t= −  and also  
 Min { μA (x′ y-1), t }= t and max { νA (x′ y-1), 1-t } = 1-t  
 And so A ( ) ( ,  1 )t

x y t t′ = − . Thus A ( ) A ( )    , for all y  Gt t
x xy y′= ∈  

 Therefore A At t
x x′=   

 
In the second case  
 Min { μA (x y-1), t } = μA (x y-1) < t and max { νA (x y-1), 1-t } = 1-t  
 And also  
 Min { μA (x′y-1), t }= μA (x′ y) < t and max { νA (x′ y-1), 1-t } = 1-t  
 Now since N x = N x′, therefore let x = n x′, where n ∈ N 
 So that μA (n) ≥ t and νA (n) ≤ 1 – t  
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 Hence the result proved. 
 
Proposition (3.4) The set S of all t-Intuitionistic fuzzy cosets of an IFNSG A of a 
group G, form a group under the well-defined operations ⊗. 
 
Proof. It is easy to check that the identity element of S is t

eA , where e is the identity 
element of group G, and the inverse of an element t

xA  is 1
t

x
A − . 

 
Proposition (3.5) The IFS B of S defined by ( )B(A ) (A ) , (A )t t t
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Proposition (3.6) A mapping f: G  S, where G is a group and S is the set of all t-
intuitionistic fuzzy cosets of the IFNSG A of G defined by f (x) = t

xA , is an onto 
homomorphism with ker f = N (= Ct,1-t (A)), where t ∈[0,1]) 
 
Proof. Clearly f is an onto homomorphism 
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In the first case  
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similarly we get ( ) ( ,1 )t
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In the second case 
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∴ ⊆

 

 
Proposition (3.7) If f: G  S, is an onto homomorphism, then f (A) = B, where A is 
IFS of G and B is IFS of S.  
 
Proof.     S be any element of S , where    such that  ( )  t t

a aLet A a G f a A∈ ∈ =  

 1 1

Let  A  be IFS of G , then 
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 Hence f (A) = B  
 
Theorem (3.8): Let A be a IFNSG of G and B be a IFSG of S, then  
  ,1C ( ) { }t

t t eB A− =   
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Proof.  

 

( )

,1

   B( ) ( ) , ( )   ,  where

( ) = { ( ) :   N x = N }  
              = { ( ) : x  N}
             ( )  , for all  n  N = C ( )
              t  
Similarly , we can show 

t t t
e B e B e

t
B e A

A

A t t

Now A A A

A Sup x

Sup x

n A
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μ μ
μ
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=

∈
≥ ∈

≥
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 ,1Let      C ( )       ( )  t       and   ( )  1-tt t t

a t t B a B aA B A Aμ ν−∈ ⇒ ≥ ≤  

 1

2

    ( ) { ( ) :   N x = N  } and  

          ( ) { ( ) :   N x = N }

t
B a A

t
B a A

Let A Sup x a

A Inf x a

θ μ μ

θ ν ν

= =

= =
 

 
 Therefore θ1 ≥ t and θ2 ≤ 1-t. Let ε > 0 be given, ∃’s x, y ∈ G such that  
 N x = N a so that x a-1 = n1 ∈ N and μA (x) > θ1-ε ≥ t-ε and  
 N y = N a so that y a-1 = n2 ∈ N and νA (y) < θ2 + ε ≤ (1-t) + ε 

11
1 1 1 1

1 1

 ( )
( ) ( ) ( ) ( )  

 ( )  ( )
A

A A A A
A A

t if an t
a an n an n
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μ μ μ μ
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A
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t if an t
a an n an n
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ν
ν ν ν ν
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− ≤ − ≤ −⎧

= ≤ ∨ = ⎨= > −⎩
 

 Thus in any case μA (a) > t-ε and νA (a) < (1-t) + ε, for all ε > 0 
 ⇒ μA (a) ≥ t and νA (a) ≤ (1-t) implies that a ∈ Ct, 1-t (A) 
 ⇒ N a = N so { },1          Hence      C ( )t t t

a e t t eA A B A−= = .  
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