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Abstract

In this paper, the notion of t-intuitionistic fuzzy cosets of an intuitionistic
fuzzy normal subgroup and t-intuitionistic fuzzy quotient group are defined
and discussed. A homomorphism from a given group onto the set of all t-
intuitionistic fuzzy quotient group is established. Some related results has been
derived.
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Introduction

The notion of intuitionistic fuzzy set (IFS) was introduced by Atanassov [1] as a
generalization of Zadeh's fuzzy sets. IFS makes description of the objective world
become more redlistic, practica and accurate, making it very promising. Instead of
using fuzzy approach, past researchers have studied IFSs to be applied in variety of
area such as decision making[10], medical diagnosticg[9] and pattern recognition[4]
and seem to be more popular than fuzzy sets in recent years. Author has aready
introduced the notion of t-intuitionistic fuzzy cosets of an intuitionistic fuzzy module
and t-intuitionistic fuzzy quotient module in [8] In this paper, we introduce the notion
of t-intuitionistic fuzzy cosets of an intuitionistic fuzzy norma subgroup and t-
intuitionistic fuzzy quotient group and discuss some of their properties.

Preliminaries
Wefirst recall some definition for the sake of completeness of the topic under study.
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Definition (2.1)[1] Let X be afixed non-empty set. An intuitionistic fuzzy set (IFS) A
of X is an object of the following form A = {< X, ua (X), va (X) >: X X}, where pa.
X =2 [0, 1] and va: X = [0, 1] define the degree of membership and degree of non-
membership of the element x X respectively and for any x e X, we have 0 < pa (x) +
VA (X) <1

Remark (2.2) (i): When pa (X) + va (X) = 1, i.e. when va (X) = 1-pa (X) = pa® (X).
Then A is caled fuzzy set. (ii)) We use the notation A = (ua va) to denote the IFS A
of X.

Definition (2.3)[ 5]: Let G be a group. An intuitionistic fuzzy subset (IFS) A = (ua,
va) Of Giscalled intuitionistic fuzzy subgroup (IFSG) of G if

() pa(xy)=pa(X)Apa(y)

() pa(Xh)=pa ()

(i) va(xy)<va(X) v val(y)

(iv)  va(xY)=va(x),foralx,yeG

Or Equivaently A isIFSG of G if and only if
pa (XY™ = pa (X) A pa () and va (xy) < va (X) v va (¥)

Definition (2.4)[5] An IFSG A = (ua, va) of agroup G is said to be intuitionistic
fuzzy normal subgroup of G (In short IFNSG) of G if

(i) pa (XY) = pa (YX)

(i) va (Xy) = va (yx), foral x,y eG

Or Equivaently A isan IFNSG of agroup G isnormal if and only if
na (Y1 xy) = pa (x) and va (' xy) = va (x), for dl x,y €G

Definition (2.5)[5]: Let A be intuitionistic fuzzy set of a universe set X. Then (o, B)-
cut of A isacrisp subset C,, g (A) of the IFS A isgiven by
Co,p (A)={ x: x eX such that pa (X) 2 a, va (X) < B },

wherea, B € [0, 1] witha + f < 1.

Theorem (2.6) [ 5,7 ]: If AisIFSof agroup G. Then A iSIFSG (IFNSG) of G if and
only if C,, g (A) isasubgroup (normal) of group G, for al o, B € [0,1] witha + B < 1.

t-Intuitionistic fuzzy quotient group
Definition (3.1) Let A be an IFSNG of agroup G. Lett € [0,1]. For any xeG
Define an IFSA' of G caled t — Intuitionistic fuzzy coset of A in G as follows
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A (9) = (1, (9) v, (9)), where

_ o B foralx,geG.
py (9)=min{p,(ox 1), § and v, (g) = max{v,(gx "), 1-}

Proposition (3.2) Let S be the set of al t —intuitionistic fuzzy cosets of an IFNSG A
inG.i.e. S={ A_:xeG }. Then the binary operations ® defined on the set S as

follows:
A®A =A, , fordlx,y eG

isawell defined operation.

Proof. Let A\, =A, and A =A, ,forsomex,y,x',y' e G

Let ge G be any element, then

[AY, ® AY1(9) = (A, )(9) = (e (9) vy (9))

Now s, (9)=min{u,g0¥) ™, th=minu,(gy )X, t = s, (@Y™ =p2, (Oy7)
= min{u,(gy )X B =min{u, (XT9)y " =, (XT9) =4, (X70)
=min{u, (X 9)y ™, th=min{x,y " (Xg), & =min{z,(y "X g, §
=min{u,(xy) g, t =min{z,g(xy)", t}
= #y (9)

Similarly, we can show that v, (9)=v y(g) , V geG.
Therefore ® iswell defined operation on S.

Lemma (3.3): If A isIFNSG of agroup G. Then
A,=A, < Nx= Nx', for x,x'e G, wherer N=C_ (A

Proof. Let A =A', forx,x'e G, then A’ (x)=A (X
(ming e, (Xx7), tF, max{ v, (Xx™*) , 1- ) = (min{u, (XX ™), &, max{ v, (xx"*) ,1-1})
=(min{u,(e), th,max{v,(e) ,1-1})
=(t,1-1)
= min{g,(xXx"), tt=t and max{v,(xx*"),1-t}=1-t
= u(xXx)=t  and  v,(xx')< 1-t and so xx'e C . (A)=N
5 N X T N X ettt bttt b e et e e ne e aeae Rt see e enen *)

Now, we show that if N x = N x, then A =A_, Let for some yeG,
Ax (y) # Ax’ (Y)
e (minfu, 0y, thmax{ v, () 1-t}) = (min{u,(Xy ™), ,max{ v,(xy™) ,1-1)
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Suppose pa (x y*) <tand pa (X y7) = t
Therefore va (x yY) < 1-tand va (X y1) < 1-t
=Xyt eC 11 (A) =N

= NxX y*=N=Nxy!=N (Using (*))
—xy'eNandsopa (xy?) >t, acontradiction

Similarly, if pa (x y) >tand pa (X y?) <t asoleads to contradiction
Therefore either pa (x YY) >tand pa (X y) > tie va (x y1) <1-tand va (X ¥y
<l1-torpa(xy) <tandpa (X yH) <ti.e va (xy?Y) <1l-tandva (X y1) <1t

In thefirst case
Min{ pa (xy?Y), t} =tand max { va (x yb), 1-t} = 1-t
Andso A' (y)=(t, 1-t) and dso
Min{ pa (X' vy, t}=tand max { va (X' y1), 1-t} = 1-t
Andso A' (y)=(t, 1-t). Thus A' (y)=A' (y) ,fordly € G
Therefore A', = A",
In the second case
Min{ pa (xy™?),t} =pa (xy?) <tand max { va (xy?), 1-t} = 1-t
And also
Min{ pa (X'y™), t}=pa (X' y) <tand max { va (x' y7), 1-t} = 1-t
Now since N x = N X/, thereforelet x = n x’, wheren e N
Sothat pa (N) >tand va (n) <1-t

AL (Y) = (minf e, (yx ), thmax{ v, (yx' ) ,1- 1)
= (ualyxn), 1-t)
= (ua(nyx?), 1-t)
> (15(N) A (YY), 1- 1)

(#a(yx™), 1-1)

(ming z, (yx™), th,max{ v, (yx ™) ,1-1})

= AL(Y)
Thus A' (y)>A' (y) , fordly e G
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Similarly A", (y) = (min{,(yx ), . max{ vy ) 1+ 1)
= (palyx ), 1-t)
= (ua(yx '), 1-t)
> (u5(N) A 1y (YX ), 1-t)
(£a(yx ™), 1-1)
(mink (¢, 1 ma v, () 1-1)

Atx’(y)
Thus A' (y)>A' (y) , fordly e G
Therefore A', = A',

Hence the result proved.

Proposition (3.4) The set S of al t-Intuitionistic fuzzy cosets of an IFNSG A of a
group G, form a group under the well-defined operations ®.

Proof. It is easy to check that the identity element of Sis A',, where e is the identity
element of group G, and theinverse of an element A’ is Atx,l.

Proposition (3.5) The IFS B of Sdefined by B(A',) = (4 (A%,) , ve(A',))
Where 1, (A')= Sup{u.(X) :x € G} and vy (A")= Inf {v,(X) :x € G}is

A‘X:Ala szAa

alFSG of S, called t-Intuitionistic fuzzy quotient group.

Proof. Leta, b eGandlet B(A',)=( 6,, 6,) and B(A')=( ¢ , 4,),where
6, = up{u,(x) :xe G}, 6,= Inf {v,(X) :x e G} and

Al =AY, Al =AY,
¢ = p{u(x) :x e G}, ¢,= Inf {va(x) :x e G}
Al =AY Al =AY

3X,y € Gsuchthat 0;-€ <pa (X), Nx =Naand ¢1-€ < pua (y), Ny=Nb

ThereforeNxy =Nab = A" =A", = A, ®A' =A", A",
&)that /uA(Xy) < /'IB (Atx ®Aty) = /'IB (Ata ®Atb)
NOwW 12, (XY) 2 1 (X) A 10 (Y) = a (X)[sBY] > 6, - €
0 - < u,(Y) < (A", ®A') ,V € >0
sotha 6, < u(A', ®A")
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Now two cases arises
Case(i) When 6, >2¢, ,then -€ > ¢ - €

$-€ < 6-e <upu, (A, ®A)) ,V € >0

sothat ¢ < (A", ®A")

Therefore i, (A') A tip (AY) = O, Adh =y < (A, ®AL)

Case(ii) When 6, <¢, , then

He (A ) A pg (AY) = O, A4 =0, < g (AT, ®AY)

Thus in any casewe get g (A', ®A') > pg (A') A g (AY)

Similarly, we can show that v, (A', ® A',) < vg(A')vig(AY)

Next to show that B(A',) = B((A',) ) =B(A' )

Since A', =A', = Nx=Naand A', =A' , = Ny = Na™= (Na)'= (Nx)"'=Nx"
yxe N=Nyx=N= A’ =A, = A ®A =A 0 A\ =A",

and we know that pa (X7) = pa (). Thus - 5 (A',) = sz (A ).
Similarly, we van show that v (A',) = vg(A' ). Whence B(A',) =B(A" ).

Proposition (3.6) A mapping f: G 2> S, where G isagroup and Sis the set of al t-
intuitionistic fuzzy cosets of the IFNSG A of G defined by f (x) = A", is an onto

homomorphism with ker f = N (= Cy 11 (A)), wheret [0,1])

Proof. Clearly f is an onto homomorphism
Let x e ker f, then f (x) = identity element of S= A',
Therefore A=A, so Nx=Ne=N = xe N
= kerfc N 1)

Conversely, let x € N = Nx = N so that

N xg* = Ng' V g € G. If possible let x ¢ kerfi.e. A, = A', therefore there
existsg € Gsuchthat A', (g) = A',(9)

Suppose g, (xgt)<t and u,(gt) >t, ie v,(xgt) <1t and v,(g )< 1-t

Therefore u,(g*) >t and v,(g')< 1-t = g’ e NsoNg ‘=N

ie. Nxg'=N = xg' e Nadso u,(xg")>t, a contradiction

Similarlly, u,(xg™*)>t and u,(g™" )<t isnotpossble.

either 1, (xg*)>t,u,(gt) >t ie vy(xgh) <1-t and v,(g')< 1-t
o u(xgt)<t, um(gr)<t ie v, (xg') <1t and v,(g')< 1t
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In thefirst case
Min { pa (xg"), t} =tand Max { va (xg%), 1t } = 1-t and so A" (g) = (t,1-1)
similarly weget A',(g) = (t,1-t) . Thus A', (g) = A'.(9)

In the second case
Min{ pa (xg?), t} = pa (xg¥) <tand Max { va (xg?), 1-t} = 1-t
AL(9)=(min{ z,(xg™),tt, max{ v,(xg™),1-t})
= (ua(xg™), 1)
2 (pa(X)A p4(9), 1-1)
=(pua(9) ,1t) [ v xe N (x)2t and p, (9 = (97 <t
=(min{ u,(eg™) .t} , max{ v,(eg™ ), 1-t})
=A.(9)
=(ua(g7) 1-1)
=(u(xg™xt) ,1-t) [ ASAISIFNSGof G so u, (Xxg'x ™) =u,(g™)]
>(pa(x g7 ) Ap(x), 1-t)
= (ua(xg™)1-1)
= (min{ u,(xg™) .8, max{ v,(xg™),1-t})
=A(9)
ie f(X) = Identity element of S and so x € ker f
Nc kef so kef=N.

Proposition (3.7) If f: G & S, is an onto homomorphism, then f (A) = B, where A is
IFSof Gand BisIFSof S.

Proof. Let A, € Sheany element of S, where ae G suchthat f(a)= A",
Let A belFSof G, then

[ P00 & TN i, 00 € £
(/JA (e), Va (e))
(SJp{,uA(X) AL =AY, Inf{v,(x) 1A = A‘a}j

(1a(€) , va(e))

F(A(A,)

=B(A,)
Hencef (A) =B

Theorem (3.8): Let A bealFNSG of G and B be alFSG of S, then
Cit(B)={ AL}
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Proof.
Now B(A',)=(us(A,), vs(A,)) , where

e (AL) =Sup{,(¥) : Nx=N}

= Sup{ s (X) 1 x e N}

2 u,(n) ,foradl ne N=C . (A
>t

Similarly , we can show that vy (A,) < 1-t.Thus A, €C,, (B)

Let A, €C,.(B) = (A2t and vy(A,)< 1t
Let 6, =pug(A,)=0p{u,(X): Nx=Na} and
0, =vg(A,)=Inf{v,(X) : Nx=Na}

Therefore0, >tand 6, < 1-t. Let € >0 begiven, 3's X, y € G such that
Nx=Nasothatxa’=n; € Nand pa (X) > 01-¢ > t-¢ and
Ny=Nasthaya=necNadva(y) <0 +c¢c< (1t + ¢

>t .if yA(anl)ztand
= wup(an) if w,(an) <t

<1-t if vy(an,)<1-t
= v,(an,) if v,(an,)>1-t
Thusin any case ua (@) >t-e and va (a) < (1-t) + ¢, foral e >0
= ua (@ >tand va (@) < (1-t) impliesthat a € C; 1. (A)
=Na=Nso A, = A, Hence C,.(B)={A.}.

1p(a) = :uA(a'nln_ll) > pp(@n) A pa(n) = {

v (@) =v,(an,n™) <v,(an,)vv,(n,) :{
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