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Abstract

In this paper some non linear arithmetic operations on triangular fuzzy
numbers (m, a, B) are discussed. Direct mathematical expressions to evaluate
exponential, square root, logarithms, inverse exponential etc. of positive fuzzy
numbers of type (m, a, B) are obtained using the basic analytical principles of
algebraic mathematics and Taylor series expansion. The devised formulas are
applied in various numerical examples that have an implementation scope in
several engineering and real life systems.
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1. Introduction

Fuzzy numbers are one way to describe the vagueness and lack of precision of data.
They are developed based on the theory of fuzzy sets which Zadeh [12] introduced in
1965. Algebraic equations involving fuzzy numbers are an important application of
fuzzy set theory. They can be used for expert system reasoning, fuzzy process
modeling and control, and so forth.

Previous studies on fuzzy numbers have shown that there are no opposite and
reverse fuzzy numbers in the sense of group structure [3,9,11]. Mathematically, for
any fuzzy number 4, A + (—=A) # 0and A x (1/) # 1.

Fuzzy systems including fuzzy set theory and fuzzy logic have many successful
applications. Sophisticated fuzzy set theoretic methods have been applied to various
areas ranging from fuzzy topological spaces to quantum optics, medicine and so on
[7,10].
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Even though many operations that can be carried out using ordinary numbers can
also be carried with fuzzy numbers, but many properties change as we pass from one
family to the other. Although thisisimportant, it should not prevent us from using the
concepts and theory of fuzzy numbers. Some of the interesting arithmetic work on
fuzzy numbers can be found in [3,4,5].

But Most of the recent research work on special behavior of fuzzy numbers like
factorial, exponential, logarithmic and trigonometric is limited and much of the work
is concentrated on linear fuzzy system of equations and their applications [1,2]. A
good and a detailed representation of fuzzy numbers in the domain of combinatorics
and their related arithmetic behavior is described by Kauffman and Gupta [6] but the
method of explanation is based upon the a-cut approach and a clear view of its
application on triangular fuzzy numbers is not adequately comprehendible.

In this paper a specific attention is given to positive fuzzy numbers of type
(m,a,B) and the related mathematical expressions for evaluation of logarithm,
exponential, inverse exponential, nt* positive root etc. are derived using simple
anaytica mathematics [8]. For example in order to derive the exponentia of a
positive fuzzy number (m,a, B), taylor series expansion for the exponent is used
aong with simple mathematical multiplication of two positive triangular fuzzy
numbers given by Dubois and Prade [4,5].

The rest of this paper is organized as follows. In section 2, some of the
preliminary concepts on fuzzy numbers are reviewed. In section 3, the proposed non
linear arithmetic functions on positive fuzzy numbers of type (m,a, ), such as
exponential, logarithm etc. are described. In section 4, the proposed mathematical
expressions are investigated with the help of numerical examples that belong to the
domain of general and applied mathematics. In section 5, the paper is concluded.

2. Preliminary concepts
In this section, some necessary backgrounds and notions of fuzzy set theory are
reviewed [2,3,4,5].

Definition 2.1. Let X denote a universal set. Then the fuzzy subset Aof X is defined
by its membership function
pi:X - [01]

which assigns a real number p;(x) in the interval [0,1], to each element x € X,
where the value of u; (x) a x shows the grade of membership of x in A.

Definition 2.2. A fuzzy number is a convex normalized fuzzy set of the rea line R*
whose membership function is piecewise continuous.

Definition 2.3. A fuzzy number M is caled positive (negative), denoted by M > 0
(M < 0), if its membership function p,,(x) satisfies py(x) =0,vx <0 (Vx = 0).
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Similarly, afuzzy number M is called non positive (non negative), denoted by M < 0
(M = 0), if its membership function u,,(x) satisfies uy(x) = 0,vx > 0 (Vx < 0).

Definition 2.4. A fuzzy number M issaid to be a LR fuzzy number if

m—x

L( ),xSm,a>O,

a

puy(x) = X —m
R

),me,ﬁ>0

Where m is the mean value of M and a, 8 are left and right spreads, respectively
and afunction L(.) the left shape function satisfying:

1. L(x) = L(—x)

2.L(0)=1and L(1) =0

3.L(x) is non increasing on [0, )

Naturally, aright shape function R(.) is similarly defined as L(.). Using its mean
value and left and right spreads and shape functions, such a LR fuzzy number M is
symbolically written as M = (m,a, 8)z. Clearly M is non negative, if and only if
m—a = 0.

Definition 2.5. Two LR fuzzy number M = (m,a, ),z and N = (n,y, ) ae sad
to be equa if and only if
m=na=y,[ =24.

Definition 2.6. For two LR fuzzy number M = (m,a,f)g and N = (n,y,8)r the
formula for extended addition, extended opposite, extended subtraction and extended
multiplication are summarized as follows:

Addition
m,a,B) g ® M,y,8)g=(Mm+na+y,p+8)
Opposite
M=—-(m,a,B)ir =(—mpB, a)g,
Subtraction

Let M =(m,a,B),g and N = (n,y,6)z, be two LR and RL fuzzy numbers,
respectively.

M @N = (m!aJﬁ)LR e (n!)/J(S)RL = (m—n,a+5,ﬁ +)/)LR

Multiplication

The approximate formula for the extended multiplication of two symmetric LR
fuzzy numbers can be summarized as follows:

If M >0andN > 0 then

(mr a, ﬁ)LR ® (nl Y, 6)LR = (mnr my +na — ay, mo + n’B + ﬂ6)LR

Scalar multiplication
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_( (m,Aa, AB) g, A =0
AQ® (ma,B)r = {(gm, —AB, —Aa)g, A <0
Inverse

1/(m,a,ﬁ)LR - (1/m:1/m— 1/m+,3;1/m—a— 1/m)RL

3. Non linear arithmetic operations
3.1. Modulus
The modulus of a positive triangular fuzzy number M = (m, a,8) is proposed as
follows:

_ m,a,f) M >0

7] = 1m0 p1 = TP M

(-m,B,a) M <0

3.2. Squareroot
The square root of a positive triangular fuzzy number ¥ = (m, a, 8) > 0 is obtained
asfollows:

Vit =, ap) = (x,y,2) = (1,y,2)? = (m,a,p)
on applying the multiplication rule from definition
If A>0andB > 0 then

(a,a,8)r ® (b,v,8) 1 = (ab,ay + ba — ay,ad + bf + f6) x
we get
Jma,p) = (Vmvm—ym—=a,/m+ B —vVm) (1)

which isagain a positive LR type fuzzy number

3.3 A general recursive formulafor (m, «, )™
Using the multiplication rule for two positive fuzzy numbers:
If M >0andN > 0 then
(m,a,B)ir @ (N,y,8) g = (mn,my + na — ay,mé + nf + B6)r
we can have a general formulafor the nt*(n > 0) power of (m, a, )
(m,a,B)" = (m", f(m,a,n), g(m, B,n))
where f and g are polynomial functions as follows
fim,a,n) = ap,m™ ta + aym™2a? + ag,m"3ad + -+ apua
gim,B,n) = blnmn_lﬁ + bann_zﬁz + b3nmn_3ﬁ3 + o+ by B
and

n

Ain =N, Qpp = (_1)11—1
Ain = (_1)i_1{|ai'n_1| + |ai_1,n_1|}, 1<i<n
bin = |a,-,n| 1<i<n

A general recursive formulafor (—(m, a, B))" :
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A general recursive formulafor —% = (—(m, a, 8))™ isobtained as follows:

(m,a,B)™ n € even
— n_
( (m, a) ﬁ)) {_(m, a,ﬁ)n n E Odd
Itisto be noted that —(m, a, B)™ = (—m™, g(m, B,n), f(m, a,n))
where f and g are polynomial functions as follows
fim,a,n) = ap,m" ta + aym™2a? + agym"3ad + - + aa”
d g(m: ,8: Tl) = blnmn_llg + bann_Zﬁz + b3nrnn_3:83 + -+ bnnﬁn
an
Aipn =N, Qpp = (_1)11—1

ain = (D7 H|aip-1| + |aicina b0 <i<n

bin= |a,-,n|0§i§n
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However multiplication with —1 changes the number from LR type triangular

fuzzy number to RL type triangular fuzzy number.

3.4 Exponential of a non negative triangular fuzzy number

The exponential of atriangular fuzzy number has been calculated in [6] using the a-
cut approach but in this paper we intend to formulate the exponential of a fuzzy
number using the taylor series expansion method. Since exponential of a real number
is defined as follows, we will extend the same formulafor atriangular fuzzy number

x? x3
x_ — — — e 00—
e—1+1!+2!+3!+ ,—00 < x < 00
For X = (m,a, B), we have
% _ 1 X x x3 c >0
e’ = +F+E+§+ , X =

or

. (ma, ma,B)? (m,ap)3
e(m’“ﬁ)=1+( ﬁ)_l_( £) +( £) L

1! 2! 3! nE 20

(m,a, B)? = (m?, 2ma — a?,2mp + B?)
(m,a, B)® = (m3,3m?a — 3ma + a3,3m?p + 3mp + B3)

Similarly using the general recursive formulafor (m, a, f)™ we have:
2 3

© ) i
e(m'a'ﬂ) = (1'0'0) + ZM
i=1 '

>0
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,(1 3m 1 2m 3m?
—a (g ) LB g

:>(em' eMm — em—a em+B _ em) (2)

Using the above equation the following set of corollaries can be easily verified.

520
Corollary 3.2. (e¥)% = e** iffx >0anda € R*
Corollary 3.3. :—; =e*Viff¥x=>9>0

3.5 Inverse Exponential of a non negativetriangular fuzzy number (m, a, 8)1r
Using Def 2.6

e-(map) — 1 1 1 1 1 1

e(ma,p) = (e_m’ e_m - em+B’ gm—a - e_m)RL (3)

3.6 Logarithm of a positivetriangular fuzzy number

log.(m,a,B) = (x,y,2) = e*¥? = (m,a, )
m+f

m
=>x=log,m,y = logem,z = log,

m m+f
loge(m, @, ) = (10g. m, log ——log, "— =) (4)

Using the above equation the following set of corollaries can be easily verified.
Corollary 3.4. Log, X + log, ¥ = log. Xy if X,5 >0
Corollary 3.5.log, X —log, y = logeg ifx=2y>0

Corollary 3.6.log, ¥* = alog, X if ¥ > 0,a € I

3.7 Positive solutions of (m, a, B)l/n
If the spreads are small in comparison to the mean i.e. a,f <« m, Then the
multiplication rule between two positive fuzzy numbers can be reduced to

If M >0andN > 0 then

(m,a,B)ir ® (N,y,8) g = (mn,my + na,mé + np)x

Using this multiplication rule we can evaluate the nt" (n > 0) positive root of a
fuzzy number as:



Some Non Linear Arithmetic Operations on Triangular 153

nm ' nm

(m, a'ﬁ)l/n ~ (ml/n'%l/” ﬂml/”) (5)

o -1 -
Proposition 3.1. (m, a, B) /2 ~ (ml/Z,%z,ﬁm2 2)

Proof

For small spreads \/(m, a, ) = (Vm,vm —ym — a,/m + B — Vm) reducesto
(m, a,ﬁ)l/Z = (ml/z,ml/z —(m-— a)l/z, (m+ ﬁ)l/z - ml/Z)
From binomial expansion [8]

A+x)"=14+nx,x K1
Hence for small spreads a, f < m

m'/2 — (m—a)/2=m'/ <1 — (1 —i)> _am

2m 2
~1
(m+p)2—m'2 =m'z ((1 +%) B 1) B ﬁmz :

Thus,

(m.a ﬁ)l/z - <m1/2 am /2 ﬁm‘1/2>

2 72
3.8 Other arithmetic operators

1. MNif M >0,N=0

Let 1 = (m,a,B),N = (n,y,6)

m m+
(m, a'ﬁ)(n,yﬁ) = e(y.&) In(map) — e(n,y,a)(logem,logem_a,loge mﬂ)

on further solving we get:

(m,a, )9 = (m",m" — (m — )7, (m + g)"*9 —mn) (6)

2.a* wherea > 1and ¥ = 0
Let ¥ = (m,a,f)
a)? — e)?lna — (am Q™ — gm—«a am+ﬁ _ am)

4. Numerical examples
Example 4.1. Suppose you deposit $603 in a bank account that whose continuous
interest rate is a fuzzy number (0.6,0.01,0.01) p.a. because of market fluctuations.

How much money will you have 7 years later assuming that interest paid is
compounded continuously i.e. A(t) = A(0)e™
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Solution Since A(0) = $603,t = 7,r = (0.6,0.01,0.01), we have from (2)
A(7) = 603.¢7(06001,001) = ¢(40211.86,2717.3,2914.7)

Example 4.2. A hard boiled egg at (98,1,2)°C is put in asink of (18,1,0)°C. If the
system obeys Newton's law of cooling i.e. T =T, + (T, — T,)e **, evaluate the
temperature of the egg after 2 minutes assuming the rate constant
k = (In2,0.05,0) per min.

Solution Assuming the variables to be fuzzy we can evaluate the final temperature
asfollows
T = (18,1,0) + ((98,1,2) — (18,1,0))e~(21n20.10)
T = (18,1,0) + (80,1,3)(0.25,0,0.026)
T = (38,1,2.92)°C

Example 4.3. Find al the positive solution of equation e* = ,/(4,3,5)
Solution Using Eq. 1,/(4,3,5) = (2,1.1)
Hence using Eqg. 4
3
Xx=In(2,11) = (ln2,ln2,lni)
Example 4.4. Compute the value of (3,2,2)?2)
Solution Using Eq. 6 we get (3,2,2)>12) = (32,32 — 11,5% — 32) = (9,8,616)

Example 4.5. A ball is thrown from a height of (16,3,1) meters under gravity(g =
9.8 ms~2). Compute the approximate time when the ball will hit the ground.

Solution Using laws of motion we may write:

. 1
= — £2
S th

= %S = 0.45(4,0.4,0.12) = (1.8,0.18,0.05) Seconds

Example 4.6. Solve the following equation for positive fuzzy solution:

\/f + Jf +VE+ 00 = (4,3,1)

Solution Let ¥ = (m, a, ). The equation can be rewritten as
Jm,a,B) + (4,3,1) = (4,3,1)
Jm+4,a+3,8+1) = (431

Using Eg. 1 we get,
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m+4 =4,
Vm+4—-Vm—-—a+1=3
Jm+pB+5-Vvm+4=1

on solving we get,
¥=(mapB) = (12,12,8)

Example 4.7. Find al the solutions of the equation /|X| = (5,2,0)

Solution The equation can be simply written as |%| = (5,2,0)? = (25,16,0)
Hence the equation has two solutions %; = (25,16,0) and %, = (—25,0,16).

Example 4.8. Solve \/f + V& +VE+ o0 where i = (6,5,6).
Solution The given equation can berewrittenas /X + y = y
Let ¥ = (p,q,7), therefore \/(6 + p,5+ ¢, 6 + 1) = (p,q,T)

or
Jo+p=p=>p=3
5-+5
Vo+p—Jl+p-q=q>—
ViIS5+r—-3=r=>r=1
Hence the LR type positive fuzzy solution is (3%g 1).

Example 4.9. Evaluate the positive fuzzy solution of (27,2,1) Y3

Solution Using Eqg. 5, we get

2 1
(27,2,1)73 = (3,

2727

5. Conclusion

In this paper several new mathematical expressions for positive fuzzy numbers of type
(m,a,B) are devised. The proposed expressions are direct and do not need the
computation of a-cut of the fuzzy number on which the operation is desired. The
expressions have been devised using traditional algebraic mathematics and are easy to
comprehend. Various numerical examples are also solved to demonstrate the use of
contrived expressions. Similar expressions for such type of fuzzy numbersin the field
of trigonometry and geometry are left as future works.
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