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Abstract

Natural language is perhaps the most powerful tool which humans possess for
conveying information. We know natural languages in general are full of
ambiguities. For example, the same word in English can have different
meanings depending on the context in which it is used. Consider for example,
the sentences “He can do this job” and “He came with acan”. To resolve such
ambiguities, fuzzy logic isamore convenient tool.

In this paper, we have introduced the concepts of fuzzy context free
grammar and fuzzy regular CFG. We prove that L is afuzzy regular language
if and only if L is generated by a fuzzy regular CFG. We illustrate the
constructions with examples.

Keywords: fuzzy context free grammar, fuzzy automata, fuzzy regular
language.

Introduction

Language is one of the fundamental aspects of human behavior and plays a very
crucial role in our lives. Crucial component of understanding involves computing a
representation of the meaning of sentences and texts. A person does not seem to
consider all possible senses of aword while using in a sentence which heis able to do
intuitively whereas a program must explicitly consider them one by one.

Fuzzy languages generalize the characteristic function x . ¥ — {0,1} of a
language Lo over the alphabet = to the membership functiony .~ — [0, 1]. Note that
the set {0,1} with just two elements has been replaced by the closed interval [0,1] so
that 7y (X) can now take any real value between 0 and 1. Fuzzy context free grammar
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is a natural choice to generate a fuzzy context-free language. Fuzzy context free
grammar G generates apart from the usua “correct strings” x for which p (g (X) = 1,
some “incorrect strings” x with 0 < pyg (X) < 1 which might arise due to
grammatical errors. Erroneous inputs to a parser are assumed to be generated due to
grammatical errors. We extend the origina context free grammar with some
additional rules which will result in afuzzy context free grammar.

The paper is organized as follows:

Section 2 introduces some notations and basic definitions which are illustrated
with examples. In section 3, we introduce fuzzy regular CFG and prove that L is a
fuzzy regular language if and only if L is generated by a fuzzy regular CFG. Section 4
includes Appendix, we have illustrated the constructs involved in these proofs with
examples includes concluding remarks.

2. Preliminaries
We define afuzzy context free grammar (fuzzy CFG) to bea4 —tuple
G=(V, T, P, S) whereV isafinite set whose elements are called variables, T isa
finite set whose elements are called terminals, Sis a special element of V caled start
symbol and Pisafuzzy subset of V x (V U T)*. ThusP: V x (VU T)* — [0, 1].
Example LetG=(V, T, P, S)whereV ={S, A, B}, T={a b} and Pisgiven by
P(S,AB)=06,P(A,aA)=0.5P(A,a =0.2 P(B, bB)=0.3and
P(B, b) = 0.7. We can represent P as follows.

.6 5 2 3 7
S—AB,A—aA, A—a B—bB, B—h.
M Ao An

Consider aderivationD;: A — a3 — 02 ...— a, =awhereA ¢V and

a;, a2 ,... ap € (V U T)*. In this case, we say A derives a and denote it by
WritingAéoc.

Wedefine it (D1) =min (A, A2,..., An).

Define

H(A S o max (U (D), 1 (D2),... 1 (Dy)) where Dy, Ds,...Dx denote al possible
derivations of o from A.

Example: For the above grammar, consider the following derivations of the string

aabbb.
6 3 3 4 5 2
D;: S — AB — AbB — AbbB — Abbb — aAbbb — aabbb. Then p (D) =0.2.
6 5 2 3 3 4

D,: S— AB — aAB — aaB — aabB — aabbB — aabbb. Again, we see that
i (Do) =0.2.
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3. Fuzzy Regular Language

Definition: Let G = (V, T, P, S) be afuzzy CFG. We define the fuzzy language
generated by G denoted by L(G) to be afuzzy subset of T*. If t € T*, then the degree
of membership of tin L(G) isgiven by L(G)(t) = 1 (S*:>t).

Definition: G=(V, T, P, S) issaid to be fuzzy right linear if Pis afuzzy subset of

V X (TV u{e}). In other words, P: V x TV U {&} — [0, 1]. Note that

TV ={av/aeTandve V}. Gissad to be fuzzy left linear if Pis afuzzy subset
of

V x (VT u {e}). A fuzzy right linear or a fuzzy left linear CFG is said to be a
fuzzy regular CFG.

Theorem 3.1: Let L be afuzzy regular language. Then L can be generated by afuzzy
regular CFG.

Proof: Since L is a fuzzy regular language, L = L(M) whereM = (Q, %, f, |, F) isa
fuzzy automata. Let Q ={qo, 01,02,--.0n}, | ={qo}. L&t G=(V, T, P, S) where

V=Q,T=%S=qgoandPisgivenby P (p, aq) =f (p, & q), P(p, €) = F(p) for al
p, d e Qand ae X. We will first prove that L(M) (a) = L(G) (a) for an input
alphabet a. We have
L(M) (& = [f (G0, & 0o) A F (qo)] v [f (Go. & qo) A F(qn)] v [F (o, & G2) A F (a2)]
V...
[f (G0, & n) A F (0n)] = o (say)
Then f (qo, & ) A F (g) = o for somei and f (do, & ) A F (g) <o foralj#i.
Now consider the following derivations of afrom qp.
f (do, & do) F (co)
Do: o —atp — a =awith it (Do) = f (do, & do) A F (do) <a.
f(doa a1) F(aw)
Di: o —an — & =awithp (D1) = f(do, & q1) A F () <a.
f (0o, & 2) F (k)
Dy o —aqe — a=awithp (D2) = f(qo, & o) A F () <o.

f(do, & a) F(a)
Dii qp —ag — a=awithpu (D)= f(doa q)AF(g) =a

f@ad F@a)
Dn: g0 —agn — a=awith u (Dn) = f (o, & 0n) A F (qn) <o.

Hence [ (go=> @) = max (U (Do), K (D1),... 1 (Di),... W (Dy)) = a proving that
L(M) (8 =L(G) ().
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We will now prove the result for astring of length 2 say ab. We have

L(M) (ab) =[f (o, @b, o) A F (do)] v [f (do, @b, du) A F (qu)] v
[f (do, @D, ) A F(AR)] V... v [f (o, @D, Gn) A F (an)] =P (say). Then
f (Qo, A, q)) A F (g;) =P for somei and f (g, ab, o) A F (c) < B for all other k.
f (Qo, ab, q) A F (q;) = B means either f (qo, ab, ) =P or F (q) = B. Assume first
that
F (g) = B. Then f (go, ab, q) > B. This means

[f (G0, @ do) A (0o, b, )] v [f (Ao, & Gu) AT (az, b, )] v [f (Qo, & ) A T (G, b,
q,)] V...

[f (o, & On) A T (0, b, @)] = B. Hence f (do, & ) A f (g, b, g)] > B for somej
which means f (qo, & ¢) > B and f (g, b, ) > B. Now consider the following
derivation.

f(@a q)  f(g.b,g) Fa)
D:qo— agj— abg  — abe =abwith p (D) = .

Any other derivation D’ will be of the form

f(doa o) f(ak.b,a) Fa)
o — agx — abgq — abe=ab.

It suffices to show that p (D*) <. Suppose p (D’) > B. Since
1 (D) =f(do,a o) A f (o b, a) A F(a), it follows that f(go,a, o) > B,
f (qk ,b, q ) > B and F(q) > B. We now have
f (Go, ab, a)) = [f(do, & do) A f(do, b, A)] Vv [f(do, & a) A f(ca, b, )] v
[f(do, & 02) A (02, b, A)] v ... v [f(do, & ) A (T, b, @] .. v
[f(co, @ dn) A f(an, b, )] > B since f(do, & a) A f(ak, b, ) > B.

Hence f (g, ab, q) A F(q) > B so that L(M) (ab) > B. (Note that L(M) (ab) is the
maximum of al such minimums). This is a contradiction since we are assuming that
L(M) (ab) = B. This contradiction establishes the fact that i (D) <.

Now assume that f (qo, ab, g;) =B so that F (g) > B. Since
f (Qo, @b, ) =V [f(qo, & ar) AT (O, b, )] =B, it followsthat f (qo, & gs) A f (qs, b,
g) = B. Now consider the following derivation

f(Ooa )  f(as.b,a) Fa)
Eq — ags— abg — abe=abwithpu (E)=p.

The fact that p (E') < B for any other derivation E’ follows exactly as shown
earlier.

It follows that 1 (qo=yab) = B. We thus obtain L(M) (ab) = L(G) (ab) .
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Now take any string t = titp...tmt m+ 1. We will prove that L(M) (t) = L(G) (t). We
have

L(M) (©) = [f (Go, tito-- tit ms 1, G0 ) A F (@0)] v [f (Go tito- bt ms 1, G ) A F (@]
\Y] [f (qu tito. .ttt m+ 1, Q2) AF (Q2 )] V...V [f (qo, Lo . tnt m+ 1, qn) A
F (an)]
=p (s)

Then f (o, tito...tmt m+1, ) A F (g ) = p for somej and

f (Qo, tatz...tmt m+1, Gk ) A F (qk) < p for all other k.

f (o, tato...tmt m+1, G ) AF () =p means either f (qo, tato...tut m+1, G ) =p or

F(q ) = p. First assumethat F (q; ) = p sothat f (qo, tatz...tmt m+1, G ) > p. Hence

[f (Qo, tatz...tm, G0 ) A T (o, tm+ 1, )]V [F (Qo, tatortm Q) AT (Qn, E s, )] v [
(q01 tltZtma q2) Af (q2a t m+ 1, qj)] V...V [f (qu tltZtma qn) Af (qna t m+ 1, qj)] Z p

so that f (o, tatz...tm, Gk ) A T (Ok, t m+ 1, Q) > p for some k. We have thus proved
that

f (o, tata...tmt m+1, G ) > p meansf (do, tatz...tm, Gk ) > p and f (O, tm+1, ) > p.
Similarly, we can prove that f (qo, tatz...tm, Ok ) > p impliesf (qo, titz...tm-1, O ) > p
and

f (g, tm, Q) > p for somel, f (qo, tatz...tm-1, G ) > p impliest (qo, titz...tm-2, Gr ) >
pandf (g, tm-1,q)>p for somer and so on. Proceeding like this, we obtain f (qo, t 1
] qu) 2 p1

f (O, t2, 02 >p, (g2 t3, Q3) > p and so on. Now consider the following
derivation D.

f(qutqul) f(qflatZ!qTZ) f(quat31qf3)
Jo - ti01 — titoge — ttotaQis— ....>ttots.. .ty
19
f(C]I, tm, C]k) f(qkltm+11qj) F(q])
—> t 1t2t3 tm.]_t mqk %t 1t2t3 tm.]_t mt m+1qjﬁt 1t2t3 t m-]_t mt m+1
(S

i (D) = f(qo,tr,0ra) A F(Grat2,0r2) A f(Or2ta,Ohs) A . F(a, tm, Gk) A F(Ootmen, 0) A F(0p)
= p (Notethat F(q;) = p whereas each of the other termsis = p).

Now consider any other derivation D’.

f(Qo,t1,r1) f(r,ta,r2) f(ra,t3,ra)
Jdo - tin - titorn — t itotars— ....>ttots....tmm
f(rm, tme1, fme1) F(rm+1)

—> t 1t2t3....tm.lt mtm+1rm+1%t 1t2t3....tm.]_tmtm+]_€ :t1t2t3....tm-1tmtm+1
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Suppose | (D) = f(Qo,t1,r1) A f(ra,t,r2) A f(ra,tz,rs) A ... f(rm, tmets mer) A F(fme) >
p. Then f(qo,tl,rl) >, f(rl,tz,rz) >, f(rz,tg,rg) > P, f(rm, t+1, rm+1) >p and F(rm+1) >
p. Now f (qO, tito. .ttt m+ 1, rm+1) A F(rm+1) < p lmpll$f (qO, ittt m+ 1, rm+1) < p

since F(rm+1) > p. Hence

[f (o, tatz...tm, do) A f (Cos tm+ 1, Fmen)] v [ (Cos tatz.. . tm, 1) A F (O, tm+ 1, Tme)] Vv

[f (qO, tito. .. tm, CI2) A f (C]2, tn+ 1, rm+1)] V...V [f (qO, tito. .. tm, qn) A f (qn, tm + 1,
rm1)] < p which means

f (qO, t]_tz...tm, q0) A f (qO, tm+ 1, rm+1) < P, f (qu tltz...tm, Q1) A f (ql, tm+ 1, rm+1) <
[oF

f (qO, tltz...tm, CI2) Af (CI2, tm+ 1, rm+1) < [0 J f (CIQ, tltz...tm, qn) Af (qn, tm+ 1y rm+1)
< p. Thismeans the following.

f (Qo, tatz...tm, Oo) < p Or (o, tm+ 1, Mme1)

f (Qo, tatz...tm, Ou) < p Or (O, tm+ 1, Fme1)

f (Qo, tatz...tm, O2) < p OF f (02, tm+ 1, Fme+1)

IAIN A

p
p
p

f (Qo, tatz...tm, On) < p OF f (O, t+ 1, Fme1) < -

In particular, f (qo, tato...tm, tm) < p Or f (rm, tm+ 1, fme) < p. Since f (M, tm + 1,
rm+1) > P, it followsthat f (qo, titz...tm, rm) < p.

We have thus established that

f (o, tatz...tmt m+1, rme1) < p impliesf (Qo, titz...tm, rm) < p. Inasimilar fashion,
from

f (Qo, tat2...tm, rm) < p, we can conclude that f (qo, tat...tm1, rm-1) < p. Proceeding
like this, we will finally end up with f(qo,t1,r1) < p, a contradiction. We thus have a
derivation D with u (D) = p and for any other derivation D', u (D’) < p.

Thus max [W (go =5 t)] = p proving that L(G) (t) = p.

Now assumethat f (Q, tatz...tmt m+1, G ) = p so that F (g ) > p. Now

[f (qo, tato...tm, 0o ) AT (Qo, t m+1, q,)] v [f (o, tato...tm, Q1) AT (O, t i+ 1, q,)] v [f
(CIQ, tito. .. tm, Q2) Af (C]2, tm+1, q,)] V... V [f (qO, f1to.. .t qn) Af (qn, tm+1, CIJ)] =p

so that f (o, tito...tm, Gk ) A f (Qk, t m+ 1, Gj) = p for some k. Then either

f (Qo, tatz...tm, Ok ) = p OF f (O, tm+1, G) = p. Suppose f (O, tm+1, G) = p.

Then f (qo, tato...tm, Ok ) > p. In other words,

[f (CIQ, t1to. . tm1, CIo) Af (C]o, tm, qk)] \ [f (qO, t1to. . tno1, CI1) Af (ql, tm, qk)] \

[f (qo, tato...tm1, O) AT (O, tm, QK)] V-...[T (Qo, tatz...tm1, On) AT (Qny tm, Q)] > P
which means

df (%o, tatz...tm1, a) AT (qi, t m, Qk) > p for some I. Hence f (qo, tit2...tma, Q) > p

an

f (0, tm, k) > p. We have thus proved that f (g, tito...tm, Ok ) > p implies

f (Qo, tatz...tm1, ) > p and f (g, t m, 0k) > p for some l. Now starting with
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f (Qo, tatz...tm1, ) > p, we can conclude f (qo, titz...tm2, Gs) > p and f (Qs, t m1, O)
> p for some s. Proceeding like this, we obtain f(qo,t1,r1) > p, f(ru.t2,r2) > p,...Now
consider the following derivation D.

f(qutLrl) f(r11t21r2) f(qS!t m+11ql) f(qlatﬁhqk)
o — tirn — ttor, — .. 4.t m-20s — tltz...tm_ztm_1Q| —
f(Okt me1,0)) Fa)

tltz...tm_ztm_ltmqk — tltz...tm_ztm_ltmtm+1qJ' — bt t oottt m
+1

Then u (D) = p. The fact that u (D’) > p for any other derivation D’ follows
exactly similar to the argument given earlier.

Now assume that f (qo, tato...tm, Ok ) = p SO that f (O, t m+1, §)) > p. Then either

[f (G0, tatz...tma, A1) = p. F (@, tm, G) > p] OF [ (G, tatz-. s, &) > P, T (@, T, )
=p] for some |. Suppose f (qo, tatz...tm1, Q) > p, f (Q, t m, Ok) = p. Then it follows that

f (Qo, tatz...tmo, ) > p, T (Ofjy t m-1, Q) > p for somej. Thusf (Qo, tato...tm1, Q) > p
implies f (qo, tato...tm2, Q) > p, f (0, t m1, ) > p for somej. Similarly, starting with

f (Qo, tato...tm2, Gj) > p, we can conclude that f (o, tito...tma, Om) > p and f (Qm, t m-
2, ) > p for some m. Proceeding like this, we will end up with f(Qot1.S1) > p.
f(sut,s) > p,- -

f (O, tm, ) =p for somes, s,.... Now we can obtain a derivation D for which p
(D) =pand u (D’) > p for any other derivation D’.

Suppose f (qo, titz...tm1, Q) = p, T (4, tm, Q) > p- Then

p = f(Qo, tatz...tma, Q) = [f (do, tatz...tm2, Ao) A f (o, t m1, A)] V [f (Qo, tato...tm-2,
) A

f (A tma, 4)] v I[f (Qo, tato.. . tm2, O2) AT (Cl2, Ut Q)] V.. [F (Qo, tat2. . t2, O) A

f (O, t m-1, Q)] sothat f (qo, tato...tma2, Q) A T (Q;, t m-1, Q)] =p and hence

f (Qo, tato...tmo, ) = p Or f (Q;, t m-1, ) = p for somej. If f (Qo, tato...tm2, Q) = p,
then

f (g, t m-1, Q) > p and we can similarly obtain f (qo, titz...tms, 0) = p Of f (O, t m2
, gj) =p for some k. Repeating like this, we will obtain f(q, ti, gs) = p whereas f(q;, t;,
gx) > p for al other i, j and k. Obtaining aderivation D withpu (D) =pandu (D’)>p
for any other derivation D’ follows exactly similar to the earlier argument.

Theorem 3.2: If L is generated by a fuzzy regular CFG, then L is a fuzzy regular
language.

Proof: let G = (V, T, P, S) be a fuzzy regular grammar and let L = L(G). We will
prove that L isafuzzy regular language. For this, we have to define afuzzy automata

M=(Q,% qof, Fsuchthat L=L(M). TakeQ=V,2=T,qo =S, Fq) = P(q, €)
foralgeQandf: QxXxQ— [0, 1] asf(p,a q) =P(p, ag) for al p,qe Qand ac
2. Wewill now provethat L = L(M).

Suppose V = [Vo, V1, Va,...Vn} where vo = S. Consider an input alphabet a. We
have
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L(M) (a) = [f (vo, & Vo) A F (Vo)] v [f (Vo, & V1) A F (V)] Vv [f (Vo, & V2) A F (V2)]
[f (Vo, & Vi) A F (V)] = o (say)

Thenf (vo, & Vi) A F (vi)] =a forsomei (0<i<n)andf (vo, & vj) A F(vj) <afor
all other j. Now consider the derivation
f (Vo, & Vi) P(Vi, )
D:vp —ma —a=aWehaveu (D)=f1(vo, a Vi) AP(Vi,e)
=f (vo,a Vi) AF (V)] =a.

Consider any other derivation say

f(vo,a V) P(vj,¢)
D:vo —avy —a=aWehavep (D)=f(vo,a V) APVj,¢)
=f(vo,a V) AF(v)] < o

HenceL(a) = L(G) (@) = v i (D) (maximum is taken over all possible derivations
of afrom vp)
= a=L(M) (@

Now consider a string of length m say ay&...an. We have

L(M) (2&...an) =[f (Vo, &a&...an, Vo) A F(Vo)] v [f (Vo, &&...an, V1) A F(V1)] v
[f (Vo, a&...@n, V2) A F(V2)] v.... V[ (Vo, &a...8n , Vn) A F(Vh)]
=P (say)
Then f (Vo, &d...an , Vk) A F(vy)] = P for somek and
f (Vo, &d...amn, Vj) A F(vj))] <P for al j # k. Thismeans either f (vo, &18...am , Vi)
= B or F(vk) = B. First assumethat F(vx) = B sothat f (vo, &@...a8n, Vk) > B. Then
B <[f (Vo, &a&...amn-1, Vo) A f(Vo,am,Vk)] Vv [f (Vo, &d...8m1, V1) A F(V,8m,Vi)] V
[f (Vo, @dp...8m1, V2) A f(Vo,an V)] Vv ... v [f (Vo, &dp...8m1, Vi) A T(Vn, am, VK]
from which it followsthat f (Vo, &&...8m-1, Vj) A f(Vj, am, Vi) > B S0 that
f (Vo, &1...am1, V;) > B and f(vj, am, Vi) > B for some j. We have thus proved that
f (Vo, &dp...8m , Vi) > B implies f (Vo, &d...an1, Vj) > B and f(v;, am, Vi) > P for
some j. Starting with f (vo, &&...8n1 , Vj) > B, we can similarly show that f (vo,
&1...8n2 , Vi) >P and f(v;, an, vk) > B for some i. Proceeding like this, we obtain
f(Vo,a,Vr1) > B, f(vr1,&,Vr2) > B and so on. Now consider the following derivation D.
f(vo,a,vrn) f(Vr1,ae,Vr2) f(vj, 8m, Vi) F(vk)
VO = aiVi1 — adVi2 — ... ad...dn1Vj = ad...An-1 nVk —
AX...8m-1 Gn € = AR...An1 Sm

w (D) = f(vo,a1,vi) A f(Viv,8e,Vi2) A ... F(V), @m, Vi) A F(vi) = B. The fact that p
(D’) > B for any other derivation D’ follows exactly similar to the earlier argument.
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Now assume that f (vo, &1&...8m , Vi) = B o that F(vix) > . Now

B =1 (Vo, &d...an, Vk) = [f (Vo, a&...an-1, Vo) A f(Vo,amVk)] Vv [f (Vo, &1de...am1 ,
V1) A f(Vi,anVi)] Vv [f (Vo, &@...am1, V2) A T(Vo,anVi)] V... v [f (Vo, &p...8n1, Vn) A

f(Vn, @m, Vi)] so that f (vo, &dp...am-1, Vj) A f(V), @m, Vi) = P for some . This means
either

f (Vo, &1...am1,V;) =B or f(vj, am, Vi) = B. If f (Vo, &dp...am-1, Vj) = P, then

f(vj, an, Vi) > P and exactly as above, we will get f (Vo, &18...am2, Vi) = or f(v,
am-1, Vj) = B for some il. Proceeding like this, we will end up with f(v;, g, vi) = p for
somei, j, k and for al other p, q, r, f(vp, &, Vi) > B. We can now obtain a derivation D
such that p (D) = B and show that for any other derivation D', u (D’) > B. This
compl etes the proof.

4. Conclusion

In this paper, we have introduced the concepts of fuzzy context-free grammar and
fuzzy regular CFG. We have shown that the analog of the result “A language is
regular if and only if it is generated by a regular CFG” holds good for our set up. We
have illustrated the constructions with examples.
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Appendix
Following example illustrates Theorem 3.1.

Consider afuzzy automataM = (Q, %, f, I, F) whereQ={p, q, 1, s}, £ ={0, 1},

| ={p}, Fisafuzzy subset of Qgivenby F(q) =0.2,F(r) =04andF(s) =1.f
isafuzzy subset of Q x £ x Q given by the following.

f(p,0,p)=02 f(p, 0,9 =03 f(p,0,5=01,1(p,1,q =04
f(p,1, =05 f(p,1,9=0211(qg,0p)=0.1, f(q,0,r)=0.1,
f(q,4,p) =06, f(q,1,9) =03,f(r,0,p)=04, f(r,0,q9) =01,
f(r,0,r)=03, f(r,0,9=02, f(r,1,p)=0.1, f(r,1,q)=0.6,
f(s0,p=02 (50,0 =01,1(s0,9=05, f(s,1,p)=04,
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f(s1,9=03 f(s1,r)=021(s 15 =0.1.

Let L = L(M). We know L is afuzzy regular language. We will now construct a

fuzzy right linear grammar G suchthat L = L(G). Let G=(V, T, P, S) where
V=QT=% S=pandPisgivenby P(p,aq) =f (p, & q), P(p, €) = F(p) for al
p,ge Qandac X. We have

L(M) (O =[f (p, 0. p) AF(P)] VIf(p, 0 a) AF@]VIf(p 0.1 AFNv
[f (P, 0,9 AF(s)]
=(02A 0Vv(03A02v(0OA 04 Vv (01A 1)=02
To determine L(G) (0), we first determine al possible derivations of O from S.
Various derivations are

2 0
Di:p — Op— 0e=0withu (Dy) =0.
3 2

Dy p— 0q— 0 = O with i (D) = 0.2.

1 1
Ds:p— 0s— 0e=0with p (D3) =0.1.

It followsthat L(G) (0) = 0.2.

Agan,

LIM) @) =[F(p. L o) AFP] vIE(p, L a)AFQ]vIf(p Ln)AFDN v
[f (p. 1, 9) A F(9)]

=(04A02)v(05A04)v(02A1) =04
Various derivations of 1 from S are

0 0

Di:p — 1p—1e=1withp (D1) =0.
4 2

D p—1q — 1le=1withp (Dy) =02
5 4

Dsp—1r—1leg= 1withp (D3)=0.4.
2 1

Dsp—1s — 1e= 1withpu (Ds) =0.2.
It followsthat L(G) (1) = 0.4.

Now consider the string 011. We have

f(p, 01, p) = [f(p, O, p) A f(p, 1, P)] v [f(p, 0, @) A f(a, 1, P)] v [f(p, O, 1) A f(r, 1,
Pl v [f(p, 0,9 A
f(s, 1,p)] =0.3.
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f(p, 01, @) = [f(p, 0, p) A f(p, 1, )] v [f(p, 0, @) A f(a, 1, A)] v [f(p, O, 1) A(r, 1,

Qv [f(p.0,9) A

\

A\

f(s, 1, )] =0.3.
f(p, 0L, 1) = [f(p, 0, p) A f(p, 1, N] v [f(p, 0, a) A f(a, L, N] v [f(p, O, 1) A f(r, 1, 1)]

[f(p, 0,9) Af(s,1,1)] =0.2
f(p, 01, 5) = [f(p, 0, p) A f(p, 1, )] v [f(p, 0, a) A (a1, 1, )] v [f(p, O, 1) Af(r, 1, 5)]

[f(p, 0,9) Af(s,1,9)] =0.2.

f(p, 011, p) = [f(p, 01, p) A f(p, 1, P)] v [f(p, 01, 0) A f(q, 1, P)] v
[f(p, 0L, 1) Af(r, 1, p)] Vv [f(p, 01, 5) A f(s, 1, p)] =0.3.
f(p, 011, ) = [f(p, 01, p) A f(p, 1, @)] v [f(p, 01, q) A f(q, 1, )] v
[f(p, 01, 1) Af(r, 1,9)] v [f(p, 01, 5) Af(s,1,0)] =0.3.
f(p, 011, 1) = [f(p, 01, p) A f(p, 1, N] v [f(p, 0L, 0) A f(q, 1, N)] v
[f(p, 0L, 1) Af(r,1,1)] v [f(p, 01, 5) Af(s, 1,1)] =0.3.
f(p, 011, s) = [f(p, 01, p) A f(p, 1, )] v [f(p, OL, ) A f(q, 1, )] v
[f(p, 0L, 1) Af(r,1,9] v [f(p, 01,95 Af(s 1,9)]=0.2

Now
L(M) (011) = [f(p, 011, p) A F(p)] Vv [f(p, O11, a) A F(a)] v [f(p, 011, 1) A F(N)] v
[f(p, 011, 5) A F(5)] =0.3

Some of the derivations of 011 from S=p are
2 4 3 2

Di: p— Op — 01g — 011g — 011 = 011 with p (D) = 0.2.
3 6 5 4

D,: p— 0g — 01p — 011r — 011 = 011 with pu (D2) = 0.3.
A1 4 5 4

D3: p— 0s— 01p — 011r — 011e = 011 with p (D3) = 0.1.

We can see that L(G) (011) = p (p = 011) = 0.3.

Following example illustrates Theorem 3.2.

Consider thefuzzy CFG G = (V, T, P, S) whereV ={S, A, B}, T ={0, 1} and
P.-VxTV U {¢ — [0, 1] begiven by P(S, 0S) = 0.3, P(S, 1S5) = 0.2,

P(S, 0A) = 0.6, P(S, 0B) = 0.1, P(S, 1B) = 0.7, P(A, 1S) = 0.4, P(A, OA) = 0.3,

P(A, 0B) = 0.2, P(A, 1B) = 0.5, P(B, 0S) = 0.1, P(B, 0A) = 0.2, P(B, 1A) = 0.3, P(B,
1B) = 0.1, P(S, £) = 0.4, P(A, &) = 0.2 and P(B, &) = 0.4.

We define afuzzy automataM = (Q, X, I, f, F) where Q = {S, A, B}, £ ={0, 1},
I ={S},F(S)=04,FA)=02and F(B) =0.4.f: Qx X x Q — [0, 1] isdefined as
f(p,a q)=P(p, ag) foral p,ge Qand ac . We have
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L(M) (@) =TofooF=v[I{)a(fooF) ()] = (fooF)(S).
teQ
(Notethat I(S)=1and I(p) =0for al p#S). Thus

LM) (0 =[fo (S, A K]V [fo(S A)AFA) v [fo(S B)vFB)
=[f(S,0,9) A F(9)] VIf(S,0,A) A F(A)] v [f(S, 0, B) A F(B)]
=(0.3A04) v (06202 v (0.1A0.4)=03.

Various derivations of 0 from Sare
3 4

S—> 05 —->0e=0
.6 2

S—>0A—>0e=0
A 4

S—>0B-> 0=0

It followsthat L(G) (0) = 0.3.
Now consider the string 11010. We have

£(S,11,9 =[f (S LYAT(S LIV [f(SLAAFA, L]V
[f(S,1,B)Af(B,1,9]=02A02=02
F(S,11,A)=[f (S, 1,9 Af(S,1,A)] v [f(S1A)A®F (A, LA)]v
[f(S,1,B) Af(B,1,A)]=0.7A03=03.

f(S,11,B)=[f(S, 1,9 AT(S, 1,B)] v [f(S1A)A (A LB)]v
[f(S,1,B) Af(B,1,B)] =(02A07) v (0.7A0.1) =0.2
f(S,110,9) =[f (S, 11, S) AT (S,0,9)] v [f (S, 11, A) A (f (A, 0, 9)] v
[f (S, 11, B) AT (B,0,9)] = (02 A 0.3) v (0.2 0.1) =0.2.

f(S, 110, A) =[f (S, 11, S) AT (S, 0, A)] v [f (S, 11, A) A (F (A, 0, A)] v
[f (S, 11, B) A f (B, 0, A)]
=(02A06)v (0.3A0.3)v(0240.2)=03.
f (S, 110, B) =[f (S, 11, S) A (S, 0, B)] v [f (S, 11, A)  (f (A, 0, B)] v
[f (S, 11, B) AT (B, 0, B)] =(0.2A 0.1) v (0.340.2) =0.2.

f(S,1101, ) =[f (S, 110, ) AT (S, 1, S)] v [f (S, 110, A) A (f (A, 1, )] v
[f (S, 110, B) A f (B, 1, S)] = 0.3.

f(S,1101, A) = [f (S, 110, S) AT (S, 1, A)] v [f (S, 110, A) A (f (A, 1, A)] v
[f (S, 110, B) A f (B, 1, A)] =0.2.

f (S, 1101, B) = [f (S, 110, S) A (S, 1, B)] v [f (S, 110, A) A (f (A, 1, B)] v
[f (S, 110, B) A f (B, 1, B)] = 0.3.
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f (S, 11010, 9) =[f (S, 1101, 5 A (S,0,9)] v[f (S 1101, A) A (f (A,0,9)] v
[f (S 1101, B) Af(B,0,95] =0.3.

f (S, 11010, A) =[f (S, 1101, S) A f (S, 0, A)] v [f (S, 1101, A) A (f (A, 0, A)] v
[f (S 1101, B) Af(B,0,A)] =0.3.

f (S, 11010, B) =[f (S, 1101, S) A (S, 0, B)] v [f (S, 1101, A) A (f (A, 0, B)] v
[f (S 1101, B) Af (B, 0,B)] =0.2.

Now

L(M) (11010) = [f (S, 11010, S) A F(S)] Vv [f (S, 11010, A) A F(A)] v

[f (S, 11010, B) A F(B)]
=(0.3A04)v(03A02) Vv (02A04)=03.

To compute L(G) (11010), we consider all possible derivations of 11010 starting
with S.

2 2 .6 4 3 4

D1 S— 1S — 11S— 110A — 1101S — 11010S — 11010 ¢ = 11010 with
H(D:)=0.2.

g 3 3 4 3 4

Dy S— 1B — 11A — 110A — 1101S — 11010S — 11010 ¢ = 11010 with
(D2)=0.3.

g 3 3 4 i 4

Ds;: S— 1B — 11A — 110A — 1101S — 11010B — 11010 ¢ = 11010 with
V1 (Dg) =0.1.

We can see that there is no other derivation whose p value is greater than 0.3
proving that L(G) (11010) = 0.3 = L(M) (11010).






