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Abstract

In this paper, the concept of anew fuzzy topology called fuzzy nearly compact
regular open topology on a collection of functions, &, from afuzzy topological
space ( fts, for short) X to another fts Y (denoted by F,j) isintroduced and

studied. It is observed that the fuzzy GS-T,-ness (fuzzy almost regularity) of
the range fts Y induces fuzzy GS-T,-ness (respectively, somewhat almost

regularity) in . Moreover the fuzzy amost regularity of Y makes the
evaluation map on (¥,F,;) O -continuous. The notion of jointly fuzzy ¢ -

continuous on fuzzy near compacta is also introduced and studied in
connection with the said F,, topology.

AM S subject classification: 03E72, 54A40, 54C35.

Keywords: fuzzy nearly compact regular open topology, fuzzy ¢ -continuity
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1. Introduction and Preliminaries

The concept of fuzzy sets and fuzzy logic was introduced by L.A Zadeh in 1965 [11].
C.L Chang [1] started developing the theory of fuzzy topological spaces in 1968.
Following this line, severa mathematicians could sucessfully generaize different
concepts of genera topology to their fuzzy settings. It is well known that function
spaces play a very significant role in functional analysis, topology, differential
eguation, complex analysis, differential geometry and in aimost al other branches of
modern mathematics. So, an enormous study of functions between fts's were also
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made. However, the collection of functions between two fts, endowed with some
fuzzy topology, has not been explored in great detail so far. Some of the fruitful
attempts along this line that demand mention here, was due to Kohli and Prasannan
[6], Gunther Jagar [5] and Peng [10].

In this paper we introduce a new fuzzy topology called F,; topology on functions
between two fts. The NR topology was introduced and studied in detail by Ganguly

and Dutta [2] for functions between two topological spaces. Modifiying the definition
of fuzzy compact open topology, given by Gunther Jagar in [5], we introduce fuzzy
nearly compact regular open (F,z) topology and could characterize it imposing

conditions on the respective range and domain fts's.

In the last section of this article, we have introduced the notion of jointly fuzzy o -
continuous fuzzy topologies on functions between fts's and find conditions for the

F\r topology to bejointly fuzzy ¢ -continuous.

To make this paper self sufficient, we state a few known definitions and resullts,
that are required subsequently.
Let X beanon-empty set and | bethe closed interval [0,1]. A fuzy set 4 on X

isafunctionon X into | . Let 1 denote the collection of all fuzzy setson X . The
support of afuzzy set u, denoted by supp(u), isthe crisp set {xe X:u(x)>0}. A

fuzzy set is caled a fuzzy point, denoted by x,, where 0<a <1, and defined as
, for z= : :
X,(2) = o 1oz _X .Let f beafuctionfromaset X intoaset Y.Let A, B be
0, otherwise
fuzzy setson X and Y respectively. Then f(A) and f*(B) are fuzzy setson Y
sup A(z), when f(y)=¢
and X respectively, defined by [11] f(A)(y) ==t
0, otherwise
and f(B)(X) = B(f(X)).
A collection 7 c | © iscalled afuzzy topology [1] on X if (i) O,1e 7
(i) Vo, s € T= A?:lﬂi er (iii) y,er, Vae A (where A isan index
set) = vy, e v.Then (X,7) is caled a fuzzy topological space ( fts, for short). In

what follow, we always mean afts (X, z) asthe underlying space, whenever we write
X.
A fuzzy point x, issaid to g-coincident with afuzzy set A, denoted by x,0A if

o+ A(X) >1 and belong to afuzzy set A (in notation, x, € A) if o< A(X). A fuzzy
set A is said to be a fuzzy neighbourhood (nhd., for short) of a fuzzy point x, if
there is a fuzzy open set B such that x, e B< A and afuzzy q-neighbourhood (q-
nhd., for short) of a fuzzy point x, if there is a fuzzy open set B such that
x,0B< A.If A isfuzzy open, the g-nhd. is caled fuzzy open g-nhd. A fuzzy set
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A is g-coincident with another fuzzy set B, if there exists xe X such that
A(X)+B(x)>1.1f A and B arenot q-coincident, wewrite Aq B.[9]

Definition 1.1 A fts (X,7) iscalled
(1) fuzzy GS-T, [4] if for any two distinct fuzzy points x, and y,; when x#y,
X, and y, have fuzzy open nhd's which are not g-coincident and when
x=y and o < S (say) X, hasafuzzy open nhd. U and y, hasafuzzy open
g-nhd. V suchthat U qV.
(2) fuzzy regular [8], if for each fuzzy point x, in X and each fuzzy open q-
nhd. U of x, there exists a fuzzy open g-nhd. V such that V <U ,where

V stands for the closure of V .
(3) fuzzy almost regular [8], if for each fuzzy point x, and any fuzzy regular

open set A with x,0A, there exists a fuzzy regular open set B such that
x,0qB and B<A.

Definition 1.2 [7] A fuzzy set A is called fuzzy compact if for every family U of
fuzzy open setson X suchthat A< sup{fU :U e U} and for every € >0 thereexist a

finite subfamily Uy of U such that. A< sup{U :U e Up} +¢.

In asimilar way fuzzy nearly compact set is defined as follows:

Definition 1.3 A fuzzy set A is caled fuzzy nearly compact if for every family U of
fuzzy open setson X suchthat A< sup{fU :U e U} and for every £ >0 thereexist a

finite subfamily Ue of U such that A<sup{U  :U e Uo}+¢. where U’ denotes
int(clU).

Definition 1.4 [3] Let (X,7) and (Y,o) be two fuzzy topological spaces. A function
f:(X,7) = (Y,0) issadto befuzzy ¢ -continuousif for each fuzzy point x; on X
and any fuzzy regular open q-nhd. V of (f(x)), on Y, there exists fuzzy regular
open g-nhd. U of x, on X suchthat f(U)<V .

The following are equivalent forms of fuzzy ¢ -continuous functions:

(i) For eachfuzzy regular closed set u inY, f*(u)isfuzzy & -closedin X .

(ii) For each fuzzy point x, on X and any fuzzy regular open nhd. V of
(f(x)), on Y, there exists fuzzy regular open nhd. U of x,; on X such that
fU)SV.
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2. The K topology

Definition 2.1 Let (X,7) and (Y,o) be two fuzzy topological spaces and ¥ be a
nonempty collection of functions from X to Y. For each fuzzy nearly compact set
N on X and each fuzzy regular openset R on Y, afuzzy set N, on & isgiven by

Ne(@)= _int R(G()

The collection of all such N, forms a subbase for some fuzzy topology on &,
called fuzzy nearly compact regular open topology and it is denoted by F,y.

Remark 2.1 If x, isacrisp fuzzy point and U is any collection of fuzzy open sets on
X with x <supfU:UeU} then 1<sup{U:UeU}(x) and for y=X,
0<sup{U :Ue U}(y). By definition of supremum, for any £ >0, 3U, € U such
that U, (x) >1-¢. Again for y#x,U,(y)>0, so that (U, +&)(y) >0. Hence {U,}
forms a finite subcollection of U such that x, <U, +&. This proves that x, is fuzzy
compact and hence fuzzy nearly compact too.

Remark 2.2 Here, in particular if wetake N = x, we get ()(1)G(f) =Gf (X). Then the
fuzzy topology generated by all (><1)G is called fuzzy point fuzzy regular open ( Fyz)
topology.

LemmaZ2llina fts X,

(1) If x, and y, are any two fuzzy points with x=y and A,B, are fuzzy open
sets with x, € A and y,e B, and AgB, then there exist fuzzy regular open
sets A and B auchthat x,€ A, y,e B and AGB.

(2 If x, and x; (& < p) areany two fuzzy pointsand A,, B, are fuzzy open sets
with x, e A,, x,0B, and AgB, then there exist fuzzy regular open sets A
and B suchthat x, € A, x,0B and AGB.

Proof. 1) Consider A=A~ and B=B,". x,e A= a<A(X). S0, a<A (X).
Hence x €A =A Similarly, y,e B =vy,eB =B

AgB, = Vxe X, A(X)+B,(x) <1.
= Vxe X, A(X) <1-B,(X).

= Vxe X, A(X) < (1-B)(%).
= Vxe X, A (X) < A(X) < (1- B)(X).
—Vxe X, A (X)+B/(X) <1
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= Vxe X,B,(X) <1-A"(X).

As Eois a fuzzy open set, by dmilar agument as above
Eo(x) SE(X) 31—Eo(x), Vxe X. Hence,
A°’(X)+B, (X)<1,Vxe X = A GB, (X) = AGB. Hence, the result.

2) x, and x; (&< p) are any two fuzzy points and A,,B, are fuzzy open sets
with  x,e A, X;0B,  and A qB,. a<A, [+B,(x>1 and
A(2)+B,(2<1Vze X. Choose A=A’ ad B=B,. Then
a<AM <A (X)=ANX). S0, x, € A.

B+B(X)=+B, (X)=+B,(x)>1. So, x,0B and asin (1), AGB.

Theorem 2.1 Let (X,7) and (Y,0) be two fts, FcY*, endowed with F,
topology isfuzzy GS-T, when (Y,0) isso.

Proof. Let f, and g, betwo fuzzy pointsin &.

Case (i): Suppose, f #g. Then f(x)= g(x) for some xe X . Now, (f(x)), and
(9(x)), betwo fuzzy pointsin Y with f(x)=g(x) and Y is fuzzy GS-T,, there
exist fuzzy open sets U, , V; with (f(x)),eU,, (9(x)), eV, and U, gV;. By Lemma
(2.1(1)), there exist fuzzy regular open sets U and V such that (f(x)),eU,
(9(¥)), eV and U qV.So,A<U(f(x), £<V(g(x)) andU gV :M,s(xl)u(f),
,us(xl)v(g) and U QqV. Hence, f/le(xl)U ,gﬂe(xl)v and UqV. To show
ugqv= (Xl)u o] (Xl)v : ugv =V ze X,U(2)+V(2) £1.Now,V he &,

(%), ()+(x), () =U(h(x)) +V (h(X) <1,V xe X . Hence (x) T (x), -

Case (ii): Suppose f =g. with out loss of generality we assume A< u. Then
f(x)=9(x),V xe X. (f(x), and (g(x)), with 1 <u are fuzzy points on Y with
f(X) = g(x). By fuzzy GS-T, nessof Y, 3 fuzzy open sets A,, B, on Y such that
(f(X),e A, (9(X),0B, and A, g B,. By Lemma ( 2.1(2)), there exist fuzzy regular
open sets A and B on Y such that (f(x),e A, (9(x),qB and AQgB
= A< AT (X)), u+B(g(x))>1and A(2)+B(2) <1,V ze X.

= f,e (xl)A, gﬂ(g)+(x1)B(g)>1and A(2)+B(2) <1,V ze X.

=f,e (xl)A, gﬂq(xl)B and A(2)+B(2) <1,V ze X.

Now, Vyed, (x), @) +(x), )= Ay(X)+By(x) <L Hence
(xl)A q (Xl)s . Hence, ¥ endowed with F; topology isfuzzy GS-T,.
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As F.; isaspecial case of F; topology, we have

Corollary 2.1 Let (X,7) and (Y,0) be two fts, § cY”*, endowed with F..
topology isfuzzy GS-T, when (Y,o) isfuzzy GS-T,.

Lemma 2.2 Let (X,7) and (Y,0) betwo fts and § c Y* be endowed with fuzzy
nearly compact regular open topology, F\s, then N- 2N_F >N where N isacrisp
fuzzy point x, on X and F isfuzzy regular openon Y .

Proof. Suppose, N = x,, for some xe X . Then,

(1- (), )(9) =1-(%)_(9)

=1-F(g(x)

=inf{(1-F)(g(x)) : xe supp(x,)}

=N, (9).

Hence, 1-N. = N, - . Since (xl) isamember of F;, 1—(x1) is fuzzy closed

F.50, N, isclosed in . In particular if V isafuzzy regular open set, V isfuzzy
regular closed in Y. Hence, N, =N_ . o =1-N, .. In other words, N; is afuzzy

1-(1-V)

closed set in & such that N, <N, as V(f (X)) <V(f(x)). Consequently, N, <N,
as N, isthe smallest fuzzy closed set containing N, .

Theorem 2.2 Let ¥ be endowed with F; topology, afuction e ,: § —Y defined by
e (f)="f(x) foral fe & isfuzzy J-continuousif Y isfuzzy amost regular.
Proof. Let f, be a fuzzy point on . As e (f,) is afuzzy set on Y, for any

yeY, e(f,)(y)= sup [f,(9)]

e (9)=y
, for f{x)=y
= f =
Q%Ey[ (9l {0, otherwise
fuzzy point on Y and U be afuzzy regular open gq-nhd of (f(x)),.AsY isfuzzy

. Hence e (f,)=(f(x)),. Let (f(x)), be a

almost regular, there exist fuzzy regular open set V' such that (f (x)),qV and V<U.
Hence A+V(f(X)>1 and V<V <U =1-A<V(f(X)<V(f(x)<U(f(X).
= (1- £,)(F) < ())v (F) S ()5 () < () (F) . Hence (), < (x)y < (x)g < (%),
[using Lemma (2.2)]. Hence, f,q(x), -

Now, for each ye Y, e[(x), 1(¥) = sup [(%)y (9)]

e, (9)=y

< sup [(x)g(9)] = sup [V(9)(¥]1<U(y).

e, (9)=y e, (9)=y
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Hence ex[(><1)\,0] <U. So, (><1)\,0 isfuzzy regular g-nhd of f,, asdesired.

Theorem 2.3 1f K, isafuzzy open set in § endowed with F, topology, then K IS
afuzzy 6-closedsetinFand K, <K, <d-cl(K)) < K;.

Proof. Since u is afuzzy regular open set in Y, u isfuzzy regular closed and
hence by fuzzy & -continuity of e : § —Y given by e (f)= f(x),Vxe X, e*(u)
is 0 -closed in F. Now, for all feg,
K, () =inf{u(f(x)): xe suppK} =inf{e*(u)(f): xe suppK} ie.,
Kp = inf{e;l(ﬁ) - Xe suppK} . Hence K; isfuzzy o -closed setin &. Again, Vxe X,
6. (1) <&’ (u). Hence, K, <K, <d-cl(K,)< K.

Definition 2.2 A fts X issaid to be fuzzy somewhat almost regular if for each fuzzy
point X, (0<a<1) and any fuzzy regular open set A with x,gA, there exists a
fuzzy regular open set B and y with 0<a <y <1 suchthat x,0B and B < A.

Theorem 2.4 Let (X,7) and (Y,0) betwo fts and Fc Y™ be endowed with F,

topology. Then & isfuzzy somewhat aimost regular if Y isfuzzy almost regular.
Proof. Let (Y,o0) befuzzy amost regular. Let g, beany fuzzy point in ¥ and Ng

be a subbasic fuzzy open set in # such that g,qN;, where N is a fuzzy nearly
compacton X and R isfuzzy regular openin Y . So,

9,0Ng = 9,(9)+ Ng(9) >1
=1-A< inf )R(g(X))(l)

xe supp(N

Then by (1), (g(x)),aqR V xe supp(N) . By fuzzy almost regularity of Y there
exist afuzzy regular openset F in'Y suchthat (g(x)),qF and F <R

=1-1 <F(g(x)) < F(g(x)) < R(g(¥)

=1-1< NF (g) < NE(g) < NR(g)

Chooseany f suchthat 0< A< g <1.

Then 1-f<1-y and 1-9g,(9)<Ng(9)<N-(9)<Ng(g). Hence usng
Theorem( 2.3) 1-g,(9) < Ne (9) < N; (9) < N (9) < N (9) < Np(9) - S0, g,aN-

and N, < Np.
Hence, (¥, F,) isfuzzy somewhat almost regular.
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3. Jointly fuzzy ¢ -continuous fuzzy topologies on function spaces
Definition 3.1 Let (X,7) and (Y,o) be two fuzzy topological spaces and ¥ be a
nonempty collection of functions from X to Y. A fuzzy topology on ¥ is said to be
jointly fuzzy & -continuous (jointly fuzzy & -continuous on fuzzy near compacta) if a
function P:F xX —>Y given by P(f,x)=1f(x) is fuzzy ¢ -continuous(
respectively, P|F xspp(n) IS fuzzy o -continuous for each fuzzy nearly compact set
N on X).

Definition 3.2 Let (X,7) and (Y,o) be two fuzzy topological spaces. A function
f:(X,7) > (Y,0) issad to be fuzzy ¢ -continuous on a fuzzy nearly compact set

N on X if for any fuzzy regular open set u, f |;J1pp(N) (1) 1sfuzzy regular open on
supp(N).

Theorem 3.1 Each fuzzy topology on & which isjointly fuzzy ¢ -continuous on fuzzy
near compactais larger than the fuzzy nearly compact regular open topology on &.
Proof. Straight forward and hence omitted.

Theorem 3.2 If ¥ is endowed with the fuzzy topology which is jointly fuzzy ¢ -
continuous then each f € ¥ isfuzzy o -continuous.

Proof. Let A be afuzzy topology on § which isjointly fuzzy ¢ -continuous. Then
P isfuzzy ¢ -continuous. Let x, be any fuzzy point on X and V any fuzzy regular
open nhd of (F(X)4 on Y. Now,

(foxx5) (1) = f(h) A Xy () = {g gt:er_w:seand t=x

Hence, (f,xx;)=(f,x);. S0, P(f;xx;) =P((f,x);) = (f(X)),. Using the fuzzy
o continuity of P, there exist fuzzy regular open nhds. U, of f, on & and U, of
X, on X suchthat P(U;xU,)<V.Now, PU,xU,)(y)= sup [(U;xU,)(h1)]

(ht)e PL(y)
where (h,t)e Fx X . PU,xU,)(y)> sup [(f,xU,)(h,t)]
P(ht)=y
= sup [(f,xU,)(h,t)]
h(t)=y

= sup [(f.(AU O] = Sip U, 1] = fU,)(Y)
Hence, f(U,)<PU,xU,) <V, asdesred.

Definition 3.3 A family & of functions froma fts X toa fts Y issaid to be fuzzy
o0 -equicontinuous on fuzzy near compacta, if for each fuzzy nearly compact set N on
X and any fuzzy regular open set V on Y with (f(x)),qV, for some fe&

,Xe supp(N), then there exist a fuzzy regular open set U on supp(N) such that
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Vhe & h(U)<V and t,qu,V te supp(N).

Theorem 3.3 Let (X,7) and (Y,o0) betwo fts. If & isfuzzy ¢ -equicontinuous on
fuzzy near compacta then ¥ endowed with F,, topology is jointly fuzzy o -

continuous on fuzzy near compacta.
Proof. Let (f,x), be afuzzy point on #xsupp(N) and V be any fuzzy regular

open set on Y with (P(f,x)),qV i.e (f(x)),qV, xe supp(N). Since & is fuzzy ¢ -
equicontinuous, there exist afuzzy regular open set U on supp(N) suchthat V he ¥
,hU)<Vv and t,qU,Vtesupp(N). Now it is easy to see that
h(U)<V =U(2) <V (h(2),V ze X. since (NV)0 and U are respectively fuzzy
regular open in ¥ and supp(N), we need to show that (f,x)aq((NV)OxU) and
P((N;)°xU) <V . Now, ((N;)°xU)(f,x)+a>(N,(f)AU(X)+a

=[ inf V(f(t))/\U(X)]+05

te supp

>[ |nf U(t)/\U(x)]+a >(l-a)+o
Hence, (f %), G ((N;)°xU). Now, P((N;)° XU)(V)‘P(S‘{F’ [((N;)°xU)(h,t)]
< sup [(Ng xU)(h,t)]

P(ht)=y

= sup[ inf V(h(s)) AU (t)]

h(t)=y S=suppN

<sup[ inf V(h(9) AV (h(D))]

h(t)=y s=suppN
< h%g [V (h®)] =V (y)

Hence, P((N;)°xU)<V.
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