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Abstract 

 
In this paper, the concept of a new fuzzy topology called fuzzy nearly compact 
regular open topology on a collection of functions, F, from a fuzzy topological 
space ( fts , for short) X  to another fts  Y  (denoted by NRF ) is introduced and 
studied. It is observed that the fuzzy GS - 2T -ness (fuzzy almost regularity) of 
the range fts  Y  induces fuzzy GS - 2T -ness (respectively, somewhat almost 
regularity) in F. Moreover the fuzzy almost regularity of Y  makes the 
evaluation map on (F ), NRF  δ -continuous. The notion of jointly fuzzy δ -
continuous on fuzzy near compacta is also introduced and studied in 
connection with the said NRF  topology. 
 
AMS subject classification: 03E72, 54A40, 54C35. 
Keywords: fuzzy nearly compact regular open topology, fuzzy δ -continuity 
on fuzzy nearly compact set, jointly fuzzy δ -continuous on fuzzy near 
compacta. 

 
1. Introduction and Preliminaries 
The concept of fuzzy sets and fuzzy logic was introduced by L.A Zadeh in 1965 [11]. 
C.L Chang [1] started developing the theory of fuzzy topological spaces in 1968. 
Following this line, several mathematicians could sucessfully generalize different 
concepts of general topology to their fuzzy settings. It is well known that function 
spaces play a very significant role in functional analysis, topology, differential 
equation, complex analysis, differential geometry and in almost all other branches of 
modern mathematics. So, an enormous study of functions between fts 's were also 
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made. However, the collection of functions between two fts , endowed with some 
fuzzy topology, has not been explored in great detail so far. Some of the fruitful 
attempts along this line that demand mention here, was due to Kohli and Prasannan 
[6], Gunther Jagar [5] and Peng [10]. 

In this paper we introduce a new fuzzy topology called NRF  topology on functions 
between two fts . The NR  topology was introduced and studied in detail by Ganguly 
and Dutta [2] for functions between two topological spaces. Modifiying the definition 
of fuzzy compact open topology, given by Gunther Jagar in [5], we introduce fuzzy 
nearly compact regular open ( NRF ) topology and could characterize it imposing 
conditions on the respective range and domain fts 's. 

In the last section of this article, we have introduced the notion of jointly fuzzy δ -
continuous fuzzy topologies on functions between fts 's and find conditions for the 

NRF  topology to be jointly fuzzy δ -continuous. 
To make this paper self sufficient, we state a few known definitions and results, 

that are required subsequently. 
Let X  be a non-empty set and I  be the closed interval [0,1]. A fuzy set μ  on X  

is a function on X  into I . Let XI  denote the collection of all fuzzy sets on X . The 
support of a fuzzy set μ , denoted by )(μsupp , is the crisp set 0}>)(:{ xXx μ∈ . A 
fuzzy set is called a fuzzy point, denoted by αx , where 1<0 ≤α , and defined as 

⎩
⎨
⎧ =

otherwise    ,0
for     ,

=)(
xz

zx
α

α . Let f  be a fuction from a set X  into a set Y . Let A , B  be 

fuzzy sets on X  and Y  respectively. Then )(Af  and )(1 Bf −  are fuzzy sets on Y  

and X  respectively, defined by [11] 
⎪⎩

⎪
⎨
⎧ ≠−

−∈

otherwise

yfwhenzA
yAf yfz

0,

)(),(sup
=))((

1

)(1
φ

 

and ))((=))((1 xfBxBf − . 
A collection XI⊆τ  is called a fuzzy topology [1] on X  if (i) τ∈0,1  
(ii) τμτμμμ ∈∧⇒∈∀ i

n

in 1=21 ,...,,  (iii) τμα ∈ , Λ∈∀ α  (where Λ  is an index 

set) τμα ∈∨⇒ .Then τ,(X ) is called a fuzzy topological space ( fts , for short). In 
what follow, we always mean a fts ),( τX  as the underlying space, whenever we write 
X . 

A fuzzy point αx  is said to q -coincident with a fuzzy set A , denoted by qAxα  if 
1>)(xA+α  and belong to a fuzzy set A  (in notation, Ax ∈α ) if )(xA≤α . A fuzzy 

set A  is said to be a fuzzy neighbourhood ( .nhd , for short) of a fuzzy point αx  if 
there is a fuzzy open set B  such that ABx ≤∈α  and a fuzzy q -neighbourhood ( q -

.nhd , for short) of a fuzzy point αx  if there is a fuzzy open set B  such that 
AqBx ≤α . If A  is fuzzy open, the q - .nhd  is called fuzzy open q - .nhd  A fuzzy set 
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A  is q -coincident with another fuzzy set B , if there exists Xx ∈  such that 
1>)()( xBxA + . If A  and B  are not q -coincident, we write BqA . [9] 

 
Definition 1.1 A fts  ),( τX  is called 

(1) fuzzy GS - 2T  [4] if for any two distinct fuzzy points αx  and βy ; when yx ≠ , 

αx  and βy  have fuzzy open nhd 's which are not q -coincident and when 
yx =  and βα < (say) αx  has a fuzzy open .nhd  U  and βy  has a fuzzy open 

q - .nhd  V  such that VqU . 
(2) fuzzy regular [8], if for each fuzzy point αx  in X  and each fuzzy open q -

.nhd  U  of αx  there exists a fuzzy open q - .nhd  V  such that UV ≤ ,where 
V  stands for the closure of V . 

(3) fuzzy almost regular [8], if for each fuzzy point αx  and any fuzzy regular 
open set A  with qAxα , there exists a fuzzy regular open set B  such that 

qBxα  and AB ≤ . 
 

Definition 1.2 [7] A fuzzy set A  is called fuzzy compact if for every family U of 
fuzzy open sets on X  such that ∈≤ UUsupA :{  U}  and for every 0>ε  there exist a 
finite subfamily U0 of U such that. ∈≤ UUsupA :{  U0 ε+} . 

 
In a similar way fuzzy nearly compact set is defined as follows: 
 

Definition 1.3 A fuzzy set A  is called fuzzy nearly compact if for every family U of 
fuzzy open sets on X  such that ∈≤ UUsupA :{  U}  and for every 0>ε  there exist a 

finite subfamily U0 of U such that ∈≤ UUsupA :{
0

U0 ε+} . where 
0

U  denotes 
)(clUint . 

 
Definition 1.4 [3] Let ),( τX  and ),( σY  be two fuzzy topological spaces. A function 

),(),(: στ YXf →  is said to be fuzzy δ -continuous if for each fuzzy point βx  on X  
and any fuzzy regular open q - .nhd  V  of β))(( xf  on Y , there exists fuzzy regular 
open q - .nhd  U  of βx  on X  such that VUf ≤)( . 

 
The following are equivalent forms of fuzzy δ -continuous functions: 
(i) For each fuzzy regular closed set μ  in Y , )(1 μ−f is fuzzy δ -closed in X . 
(ii) For each fuzzy point βx  on X  and any fuzzy regular open .nhd  V  of 

β))(( xf  on Y , there exists fuzzy regular open .nhd  U  of βx  on X  such that 
VUf ≤)( . 
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2. The NRF  topology 
Definition 2.1 Let ),( τX  and ),( σY  be two fuzzy topological spaces and F be a 
nonempty collection of functions from X  to Y . For each fuzzy nearly compact set 
N  on X  and each fuzzy regular open set R  on Y , a fuzzy set RN  on F is given by 

))((inf=)(
)(

xgRgN
Nsuppx

R
∈

 

The collection of all such RN  forms a subbase for some fuzzy topology on F, 
called fuzzy nearly compact regular open topology and it is denoted by NRF . 

 
Remark 2.1 If 1x  is a crisp fuzzy point and U is any collection of fuzzy open sets on 
X  with ∈≤ UUsupx :{1 U} then ∈≤ UUsup :{1 U )}(x  and for xy ≠ , 

∈≤ UUsup :{0  U )}(y . By definition of supremum, for any 0,>ε  ∈∃ kU  U such 
that ε−1>)(xUk . Again for 0)(, ≥≠ yUxy k , so that 0>))(( yUk ε+ . Hence }{ kU  
forms a finite subcollection of U such that ε+kUx <1 . This proves that 1x  is fuzzy 
compact and hence fuzzy nearly compact too. 

 
Remark 2.2 Here, in particular if we take 1= xN , we get )(=)()( 1 xGffx

G
. Then the 

fuzzy topology generated by all 
G

x )( 1  is called fuzzy point fuzzy regular open ( PRF ) 

topology. 
 
 

Lemma 2.1 In a fts  X , 
(1) If αx  and βy  are any two fuzzy points with yx ≠  and 11, BA  are fuzzy open 

sets with 1Ax ∈α  and 1By ∈β  and 11 BqA /  then there exist fuzzy regular open 
sets A  and B  auch that Ax ∈α , By ∈β  and BqA . 

(2) If αx  and βx  )<( βα  are any two fuzzy points and 22 , BA  are fuzzy open sets 
with 2Ax ∈α , 2qBxβ  and 22 BqA /  then there exist fuzzy regular open sets A  
and B  such that Ax ∈α , qBxβ  and BqA . 

Proof. 1) Consider 
0

1= AA  and 
0

1= BB . )(11 xAAx ≤⇒∈ αα . So, )(
0

1 xA≤α . 

Hence .=
0

1 AAx ∈α  Similarly, .=
0

11 BByBy ∈⇒∈ ββ  
1.)()(, 1111 ≤+∈∀⇒/ xBxAXxBqA  

).(1)(, 11 xBxAXx −≤∈∀⇒  
).)((1)(, 11 xBxAXx −≤∈∀⇒  

).)((1)()(, 11

0

1 xBxAxAXx −≤≤∈∀⇒  

1.)()(, 1

0

1 ≤+∈∀⇒ xBxAXx  
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).(1)(,
0

11 xAxBXx −≤∈∀⇒  

As 
0

1A is a fuzzy open set, by similar argument as above 

,)(1)()(
0

11

0

1 xAxBxB −≤≤  Xx ∈∀ . Hence, 

BqAxBqAXxxBxA ⇒⇒∈∀≤+ )(1,)()(
0

1

0

1

0

1

0

1 . Hence, the result. 
2) αx  and βx  )<( βα  are any two fuzzy points and 22 , BA  are fuzzy open sets 

with 2Ax ∈α , 2qBxβ  and 2A q/ 2B . 2A≤α , 1>)(2 xB+β  and 

XzzBzA ∈∀≤+ 1,)()( 22 . Choose 
0

2= AA  and 
0

2= BB . Then 

)(=)()(
0

22 xAxAxA ≤≤α . So, Ax ∈α . 

1>)()(=)( 2

0

2 xBxBxB +≥++ βββ . So, qBxβ  and as in (1), BqA . 
 

Theorem 2.1 Let ),( τX  and ),( σY  be two fts , F XY⊆ , endowed with NRF  
topology is fuzzy GS - 2T  when ),( σY  is so. 

Proof. Let λf  and μg  be two fuzzy points in F. 
Case (i): Suppose, gf ≠ . Then )()( xgxf ≠  for some Xx ∈ . Now, λ))(( xf  and 

μ))(( xg  be two fuzzy points in Y  with )()( xgxf ≠  and Y  is fuzzy GS - 2T , there 
exist fuzzy open sets 1U , 1V  with 1))(( Uxf ∈λ , 1))(( Vxg ∈μ  and 1U q/ 1V . By Lemma 
(2.1(1)), there exist fuzzy regular open sets U  and V  such that Uxf ∈λ))(( , 

Vxg ∈μ))((  and VqU . So, ))(( xfU≤λ , ))(( xgV≤μ  and VqU  )()( 1 fx
U

≤⇒ λ , 

)()( 1 gx
V

≤μ  and VqU . Hence,
U

xf )( 1∈λ ,
V

xg )( 1∈μ and VqU . To show 

U
xVqU )( 1⇒ q

V
x )( 1 . 1.)()(, ≤+∈∀⇒ zVzUXzVqU Now, ∈∀ h F,

 XxxhVxhUhxhx
VU

∈∀≤++ 1,))(())((=)()()()( 11 . Hence 
U

x )( 1 q
V

x )( 1 . 

Case (ii): Suppose gf = . with out loss of generality we assume μλ < . Then 
Xxxgxf ∈∀),(=)( . λ))(( xf  and μ))(( xg  with μλ <  are fuzzy points on Y  with 

)(=)( xgxf . By fuzzy GS - 2T  ness of Y , ∃  fuzzy open sets 2A , 2B  on Y  such that 

2))(( Axf ∈λ , 2))(( qBxg μ  and 2A q/ 2B . By Lemma ( 2.1(2)), there exist fuzzy regular 
open sets A  and B  on Y  such that Axf ∈λ))(( , qBxg μ))((  and BqA  

))(( xfA≤⇒ λ , 1>))(( xgB+μ  and XzzBzA ∈∀≤+ 1,)()( . 

A
xf )( 1∈⇒ λ , 1>)()()( 1 gxgg

B
+μ  and XzzBzA ∈∀≤+ 1,)()( . 

A
xf )( 1∈⇒ λ , 

B
xqg )( 1μ  and XzzBzA ∈∀≤+ 1,)()( . 

Now, ∈∀ψ F, 1.))(())((=)()()()( 11 ≤++ xBxAxx
BA

ψψψψ  Hence 

A
x )( 1 q

B
x )( 1 . Hence, F endowed with NRF  topology is fuzzy GS - 2T . 
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As PRF  is a special case of NRF  topology, we have 
 

Corollary 2.1 Let ),( τX  and ),( σY  be two fts , F XY⊆ , endowed with PRF  
topology is fuzzy GS - 2T  when ),( σY  is fuzzy GS - 2T . 
 
Lemma 2.2 Let ),( τX  and ),( σY  be two fts  and F XY⊂  be endowed with fuzzy 
nearly compact regular open topology, NRF , then FFF NNN ≥≥  where N  is a crisp 
fuzzy point 1x  on X  and F  is fuzzy regular open on Y . 

Proof. Suppose, 1= xN , for some Xx ∈ . Then, 
)()(1=))()((1 11 gxgx

FF
−−  

))((1= xgF−  
)}(:))()({(1= 1xsuppxxgFinf ∈−  

).(= 1 gN F−  
Hence, FF NN −− 1=1 . Since 

F
x )( 1  is a member of NRF , 

F
x )(1 1−  is fuzzy closed 

in F. So, FN −1  is closed in F. In particular if V  is a fuzzy regular open set, V  is fuzzy 
regular closed in Y . Hence, VVV NNN −−− − 1)(11 1== . In other words, VN  is a fuzzy 

closed set in F such that VV NN ≤ , as ))(())(( xfVxfV ≤ . Consequently, VV NN ≤ , 

as VN  is the smallest fuzzy closed set containing VN . 
 

Theorem 2.2 Let F be endowed with NRF  topology, a fuction :xe  F Y→  defined by 
)(=)( xffex  for all ∈f  F, is fuzzy δ -continuous if Y  is fuzzy almost regular. 

Proof. Let λf  be a fuzzy point on F. As )( λfex  is a fuzzy set on Y , for any 
Yy ∈ , )]([sup=))((

=)(
gfyfe

ygxe
x λλ  

)]([sup=
=)(

gf
yxg

λ  
⎩
⎨
⎧ =

otherwise    ,0
f(x)for     ,

=
yλ

. Hence λλ ))((=)( xffex . Let λ))(( xf  be a 

fuzzy point on Y  and U  be a fuzzy regular open q - nhd  of λ))(( xf . As Y  is fuzzy 

almost regular, there exist fuzzy regular open set V  such that qVxf λ))((  and UV ≤ . 

Hence 1>))(( xfV+λ  and UVV ≤≤ ))(())(())((<1 xfUxfVxfV ≤≤−⇒ λ . 

)()()()()()(<))((1 111 fxfxfxff UVV ≤≤−⇒ λ . Hence UVVV xxxx )()()()( 111

0

1 ≤≤≤  

[using Lemma (2.2)]. Hence, 
0

1)( Vxqfλ . 

Now, for each Yy ∈ , )]()([sup=)]()([
0

1
=)(

0

1 gxyxe V
ygxe

Vx  

)]()[(sup 1
=)(

gx V
ygxe

≤ ).()])(([sup=
=)(

yUxgV
ygxe

≤  
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Hence Uxe Vx ≤])([
0

1 . So, 
0

1)( Vx  is fuzzy regular q - nhd  of λf , as desired. 
 

Theorem 2.3 If μK  is a fuzzy open set in F endowed with NRF  topology, then μK  is 

a fuzzy δ -closed set in F and δμμ ≤≤ KK - .)( μμ KKcl ≤  

Proof. Since μ  is a fuzzy regular open set in Y , μ  is fuzzy regular closed and 
hence by fuzzy δ -continuity of :xe  F Y→  given by Xxxffex ∈∀),(=)( , )(1 μ−

xe  
is δ -closed in F. Now, for all ∈f F, 

}:))(({=}:))(({=)( 1 suppKxfeinfsuppKxxfinffK x ∈∈ − μμμ  i.e., 

}:)({= 1 suppKxeinfK x ∈− μμ . Hence μK  is fuzzy δ -closed set in F. Again, Xx ∈∀ , 

)()( 11 μμ −− ≤ xx ee . Hence, δμμ ≤≤ KK - .)( μμ KKcl ≤  
 

Definition 2.2 A fts  X  is said to be fuzzy somewhat almost regular if for each fuzzy 
point αx  1)<<(0 α  and any fuzzy regular open set A  with qAxα , there exists a 
fuzzy regular open set B  and γ  with 1<<<0 γα  such that qBxγ  and AB ≤ . 

 
Theorem 2.4 Let ),( τX  and ),( σY  be two fts  and F XY⊂  be endowed with NRF  
topology. Then F is fuzzy somewhat almost regular if Y  is fuzzy almost regular. 

Proof. Let ),( σY  be fuzzy almost regular. Let λg  be any fuzzy point in F and RN  
be a subbasic fuzzy open set in F such that RqNgλ , where N  is a fuzzy nearly 
compact on X  and R  is fuzzy regular open in Y . So, 

1>)()( gNggqNg RR +⇒ λλ  
))((inf<1

)(
xgR

Nsuppx∈
−⇒ λ  (1) 

Then by (1), qRxg λ))((  )(Nsuppx ∈∀ . By fuzzy almost regularity of Y  there 
exist a fuzzy regular open set F  in Y  such that qFxg λ))((  and .RF ≤  

))(())(())((<1 xgRxgFxgF ≤≤−⇒ λ  
)()()(1 gNgNgN RFF ≤≤≤−⇒ λ  

Choose any β  such that 1<<<0 βλ . 
Then γβ −− 1<1  and )()()()(1 gNgNgNgg RFF ≤≤≤− β . Hence, using 

Theorem( 2.3) )()()()()()(1
0

gNgNgNgNgNgg RFFFF ≤≤≤≤≤− β . So, 
0

FNqgβ  

and RF NN ≤
0

. 
Hence, (F ), NRF  is fuzzy somewhat almost regular. 
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3. Jointly fuzzy δ -continuous fuzzy topologies on function spaces 
Definition 3.1 Let ),( τX  and ),( σY  be two fuzzy topological spaces and F be a 
nonempty collection of functions from X  to Y . A fuzzy topology on F is said to be 
jointly fuzzy δ -continuous (jointly fuzzy δ -continuous on fuzzy near compacta) if a 
function :P F YX →×  given by )(=),( xfxfP  is fuzzy δ -continuous( 
respectively, |P F )(Nsupp×  is fuzzy δ -continuous for each fuzzy nearly compact set 
N  on X ). 

 
Definition 3.2 Let ),( τX  and ),( σY  be two fuzzy topological spaces. A function 

),(),(: στ YXf →  is said to be fuzzy δ -continuous on a fuzzy nearly compact set 
N  on X  if for any fuzzy regular open set μ , )(| 1

)( μ−
Nsuppf  is fuzzy regular open on 

)(Nsupp . 
 

Theorem 3.1 Each fuzzy topology on F which is jointly fuzzy δ -continuous on fuzzy 
near compacta is larger than the fuzzy nearly compact regular open topology on F. 

Proof. Straight forward and hence omitted. 
 

Theorem 3.2 If F is endowed with the fuzzy topology which is jointly fuzzy δ -
continuous then each ∈f F is fuzzy δ -continuous. 

Proof. Let Δ  be a fuzzy topology on F which is jointly fuzzy δ -continuous. Then 
P  is fuzzy δ -continuous. Let βx  be any fuzzy point on X  and V  any fuzzy regular 
open nhd  of β))(( xf  on Y . Now,

 
⎩
⎨
⎧

∧×
otherwise

xtandfhif
txhfthxf

== 
0,

=)()(=),)(( 11

β
ββ  

Hence, ββ ),(=)( 1 xfxf × . So, βββ ))((=)),((=)( 1 xfxfPxfP × . Using the fuzzy 
δ  continuity of P , there exist fuzzy regular open .nhds  1U  of 1f  on F. and 2U  of 

βx  on X  such that VUUP ≤× )( 21 . Now, )],)([(sup=))(( 21
)(1),(

21 thUUyUUP
yPth

××
−∈

 

where ∈),( th F X× . )],)([(sup))(( 21
=),(

21 thUfyUUP
ythP

×≥×  

)],)([(sup= 21
=)(

thUf
yth

×  

)]()([(sup= 21
=)(

tUhf
yth

∧  ))((=)]([sup= 22
=)(

yUftU
ytf

 

Hence, VUUPUf ≤×≤ )()( 212 , as desired. 
 

Definition 3.3 A family F of functions from a Xfts  to a Yfts   is said to be fuzzy 
δ -equicontinuous on fuzzy near compacta, if for each fuzzy nearly compact set N  on 
X  and any fuzzy regular open set V  on Y  with qVxf α))(( , for some ∈f F 

)(, Nsuppx ∈ , then there exist a fuzzy regular open set U  on )(Nsupp  such that 
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∈∀ h  F, VUh <)(  and ).(, NsupptqUt ∈∀α  
 

Theorem 3.3 Let ),( τX  and ),( σY  be two fts . If F is fuzzy δ -equicontinuous on 
fuzzy near compacta then F endowed with NRF  topology is jointly fuzzy δ -
continuous on fuzzy near compacta. 

Proof. Let α),( xf  be a fuzzy point on F )(Nsupp×  and V  be any fuzzy regular 
open set on Y  with qVxfP α)),((  i.e ).(,))(( NsuppxqVxf ∈α  Since F is fuzzy δ -
equicontinuous, there exist a fuzzy regular open set U  on )(Nsupp  such that ∈∀ h  F 

VUh <)(,  and ).(, NsupptqUt ∈∀α  Now it is easy to see that 
.)),((<)(<)( XzzhVzUVUh ∈∀⇒  since 0)( VN  and U  are respectively fuzzy 

regular open in F and )(Nsupp , we need to show that ))((),( 0 UNqxf V ×α  and 

VUNP V ≤× ))(( 0 . Now, αα +∧≥+× ))()((),)()(( 0 xUfNxfUN VV  
α+∧

∈
)]())((inf[=

)(
xUtfV

Nsuppt
 

α+∧
∈

)]()(inf[>
)(

xUtU
Nsuppt

 αα +−≥ )(1  

Hence, ))((),( 0 UNqxf V ×α . Now, )],)()[((sup=))()(( 0

=),(

0 thUNyUNP V
ythP

V ××  

)],)([(sup
=),(

thUNV
ythP

×≤  

)]())((inf[sup=
=)(

tUshV
suppNsyth

∧
∈

 

))](())((inf[sup<
=)(

thVshV
suppNsyth

∧
∈

 

)(=))](([sup
=)(

yVthV
yth

≤  

Hence, VUNP V ≤× ))(( 0 . 
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