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Abstract

In this paper, an attempt has been made to prove the analogue of Myhill
Nerode Theorem for fuzzy automata. Though as in finite automata case, it
does not help us in minimizing the number of states in a fuzzy automaton,
nevertheless it contains very interesting results.
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1. Introduction
Myhill Nerode theorem for finite automata
Myhill Nerode theorem for finite automata is a very powerful tool for minimizing the
number of states in a finite automaton. The statement of the theorem is as follows.
Following statements are equivalent.
(1) L isaregular language.
(i) L is the union of some of the equivalence classes of a right invariant
equivalence relation of finite index.
(iii) Define a relation R  as x Ry y if and only if for all ze X *, xz € L only
when yz € L. Then Ry is an equivalence relation of finite index.

Definition of Fuzzy Automata
Let A be a finite non empty set.

A fuzzy automaton over A is a 4-tuple M = (Q, f, I, F) where Q is a finite
nonempty set, f'is a fuzzy subset of Q x A x Q, I and F are fuzzy subsets of Q.

Let S be a free monoid with identity element e generated by A. If s € S, then s =
ajay...a, where a; € A. Here n is called the length of s and we write |s| = n.
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We extend f to a function £*: Q x S x Q = [0,1] which is defined as follows.
f*(q,e,p) =1lifq=p
= 0 otherwise.
f*(q,sa,p) =Vv|[f*q,s,1)Af(r,a,p)](se S,ae A)
re Q
Theorem
For any two elements s, t € S and for all p, q € Q,
t*(p, st, @ = v [ *(p, s, 1) AT*(r, t, q)].
re Q
Proof: Standard
Hereafter, we will assume that S is a free monoid with identity element e
generated by a finite non empty set A.

Definition

If M is a fuzzy automaton over S, then we define the language accepted by M denoted
by L(M) to be a fuzzy subset of S definedas Vse S, L(M) (s)=10 f* o F. Here o
denotes max — min composition and f;*: Q x Q = [0,1] is defined as fi* (p, q) = * (p,

s,q) forallp,qe Q.

Definition
A fuzzy subset L of S is said to be a fuzzy regular language if L = L (M) where M is a
fuzzy automaton over S.

Lemma
Let X be any set and R; and R, be two equivalence relations of finite index over X.
Then R; N R2 is again an equivalence relation of finite index.

Proof
Clearly, R1 N R2 is an equivalence relation. To prove R; N R; is of finite index,
assume that the equivalence classes corresponding to R; are E;j, Eis,...Ein and the
equivalence classes corresponding to R, are Ejj, Ex,...Esy . Then X = E;; U E;, U
WU Elm:EZI U Ezz U...U Ezn. Also E]i N Elj = q) if i #_] and Ezp N Ezq: (D lfp ;ﬁq
If x € X, then x € E; for a unique r and x € Eys for a unique s (1 <r<m, 1 <s <n).
If R = R; N R2, then the equivalence class of x relative to R denoted by [x]r is
nothing but E;; N Ex. Thus every equivalence class of R appears as the intersection of
an Ejx with an Ey (1 <k <m, 1 <1 <n). Since the number of such intersections is
finite, it follows that R is of finite index.

The above lemma can be extended to n relations and we can prove that if Ry,
Ro,...R, are equivalence relations of finite index over X, then R; N R, N...N Ry is
again an equivalence relation of finite index.
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2. Myhill Nerode Theorem for Fuzzy automata
Let S be a monoid with identity element e and L be a fuzzy subset of S. Then the
following statements are equivalent.

(1) L is a fuzzy regular language.

(i1) L can be expressed as a fuzzy union

L= (61)L U (82)]_ U...U (St)L

where 61, 8,,...0;€ [0, 1]. For eachi=1,2...t, (81). = 1. Lsj where Lg = U [s]5;.

This union is a set theoretic union and [s]s denotes the equivalence class of s of a
right invariant equivalence relation of finite index in Lg;.

(ii1) Define a relation Ry as follows.

If s, t &S, then s Ry t if and only if for all u € S and for all a € [0,1], L(su) > a
only when L(tu) > a. Then Ry is a right invariant equivalence relation of finite index.

Proof of (i) — (i1)

Since L is a fuzzy regular language, we have L = L(M) where M = (Q, f*, I, F) is a
fuzzy automaton. Consider any o ¢ [0,1]. With M and a, we associate a non
deterministic automaton

Do(M) = (Q, dy, Lo, Fo) where do: Q x S 229 is defined as d,, (q,8)={pe Q]
f*(q, s,p) 2o}, l[o={pe Q| I(p)=2a} and F, ={p € Q | F(p) = a}. We will show
that L, = L(Do(M)) which will prove that L, is a regular language. Let s € L.

Then L(s) = L(M)(s) =2 a.. ie I 0 f;* 0 F > a which means

v[{E* o F) (p) AL(p) ]2 o (maximum is taken over all p € Q).

Hence (f;* 0 F) (p) A I(p) = o for some p € Q so that (f* 0 F) (p) 2 aand I (p) =
o proving that p € 1.

Agam o< (f* 0 F) (p)

=V [fs* (p, 1) A F(r) ] (maximum is taken over all r € Q)

and hence F(r) A £i* (p, r) = a so that F(r) = oo implying that r € F,, and f* (p, r) =
o, implying that £*(p, s, r) =2 o.. Thus r € do(p, ).

We have thus proved that 3 p € I such that dg, (p, s) N Fo # ¢ proving that s €
L(Da (M)).

Thus Lo < L(Dg, (M)).

Conversely, let s € L(Dg (M)). Then there exists p € I, such that dy (p, s) N Fy #
0.

Letqe do(p,s) N Fo. Nowp e Ipmeans I (p) =20, q € do (p, s) means f *(p, s, q)
2 0.

re fi* (p, q) =2 a. q € Fy means F(q) = o

Hence f* (p, q) A F(q) = a so that

(fs* o F) (p) = v [£* (p, 1) A F(r) ] 2 o0 (maximum is taken over all r € Q).

Again I(p) A (f;" 0 F) (p) = o means

lof,oF=v[I(t)A(f 0F)(t)]=o. (maximum is taken over all t € Q).

Hence L(M) (s) = L(s) = o proving that s € L. Thus L(Dy(M)) C L.

This together with L, < L(Dy (M)) proves that Ly, = L(Dy(M)).

Let Q = {qo, 91> q2,.--qn}. Then for every s € S, the possible values of L(s) are
1(qo), 1(q1)s. . .1(qn), f(qi , aj, q) (qi, g € Q, aj € A), F(qo), F(q1),...F(ga). Denote these



44 H. A. Girijamma andH. A. V. Ramaswamy

fixed values (after arranging them in non decreasing order) by 9J;, 02,..., 0;. Then 9Jy,
d2,..., 0t € [0, 1] and by what we have proved above, Lsi = L (Dsi (M)). Since Lg; is
accepted by a finite automaton, by Myhill Nerode Theorem for finite automata, it
follows that there exists a right invariant equivalence relation of finite index and Lg; =
U [s]si where [s]si denotes the equivalence class of s in this equivalence relation. This
1s true fori=1, 2,... t.

Define (0;)L = 0;.Ls;. If s € S such that L(s) = d; (s € Ls;i), then (8; )L (s) = 0.

Otherwise, (0; ). (s) = 0. We note that each (6; ). is a fuzzy set. Let s ¢ S and
assume that

L(s)=8;. Now L(s) =8 <8 i+1 <...< 8. Again, L(8) =& >8;_1 >...> §;.

Hence ((31)L U (82)L U...U (0)L) (8) = (01)L (8) V (02)L (S) V...(0)L () =01 VvV &, Vv
...V 0; = 0;. This proves that L = (8;) U (82)L U...U (3L

We will now consider the proof of (ii) — (ii1).

If s € S, then s Ry s because for all u € S and for all a € [0,1] , L(su) > a only
when L(su) > o is obviously true. This proves that Ry is reflexive. Clearly, Ry is
symmetric. If s R t and t Ry v, then for all u € S and for all a € [0,1], L(su) > a only
when L(tu) > a only when L(vu) > a proving that s R v. Hence Ry is transitive. Ry is
thus an equivalence relation.

To prove Ry is right invariant, assume that s Ry t and u € S. We have to prove that
su Ry, tu. For this, we have to prove that for all v e S and a € [0,1], L(suv) > a only
when L(tuv) > o which is the same as saying that L(sz) > a only when L(tz) > o where
z = uv. But this is true since s Ry t.

We will now prove that Ry is of finite index. For i = 1,2,...,t, let R; denote the
equivalence relation of finite index in Lg . Let R = R; N R, N...N R;. Then R is an
equivalence relation of finite index. We will prove that s R t implies s Ry t. This will
mean that index (Rp) < index (R). Since index (R) is finite, this will prove that index
(Ry) is also finite.

Assume that s R t. Consider any u € S and any a € [0, 1]. Suppose su € L,. We
have to prove that tu € L, . Now a < L(su) = §; (say). Then su € L; which is a subset
of L, . By definition of R, we have s R; t. Since R; is right invariant, it follows that su
R; tu. Since Ls; 1s the union of some of the equivalence classes of R; , su belongs to
one of the equivalence classes and hence tu also belongs to the same equivalence
class. This proves that tu € Ls; and since Ls; is a subset of L, , it follows that tu € L, .

Proof of (iii) — (1)

We have to define a fuzzy automaton M such that L = L(M). For every element s
€ S, let [s] denote the equivalence class of s under the equivalence relation Ry . Let Q
= {[s] /s € S}. Since Ry is of finite index, it follows that Q is a finite set. Define I: Q
—[0,1],*: QxSxQ — [0, 1] and F: Q — [0, 1] as follows.

L([s]) = lif [s] = [e]
= ( otherwise.
* ([s], t, [u]) =11if[u] = [st]
= ( otherwise.

F([s]) =L(s).
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We will first prove that F is well defined. For this, we have to prove that if [s] =
[t],

then L(s) = L(t). Assume that L(s) = B. We will prove that L(t) = B. Since [s] = [t],
s R t so that L(s) = L(se) > B only when L(t) = L(te) > p. Since L(s) > B, it follows
that L[t]>f.

Assume L[t] =y > B. Taken=(p +7) /2. Clearly, B <n <y =L[t]. Since s Ry t,
L[t] > n implies that L[s] > n > B. But this contradicts the fact that L(s) = B. Hence our
assumption that L[t] > B is wrong. Since L[t] > B, it follows that L[t] = .

Take M = (Q, I, f*,F). Then M is a fuzzy automaton and it remains to prove that L
= L(M). For this, we have to prove that for all s € S, L(s) = L(M)(s).

We have
L(M)(s) =lof*oF
= [V]{I ([t A (F*5 0 F) ([tD}
t
(s o F) ([t = v {f* ([t], [u]) A F([u])}

[u]
= v {f* ([tl, s, [u]) A F([u])}
[u]
= v {F* ([t], s, [u]) A L(w)}
[u]
= L(ts)
(Note that f* ([t], s, [u]) = 1 if [ts] = [u] and O otherwise)
Hence
LM)(s) = Vv A{I([th A (F*5 0 F) ([t}

[t]
= v {I([t]) A L(ts)}
[t]
=L(es)
=L(s)
(Note that I([t]) = 1 if [t] = [e] and O otherwise. If [t] = [e] then since Ry is right
invariant, [ts] = [es] so that L(ts) = L(es))

3. Example
Let £ = {0, 1} and S = X* the set of all strings over the alphabet . Consider the
fuzzy automaton M = (Q, f, I, F) where Q = {qo, qi1, 92}, f is the fuzzy subset of Q x X
x Q defined as

f(qo, 0, q1) = 0.5, f(qo, 0, g2) = 0.6, f(qo, 1, q1) = 0.3, f(qo, 1, q2) = 0.4, f(q1, 0, q2) =
0.7 and

f(qi, 1, q2) = 1. I = {qo} and F is the fuzzy subset of Q defined as F(q;) = 0.3 and
F(q2) =0.9. We have

foo* (g0, q2)  =1*(qo, 00, q)
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= f(q()a 0, ql) A f(qla 0, q2)
=0.5A07=0.5
Similarly, f* (qo, 01, q2) = 0.5 and f* (qo, 10, q2) = * (qo, 11, q2) = 0.3. Also for
any string s of length two or more,
£* (qo, S, q1) = 0 and for any string s of length three or more, f* (qo, s, q2) = 0.

L(O)=LM)(0) =Iofy*oF

=V [(fo* o F) (p) A l(p)]

= (fo* 0 F) (qo) A I(qo)

= (fo* 0 F) (qo)

= [f0*(q0, q1) A F(q)] v
[f0*(q0, 92) A F(q2)]

=(0.5A0.3)v (0.6 A0.9)

=0.6.

Similarly, L(1) = 0.4, L(00) = L(01) = 0.5 and L(10) = L(11) = 0.3. For any string
s of length three or more, L(s) = 0.

Suppose 0 < a < 0.3. Let D, (M) denote the non deterministic automaton
corresponding to a. Then it can be easily seen that I,= {qo}, Fo= {qi, 92}, dua (qo, 0) =
do (qo, 1) = {q1, 92}, da (qo, 00) = du (qo, 01) = da (qo, 10) = du(qo, 11) = da(qs, 0) = d,
(q1, 1) = {q2}. Also L(D,(M)) =Ly= {0, 1, 00, 01, 10, 11}, ar (0) =ar (1) =ar (00) =
ar (01) =ar (10) = ar (11) = a. Define x R, y if and only if d, (qo, X) = dy (qo, ¥)-
Clearly, R, is a right invariant equivalence relation of finite index. Furthermore, [0],=
{0, 1}, [00], = {00, 01, 10, 11} and L, = [0], W [00],

Now take 0.3 <o <0.4. Then I,= {qo}, Fo= {92}, du (o, 0) = {q1, 92},

du(qo, 1) = da(qo, 00) = du (qo, 01) =da(q1, 0) = du(q1, 1) = {q2}.

Also L(Dy (M)) = Ly,= {0, 1, 00, 01}, ar (0) =op (1) =ar (00) =0op (01) = a, ar
(10) = ar (11) = 0. Define x R, y if and only if dy (qo, X) = do (qo, y). Clearly, R, is a
right invariant equivalence relation of finite index. Furthermore, [0],= {0}, [1], = {1,
00,01} and L, =[0], U [1]4

If0.4 <0 <0.5, then I,= {qo}, Fu= {qQ2}, du (qo, 0) = {q1, 92},

du (do, 00) = da (qo, 01) = da (q1, 0) = d (@1, 1) = {2} Also L (D (M)) = Lo = {0,
00, 01},

oL (0)=oar (00)=ar (01)=0a, ar (1)=0aL (10)=ar (11)=0.

Define x R, y if and only if d, (qo, X) = dq (qo, ¥)- Clearly, R, is a right invariant
equivalence relation of finite index. Furthermore,

[0]= {0}, [00], = {00, 01} and L, = [0], w [00],

If0.5 <0< 0.6, then I, = {qo}, Fu= {q2}, du(qo, 0) = da(q1, 0) = da(q1, 1) = {q}.

Also L(Dy, (M)) = L, = {0}, o (0) =0, or (1) = or (00) = ar, (01) = or (10) = ar
(11)=0.

Define x R, y if and only if d, (qo, X) = dy (qo, y). Clearly, R, is a right invariant
equivalence relation of finite index. Furthermore, [0],= {0} and L, =[0],
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If a > 0.6, then there is no corresponding non deterministic automaton and L(D,
M)) =L, =0. Also

(U (XL) (0) =V (XL(O)
=03v04v0.5v0.6=0.6=L(0)

(Var) (1)  =voa(l)
=03v04=04=L(1)

(U (XL) (00) =V (XL(OO)
=0.3v0.4v0.5=0.5=L(00)

(Vap) (01) =wvoar(0l)
=03v04v0.5=05=L(01)

(U (XL) (10) =V (XL(IO)

=0.3=L(10)
(Vap) (11) =wvor(ll)
=0.3=L(11)

This verifies that L = U oy,

The equivalence classes corresponding to Ry are
[0] = {0}, [1] = {1}, [00] = {00, O1}, [10] = {10,11} and [001] which consists of
all strings of Os and 1s whose lengths are greater than or equal to three.

4. Conclusion

In this paper, we have extended Myhill Nerode theorem of finite automata to fuzzy
automata. Unlike the finite automata case, in this case, we note that the number of
equivalence classes corresponding to Ry is more than the number of states in the given
fuzzy automata. Hence this does not help us in reducing the number of states in the
fuzzy automata as in the finite automata. We are working on alternative methods for
reduction.

Refer ences

[1] John E Hopcroft & Jefrey D. Ullman, Introduction to Automata Theory,
Languages and Computation. Narosa publishing house.

[2]  Jiri Mockor, Fuzzy and Non deterministic Automata, Research Report No. 8,
Institute for Research and Applications of Fuzzy Modeling, University of
Ostrava, Chech Republic.



