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In this paper, we introduce and examine some new almost convergent classes
of sequences of fuzzy numbers by using the A-transforms and a modulus
function. We also examine topological properties and some inclusion relations
for these new classes of sequences of fuzzy numbers.
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1. Introduction

The concept of fuzzy sets was first introduced by Zadeh [1]. Bounded and convergent
sequences of fuzzy numbers were introduced by Matloka [2]. Matloka show that
every convergent sequences of fuzzy numbers is bounded.Later on sequences of fuzzy
numbers have been discussed by Nanda [3], Nuray and Savas [4], Choudhary
andTripathy [5], Esi [6] and many others.

Let D denote the set of all closed bounded intervals AZ[A, A} on the real line R.

For A, Be D define A<B if and only if 4 < B and ;ISE},

2

It is easy to see that d defines a metric on D and (D, d ) is complete metric space.

Also < is a partial order on D. A fuzzy number is a fuzzy subset of real line R which
is bounded , convex and normal. Let L(R) denote the set of all fuzzy numbers those

|4-B

d (A,B)=max {‘A— B
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are upper semicontinuous and have compact support. In other words, if Xe then for
anyo e [0,1] , X% is compact , where

X (f) = {te R:X()>0.} for 0>0. The 0-cut is

defined as the closure of the strong 0 -cut i.e. closure{ t€ R:X(£)> o.}.

The absolute value of X € L(R) is defined as

|X(t)| _ {max{X(t),X(— 1)), fort=0 7.

0, otherwise

For each 0 < <1, the o -level set X“ is a non-empty compact subset of R. The
linear structure of L(R) induces addition X +Y and scalar multiplication AX, A€ R,

in terms of ¢ -level sets defined by
(X +7]" =[x +[r]" and [AX]" =2[Xx]"

foreach 0<a <1.

Define d: L(R) x L(R) —R by d(X.,Y)=sup,,, J(X“,Y“). For
X,Ye L(R) . Define X < Y if and only if X* < Y* for any a < [0,1]. It is know that
L(R) is a complete metric space with the metric d (see for instance [2]).

A metric on L(R) is saild to be a translation invariant if
dX+Z,Y+Z)=d(X,Y) for X,Y,Ze L(R). The metric d has the following
properties:

d(cX,cY)=|dd(X,Y) ..(1)
for ce R and

AdX+Y,Z+W)<d(X,Z)+d(Y, W) ..(2)

A sequence of fuzzy numbers is a function X from the set N of natural numbers
into L(R) .The fuzzy number X, denotes the value of the function at ke N [2].We

denote by w(F) the set of all sequences X = (X, ) of fuzzy numbers.

A sequence X =(X,) of fuzzy numbers is said to be bounded if the set
{X, : ke N}of fuzzy numbers is bounded [2]. We denote by I_(F) the set of all
bounded sequences X = (X, ) of fuzzy numbers.

A sequence X =(X,) of fuzzy numbers is said to be convergent to a fuzzy
number X, if for every £ >0 there is a positive integer ng such that d (x i X, )<e&
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for k> n,[2]. We denote by ¢(F) the set of all convergent sequences X = (X,) of
fuzzy numbers.

It is straightforward to see that c(F) < [_(F) < w(F). In [3], it is shown that

c(F) and I_(F) are complete metric spaces. For further studies,one may refer to [8]
and [1].

Let p=(px)e ., , then the following well-known inequality will be used in the

paper:
For sequences (ax) and (bx) of complex numbers we have [9]

la, +b, [ <Cla, | +]b, ™) 03

where C= max (1,2" ") and H = sup, p,-

Let 4 =(a,, ) be an infinite matrix of non-negative real numbers and X = (X, ) be
a sequence of fuzzy numbers. Then the sequence (AX )n defined by

(4X), = Zank X, forall ne N and is called the A-transform of X = (X, ) whenever
k

this series converges for each 7. Throughout 4 = (a,, ) denotes an infinite matrix of
non-negative real numbers and let p=(p, ) be a bounded sequence of positive real

numbers.

The notion of modulus was introduced by Nakano [10] and followed by Ruckle
[11] and many

others. We recall that a function f: [0,00) —[0,c0) is called a modulus if

(i) fix)y=0ifandonly ifx=0,

(i) f(x+y)<fix) + ),

(ii1) f'is increasing ,

(iv) f1is continuous from right at 0.

It is immediate from (if) and (iv) that f'is continuous on [0,c0) .

Lemma. Let fbe a modulus function and let 0 < <1. Then for each x>J, we

have f(x)<2f(1)s"x, [12].

Remark. If f is a modulus function, then the composition f* = f.f...f (s —times)

is also a modulus function, where s is a positive integer.
In this paper, we introduce and examine some new almost convergent classes of
sequences of fuzzy numbers by using the A-transforms and a modulus function. We
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also examine topological properties and some inclusion relations for these new classes
of sequences of fuzzy numbers.

Let A=(a, ) be an infinite matrix and p =(p,) be a bounded sequence of real
numbers.

We now define:

F, [A, f,p] = { = (X ) lim, f(d(An , (X),G)) =0, wuniformly in m}
F[A,f,p]z{ (X lim, . f(d(Anm X ,X )) =0, uniformly in m},
Flafpl={r =(x): sup,, r(dla,,(X)0)" <o}

where

A, (Xx,)= ZankX .+ and the series converges for each n and m.
k

If X=(X,)e F [4, £, p], we say that X = (X, ) is strongly almost A-convergent
to X, with respect to modulus function f.

We can specialize these classes as follows:

1, 1<k<n

0 k>n

then, we obtain the classes of sequences of fuzzy numbers as follows:

FO[C,f,p]={X=(Xk): m,_ ( (ZXHW j] ” =0, uniformly in m}

(1) If 4=(C,)) Cesaro matrix,ie. a, ={

F[C,f,p]={X=(Xk): lim, f[d[inmonD ” =0, uniformly in m},

k=1

FlC.f ol {X _(x,): s, f(d(gxm o}] < w}

If X=(Xx ' )e F, [C, £, p], we say that X = (x ‘ ) is strongly almost convergent to
X, with respect to modulus function f.

(i) If A=1, the unit matrix , then we get the classes of sequences of fuzzy
numbers with respect to modulus f* as follows:

Flf.pl= {X =(X,): lim,__ f(d(X,Hm ,6))p" =0, uniformly in m}
F[f,p] = {X = (Xk ): lim f(d(XHm X, )) =0, wuniformly in m},
Elrpl={r=(x,): sup,, rlalx,,, 0" <of

(iii) If f(x)=x, then we get the classes of sequences of fuzzy numbers as
follows:
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F (4, p]= {X =(X,): lim d(An’m (X),ﬁ)p" =0, uniformly in m} ,

n—oo

Fl4,p]= {X =(X,): lim, d(An,m (X)X, )p” =0, uniformly in m},

F_[4,p]= {X =(X,): sup,,, d(An,m (X),G)p” < oo},
which were defined and studied by Savas [13].

2. Main Results

Theorem 1.(i) Let p = ( p, ) be a bounded sequence of strictly positive real numbers.
Then, the classes of F| (4, £, p] FlA, ., p] and F_ [A,f,p] are closed under the

operations addition and scalar multiplication if the metric d translation invariant.
(ii) F,l4,f,plc Fla, 1, p], Fl4,f,plc Fla. 1. pl. and

Fl4,f,p]lc Fl4, f,p]..

Proof.(i) Let X = (X i ),Y = (Yk Je F [4, 7, p]. Then by taking into account the
properties (1) and (2) of the metric d , the property (ii) of modulus f and inequality
3)

flala,, (X)+4,,@0)x, +1,)" < fld4,, (X)X, )+d4,,®)Y,)
<[rlaa,, (x)x )) flal4,, 0.y,
)

<crl4,, (x).x, ) +crlal4,, (), ).

Hence X +Y = (X,)+(Y, )e F[A,f,p].

Now, let X = (X k)e FlA, f,p]. For Ae R, there exists an integer 7 such that
|/1| <T .By taking into account the properties (2) and the properties of modulus f°,

we have
fla(a,, (ax),ax, )y <1 ld(4,, (x),x,))",

where H =sup, p, <eo. Therefore AX =(AX,)e F[A,f,p]. The others can be
treated similarly.

(ii) It is evident that F [A,f,p] c F[A,f,p] and F, [A,f,p] c F[A,f,p]w. For
FlA, f,plc F[A, f, p]., we use the triangle inequality and inequality (3),

sll4,, (X)) < l(4,, (x).x,)+d(x,.0)]
<lrlala,,(x)x, )+ rlalx, o))
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<clrlal4,, @x)x, ) +clrlalx, o)
< clylala,, Co).x, )l +clr(max(ulx, "
So, X =(X,)e F[A,f,p] implies X = (X, )e Fl4, f,pl.. This completes the
proof.

Theorem 2. (i) F, (4, f.q]c F (4, £, p] if liminf(&j >0.
q,

(ii) F_[4, f,q] is closed subset of F_[4, f, p] if 0< p,<q,<l.

Proof.(i) Suppose that liminf ( P j >0 and X = (X ' )e F [4, /,¢]. Then there exists

4»
an 1>0
such that p, > Ag, for large n. Hence for large n

Aala, 03] <(Aola,. 00 |

since f[d( nm X),6)]”" <1 for each n and m. Hence X = (X, )e F, (4,7, p].

(i) Suppose that 0< p, <g, <1 forall ne N and X =(X,)e F,, [4, f,¢]. Then
there is a constant K>1 such that

for all » and m. This implies that

rlala,,()0)" <k

for all n and m.Hence X =(X,)e F_[A, f,p]. To show that F_[4, f,q] is
closed, suppose that X' = (X,i)e F_[A,f,q), X' > X, and X, € F_[A4, f,p]. Then
for every £, 0 < e <1, thereis i, € N such that for all n and m.

for i >i, . Now

flala,, e —x,)0)f" < rlaa,,, (x' - x, Jo))" <e
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for i >i, . Therefore X = (Xk)e F_ [A,f,q], re. F_ [A,f,q] 1s closed subset of
F l4,f.p].

Theorem 4. Let inf p, =/ > 0. Then, F[A] c F[A,f,p].

Where
FlA]= {X = (Xk ): lim, d(An,m (X), X, ) =0, wuniformly in m}

Proof. Suppose that X = (X i )e F [A] Since f modulus, then

lim, f(d(Am (X)X, )) = f(limn_m d(Am (X)X, )) =0, uniformly inm.
Since inf p, = >0 then,

lim, f(d(An,m (X)X, ))h =0, uniformly inm .

So, for 0<e<1,3dn, 3 forall n>n, andall m,

Fldla,, (03, )f <e <1

and since p, = h forall n,

lala,, ()X, < fldla,, (X).x,)f <e<t.
then we get,
lim, f(d(An,m (X)X, ))p” =0, uniformly in m.

Therefore X = (X, )e F [4, £, p]. This completes the proof.

Theorem 5. F|[4, f, plis complete metric space with the metric
g(X’ Y) = Supn,m f(d(An,m (X>’ An,m (Y)))p for 0 < p < 1

Proof. Let (X S) be a Cauchy sequence in F (4, f, pl, where

(XS):(Xf):(Xf,Xg,Xg,...)e F[A,f,p] for each se€ N. Then

g(XS,Xt)z sup,, ,, f(d(Amm (XS),AW (Xt)))p —0as s,t — .
Hence for each n and m, ass,t — o, we have f(d(An’m (XS), A, (Xt)))—> 0.
By continuity of f for all » and m

hms,t—)w f(d(Anm (‘Xé )’ An,m (Xt )))p = f[lims,t—m (d (Anm ( ’ )’ An,m (Xt )))]p = 0 °
It follows that

tim, (a4 (x4, (x)=tim,__ d(zankx,;m ,za,,kx,gmj 0. From the
k k

properties (1) of the metric d ,
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lims,t—»o d[z ankX1:+m ’Z anlei-%—m j = Z ank lims,t—ﬂx’ d( l:+m H X/i+m ) = 0 : Thls
k k k
implies that lim,

oo d( rims X ,’Hm):O for each m. Hence (X S)S is a Cauchy
sequence in L(R). Since L(R) is complete, it is convergent lim__ X} = X, say, for

each ke N. Since ( S)S is a Cauchy sequence, for

each £ >0, there exists s, = s, (£) such that
g(XS,X[)< e ,forall s,t2>s,.
So, we have

tim, .. f(d(4,,(x*) 4, (X ))= rltim,_._ al4,,,(x*) 4, (x"))

= fldl4,, (x4, (x ))<e

for all m and s = s, . This implies that g(X‘ ,X) <¢g,forall s =25 ,thatis
X' > X as s — oo, where X = (X, ). Since

fla(a,,x)x, ) < flala,, (x ) x,)+dla,, (x) 4, X))

< flala,,, (e L x, ) + rlala,, ()4, (X)) >0
asn—oo, uniformly i m. So, we obtain X:(Xk)e F[A,f,p].
Therefore F [A, f, p] 1s complete metric space. This completes the proof.

Theorem 6. Let f/ be a modulus function and s be a positive integer. Then

Fl4,f,plc Fla,r°, p).

Proof. Let X = (X, )e F[4, f, p]. Then we have
T,,=fld4,,(X),X,)" —=0asn—>eco, uniformlyinm.
Let £ > 0 be given and choose & with such that f(t)< &, for 0 <t <& . Write
Vom = 7(d(4,, (X)X, )) and consider
rHlala,, (0)x, )y = (ala,, X)) = 0, )

= f( n,m )i:_mg +f(y”*m )::,m>6
< max(l,2f(1)5_l )H T, +e"
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from Lemma , where H=sup,p,6 <c. Therefore we obtain
X =(x,)e Fl4,7*,p).

3. Conclusion
In this paper we have introduced some classes of sequences of fuzzy numbers using
the matrix A and modulus function f. Giving particular values the matrix A and

modulus f, we obtain some classes of sequences of fuzzy numbers which are the

special cases of classes that we have defined. The most of the results proved in the
previous section will be true for these classes.
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