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In this paper, we introduce and examine some new almost convergent classes 
of sequences of fuzzy numbers by using the A-transforms and a modulus 
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1. Introductıon 
The concept of fuzzy sets was first introduced by Zadeh [1]. Bounded and convergent 
sequences of fuzzy numbers were introduced by Matloka [2]. Matloka show that 
every convergent sequences of fuzzy numbers is bounded.Later on sequences of fuzzy 
numbers have been discussed by Nanda [3], Nuray and Savas [4], Choudhary 
andTripathy [5], Esi [6] and many others. 

Let D denote the set of all closed bounded intervals A= ⎥⎦
⎤

⎢⎣
⎡ −

−
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For A, B∈D define A ≤ B if and only if 
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It is easy to see that d  defines a metric on D and ( )dD,  is complete metric space. 
Also ≤  is a partial order on D. A fuzzy number is a fuzzy subset of real line R which 
is bounded , convex and normal. Let )(RL denote the set of all fuzzy numbers those 
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are upper semicontinuous and have compact support. In other words, if X∈  then for 
any [ ]1,0∈α  , αX  is compact , where 

αX (t) = {t∈R:X(t)≥α} for α>0. The 0 -cut is 
defined as the closure of the strong 0 -cut i.e. closure{ t∈R:X(t)> α}. 
 
The absolute value of ∈X )(RL  is defined as 
 

( ) ( ) ( ){ }
otherwise

tfortXtX
tX

,0
0,,max

{
≥−

=  [7]. 

 
For each 10 ≤< α , the α -level set αX  is a non-empty compact subset of R. The 

linear structure of )(RL  induces addition YX +  and scalar multiplication ∈λλ ,X R, 
in terms of α -level sets defined by 

 
[ ] [ ] [ ] [ ] [ ]ααααα λλ XXandYXYX =+=+  
 
for each 10 ≤≤ α . 
Define :d  )(RL  x )(RL  → R  by ( ) ( )0 1, sup ,d X Y d X Yα α

α≤ ≤= . For 

X,Y∈ )(RL . Define X ≤  Y if and only if X α ≤  Y α  for any [ ]1,0∈α . It is know that 
)(RL is a complete metric space with the metric d  (see for instance [2]). 

A metric on )(RL  is said to be a translation invariant if 
( ) ( )YXdZYZXd ,, =++  for ∈ZYX ,,  )(RL . The metric d  has the following 

properties: 
 

( ) ( )YXdccYcXd ,, =   …(1) 
for Rc ∈  and 
 

( ) ( ) ( )WYdZXdWZYXd ,,, +≤++  …(2) 
 
A sequence  of fuzzy numbers is a function X  from the set N  of natural numbers 

into )(RL .The fuzzy number kX  denotes the value of the function at Nk ∈  [2].We 
denote by ( )Fw  the set of all sequences ( )kXX =  of fuzzy numbers. 

A sequence ( )kXX =  of fuzzy numbers is said to be bounded if the set 
{ }NkX k ∈: of fuzzy numbers is bounded [2]. We denote by ( )Fl∞  the set of all 
bounded sequences ( )kXX =  of fuzzy numbers. 

A sequence ( )kXX =  of fuzzy numbers is said to be convergent to a fuzzy 
number oX , if for every 0>ε  there is a positive integer n0 such that ( ) ε<ok XXd ,  
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for onk > [2]. We denote by ( )Fc  the set of all convergent sequences ( )kXX =  of 
fuzzy numbers. 

 
It is straightforward to see that ( )Fc  ⊂ ( )Fl∞  ⊂ ( )Fw . In [3], it is shown that 

( )Fc  and ( )Fl∞  are complete metric spaces. For further studies,one may refer to [8] 
and [1]. 

 
Let p=(pk)∈ ∞l  , then the following well-known inequality will be used in the 

paper: 
For sequences (ak) and (bk) of complex numbers we have [9] 

)|||(||| kkk p
k

p
k

p
kk baCba +≤+  …(3) 

where C= max (1, 2H-1) and kk pH sup= . 
Let ( )nkaA =  be an infinite matrix of non-negative real numbers and ( )kXX =  be 

a sequence of fuzzy numbers. Then the sequence ( )nAX  defined by 
( ) ∑=

k
knkn XaAX  for all Nn ∈ and is called the A-transform of ( )kXX =  whenever 

this series converges for each .n Throughout ( )nkaA =  denotes an infinite matrix of 
non-negative real numbers and let ( )kpp =  be a bounded sequence of positive real 
numbers. 

The notion of modulus was introduced by Nakano [10] and followed by Ruckle 
[11] and many 

others. We recall that a function f : [0,∞) →[0,∞) is called a modulus if 
 
(i) f(x) = 0 if and only if x = 0 , 
 
(ii) f (x + y) ≤ f(x) + f(y), 
 
(iii) f is increasing , 
 
(iv) f is continuous from right at 0. 
 
It is immediate from (ii) and (iv) that f is continuous on [0,∞) . 
 

Lemma. Let f be a modulus function and let 10 << δ . Then for each δ>x , we 
have ( ) ( ) xfxf 112 −≤ δ , [12]. 
 
Remark. If f  is a modulus function, then the composition ( )timessffff s −= ....  
is also a modulus function, where s  is a positive integer. 

In this paper, we introduce and examine some new almost convergent classes of 
sequences of fuzzy numbers by using the A-transforms and a modulus function. We 
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also examine topological properties and some inclusion relations for these new classes 
of sequences of fuzzy numbers. 

Let ( )nkaA =  be an infinite matrix and ( )npp =  be a bounded sequence of real 
numbers. 

 
We now define: 

[ ] ( ) ( )( )( ){ }minuniformlyXAdfXXpfAF np
mnnko ,00,lim:,, , === ∞→  

[ ] ( ) ( )( )( ){ }minuniformlyXXAdfXXpfAF np
omnnk ,0,lim:,, , === ∞→ , 

[ ] ( ) ( )( )( ){ }∞<==∞
np

mnmnk XAdfXXpfAF 0,sup:,, ,, . 
where 

( ) ∑ +=
k

mknkkmn XaXA ,  and the series converges for each n  and .m  

If ( )∈= kXX [ ]pfAF ,, , we say that ( )kXX =  is strongly almost A-convergent 
to 0X  with respect to modulus function .f  

 
We can specialize these classes as follows: 

(i) If ..,)1,( eimatrixCesaroCA =  
1, 1
0nk

k n
a

k n
≤ ≤⎧

= ⎨ >⎩
 

then, we obtain the classes of sequences of fuzzy numbers as follows: 
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If ( )kXX = ∈ [ ]pfCFo ,, , we say that ( )kXX =  is strongly almost convergent to 

0X  with respect to modulus function .f  
(ii) If A I= , the unit matrix , then we get the classes of sequences of fuzzy 

numbers with respect to modulus f  as follows: 

[ ] ( ) ( )( ){ }minuniformlyXdfXXpfF np
mnnko ,00,lim:, === +∞→  

 
[ ] ( ) ( )( ){ }minuniformlyXXdfXXpfF np

omnnk ,0,lim:, === +∞→ , 
 

[ ] ( ) ( )( ){ }∞<== +∞
np

mnmnk XdfXXpfF 0,sup:, , . 
(iii) If ( ) xxf = , then we get the classes of sequences of fuzzy numbers as 

follows: 
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[ ] ( ) ( )( ){ }minuniformlyXAdXXpAF np
mnnko ,00,lim:, , === ∞→  , 

 
[ ] ( ) ( )( ){ }minuniformlyXXAdXXpAF np

omnnk ,0,lim:, , === ∞→ , 

[ ] ( ) ( )( ){ }∞<==∞
np

mnmnk XAdXXpAF 0,sup:, ,, , 
which were defined and studied by Savaş [13]. 

 
2. Maın Results 
Theorem 1.(i) Let ( )kpp =  be a bounded sequence of strictly positive real numbers. 
Then, the classes of [ ] [ ]pfAFpfAFo ,,,,,  and [ ]pfAF ,,∞  are closed under the 
operations addition and scalar multiplication if the metric d  translation invariant. 

(ii) [ ] [ ]pfAFpfAFo ,,,, ⊂ , [ ] [ ]∞⊂ pfAFpfAFo ,,,,  and 
[ ] [ ]∞⊂ pfAFpfAF ,,,, . 

 
Proof.(i) Let ( ) ( )∈== kk YYXX , [ ]pfAF ,, . Then by taking into account the 
properties (1) and (2) of the metric d , the property (ii) of modulus f  and inequality 
(3) 

 
( ) ( )( )( ) ( )( ) ( )( )( ) nn p

omnomn
p

oomnmn YYAdXXAdfYXYAXAdf ,,, ,,,, +≤++  

( )( )( ) ( )( )( )[ ] np
omnomn YYAdfXXAdf ,, ,, +≤  

( )( )( ) ( )( )( ) nn p
omn

p
omn YYAdCfXXAdCf ,, ,, +≤ . 

Hence ( ) ( )∈+=+ kk YXYX [ ]pfAF ,, . 
Now, let ( )∈= kXX [ ]pfAF ,, . For R∈λ , there exists an integer T  such that 

T≤λ  .By taking into account the properties (2) and the properties of modulus f , 
we have 

 
( )( )( ) ( )( )( ) nn p

omn
Hp

omn XXAdfTXXAdf ,, ,, ≤λλ , 
 
where ∞<= nn pH sup . Therefore ( )∈= kXX λλ [ ]pfAF ,, . The others can be 

treated similarly. 
 
(ii) It is evident that [ ] [ ]pfAFpfAFo ,,,, ⊂  and [ ] [ ]∞⊂ pfAFpfAFo ,,,, . For 

[ ] [ ]∞⊂ pfAFpfAF ,,,, , we use the triangle inequality and inequality (3), 
 

( )( )( ) ( )( ) ( )[ ] nn p
oomn

p
mn XdXXAdfXAdf 0,,0, ,, +≤  

( )( )( ) ( )( )[ ] np
oomn XdfXXAdf 0,,, +≤  
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( )( )( )[ ] ( )( )[ ] nn p
o

p
omn XdfCXXAdfC 0,,, +≤  

( )( )( )[ ] ( )( )[ ] nn p
o

p
omn XfCXXAdfC ,1max,, +≤ . 

So, ( )∈= kXX [ ]pfAF ,,  implies ( )∈= kXX [ ]∞pfAF ,, . This completes the 
proof. 

Theorem 2. (i) [ ] [ ]pfAFqfAF oo ,,,, ⊂  if 0inflim >⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

n

q
p

. 

(ii) [ ]qfAF ,,∞  is closed subset of [ ]pfAF ,,∞  if 10 ≤≤< nn qp . 

Proof.(i) Suppose that 0inflim >⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

n

n

q
p

 and ( )kXX = [ ]qfAFo ,,∈ . Then there exists 

an 0>λ  
such that nn qp λ>  for large n . Hence for large n  
 

( )( )[ ] ( )( )[ ]( )λnn q
mn

p
mn XAdfXAdf 0,0, ,, ≤  

 
since ( )( )[ ] np

mn XAdf 0,, <1 for each n  and .m  Hence ( )kXX = [ ]pfAFo ,,∈ . 
 
(ii) Suppose that 10 ≤≤< nn qp  for all Nn ∈  and ( )kXX = [ ]qfAF ,,∞∈ . Then 

there is a constant K>1 such that 
 

( )( )( ) KXAdf nq

mn ≤0,,  
 
for all n  and .m  This implies that 
 

( )( )( ) KXAdf nP

mn ≤0,,  
for all n  and .m Hence ( )kXX = [ ]pfAF ,,∞∈ . To show that [ ]qfAF ,,∞  is 

closed, suppose that ( )i
k

i XX = [ ]qfAF ,,∞∈ , o
i XX →  and oX [ ]pfAF ,,∞∈ . Then 

for every ε , 10 << ε , there is Nio ∈  such that for all n  and .m  
 

( )( )( ) ε<− np

o
i

mn XXAdf 0,,  
 
for oii > . Now 
 

( )( )( ) ( )( )( ) ε<−<− nn p

o
i

mn

q

o
i

mn XXAdfXXAdf 0,0, ,,  
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for oii > . Therefore ( )kXX = [ ]qfAF ,,∞∈ , i.e. [ ]qfAF ,,∞  is closed subset of 
[ ]pfAF ,,∞ . 
 

Theorem 4. Let 0inf >= hpn . Then, [ ] [ ]pfAFAF ,,⊂ . 
Where 

[ ] ( ) ( )( ){ }minuniformlyXXAdXXAF omnnk ,0,lim: , === ∞→ . 
 

Proof. Suppose that ( )∈= kXX [ ]AF . Since f modulus, then 
 

( )( )( ) ( )( )( ) minuniformlyXXAdfXXAdf omnnomnn ,0,lim,lim ,, == ∞→∞→ . 
Since 0inf >= hpn  then, 

( )( )( ) minuniformlyXXAdf h
omnn ,0,lim , =∞→ . 

So, for 10 << ε , ∋∃ on  for all onn >  and all ,m  

( )( )( ) 1,, << εh
omn XXAdf  

and since hpn ≥  for all n , 

( )( )( ) ( )( )( ) 1,, ,, <<≤ εh
omn

p
omn XXAdfXXAdf n , 

then we get, 
( )( )( ) minuniformlyXXAdf np

omnn ,0,lim , =∞→ . 
 
Therefore ( )∈= kXX [ ]pfAF ,, . This completes the proof. 
 

Theorem 5. [ ]pfAF ,,  is complete metric space with the metric 
( ) ( ) ( )( )( )p

mnmnmn YAXAdfYXg ,,, ,sup, =  for 10 << p . 
 

Proof. Let ( )sX  be a Cauchy sequence in [ ]pfAF ,, , where 
 
( ) ( ) ( )∈== ,...,, 321

ssss
i

s XXXXX [ ]pfAF ,,  for each .Ns ∈  Then 
 

( ) ( ) ( )( )( ) 0,sup, ,,, →= pt
mn

s
mnmn

ts XAXAdfXXg ∞→tsas , . 

Hence for each n  and m , ∞→tsas , , we have ( ) ( )( )( ) 0, ,, →t
mn

s
mn XAXAdf . 

By continuity of f  for all n  and m  

( ) ( )( )( ) ( ) ( )( )( )[ ] 0,lim,lim ,,,,,, == ∞→∞→
pt

mn
s

mnts
pt

mn
s

mnts XAXAdfXAXAdf . 
It follows that 

( ) ( )( )( ) 0,lim,lim ,,,, =⎟
⎠

⎞
⎜
⎝

⎛= ∑∑ ++∞→∞→
k

t
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k

s
mknkts

t
mn

s
mnts XaXadXAXAd . From the 

properties (1) of the metric d , 
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( ) 0,lim,lim ,, ==⎟
⎠

⎞
⎜
⎝

⎛ ∑∑∑ ++∞→++∞→
k

t
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s
mktsnk
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t
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s
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implies that ( ) 0,lim , =++∞→
t

mk
s

mkts XXd  for each m . Hence ( )s
sX  is a Cauchy 

sequence in ( )RL . Since ( )RL  is complete, it is convergent lim s
s k kX X→∞ =  say, for 

each .Nk ∈  Since ( )s
sX  is a Cauchy sequence, for 

 
each 0>ε , there exists ( )εoo ss =  such that 

( ) ε<ts XXg ,  , for all osts ≥, . 
So, we have 

( ) ( )( )( ) ( ) ( )( )( )t
mn

s
mnt

t
mn

s
mnt XAXAdfXAXAdf ,,,, ,lim,lim ∞→∞→ =  

( ) ( )( )( ) ε≤= XAXAdf mn
s

mn ,, ,  

for all m  and oss ≥ . This implies that ( ) ε<XXg s , , for all oss ≥ , that is 
XX s → ∞→sas , where ( )kXX = . Since 

( )( )( ) ( )( ) ( ) ( )( )[ ]p
mn

s
mno

s
mn

p
omn XAXAdXXAdfXXAdf oo

,,,, ,,, +≤  

( )( )( ) ( ) ( )( )( ) 0,, ,,, →+≤
p

mn
s

mn
p

o
s

mn XAXAdfXXAdf oo  
∞→nas , uniformly in m . So, we obtain ( )kXX = [ ]pfAF ,,∈ . 

Therefore [ ]pfAF ,,  is complete metric space. This completes the proof. 
 

Theorem 6. Let f be a modulus function and s  be a positive integer. Then 
 

[ ] [ ]pfAFpfAF s ,,,, ⊂ . 
 

Proof. Let ( )∈= kXX [ ]pfAF ,, . Then we have 
 

( )( )( ) minuniformlynasXXAdfT np
omnmn ,0,,, ∞→→= . 

 
Let 0>ε be given and choose δ with such that ( ) ε<tf , for δ≤≤ t0 . Write 
 

=mny , ( )( )( )omn
s XXAdf ,,

1−  and consider 
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1

, ,, == −  
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n
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p
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p
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δδ >≤
+=

,,
,,  

( )( ) H
mn

H Tf εδ +≤ −
,

112,1max  
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from Lemma , where ∞<= nn pH sup . Therefore we obtain 
( )∈= kXX [ ]pfAF s ,, . 

 
3. Conclusıon 
In this paper we have introduced some classes of sequences of fuzzy numbers using 
the matrix A and modulus function f . Giving particular values the matrix A and 
modulus f , we obtain some classes of sequences of fuzzy numbers which are the 
special cases of classes that we have defined. The most of the results proved in the 
previous section will be true for these classes. 
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